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CUMULATIVE SUM CONTROL CHARTS FOR
TRUNCATED NORMAL DISTRIBUTION UNDER
MEASUREMENT ERROR

R. Sankle', J.R. Singh?, 1.K. Mangal®

ABSTRACT

In the present paper Cumulative Sum Control Chart (CSCC) for the truncated
normal distribution under measurement error (r) is discussed. The sensitivity of
the parameters of the V-Mask and the Average Run Length (ARL) is studied
through numerical evaluation for different values of r.

Key words: Truncated Normal Distribution, Measurement Error, ARL and
CSCC.

1. Introduction

The purpose of this paper is to show how truncated data affect the field
performance of controlling manufacturing process. Failure to account for
truncation can lead to biased inferences. Cumulative Sum (CUSUM) Control
Charts are widely used instead of standard Shewhart charts when detection of
small changes in a process parameter is important. Patel and Gajjar (1994)
provide references on research performed on CUSUM charts. Errors of
measurements are the differences between observed values recorded under
“identical” conditions and some fixed true values. Hunter (1986) showed that
finally all measurement should be traceable to nation standard the most important
area for studying the effect of measurement error and misclassification in the
sampling inspection plan and control charts.

Most of the standard statistical tests are derived on the assumption that the
sample is combined from a “complete” population. But this assumption appears to
be an unrealistic one. Truncations in the parents distributions at one or both the
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tails may have considerable effect on the CUCUM control charts. Woodroofe
(1985) gave a comprehensive discussion of the exact estimation theory as well as
consistency and asymptotic normality of the product limit estimator. Woodroofe
also surveyed the history and application of this theory within astronomy but did
not put it into the context of survival analysis. This was done by Wang et al.
(1986) and by Keiding and Gill (1987) who went on to show how the exact and
asymptotic properties of the estimators may be obtained as corollaries from
statistical theory of counting processes and Markov processes, and Nelson (1990)
stresses the distinction between truncation and censoring. Chang (1990) and
Schneider (1986) contain some basic results concerning the properties of the
truncated normal distribution.

Johnson and Leone (1962) considered mathematical procedure for
construction of CUSUM Control Chart for Poisson variable using the relationship
between Wald’s Sequential Probability Ratio Test (SPRT) and CUSUM on the
assumption that the probability of the second kind of error is small. They used this
relationship to construct CUSUM charts for the mean and standard deviation of a
normal distribution. Yeh et al. (2004) gave a unified CUSUM charts for
monitoring process mean and variability. Cox (2009) studied control charts for
monitoring observations from a truncated normal distribution. Nenes and Tagaras
(2010) evaluated the properties of a CUSUM chart designed for monitoring the
process mean in short production runs. Grigg and Spiegelhalter (2008) developed
an empirical approximation to the null steady-state distribution of CUSUM
statistics. Ryu et al. (2010) used ARL-based performance measure and proposed
a method to optimally design a CUSUM chart based on expected weighted run
length.

In this paper we have constructed CUSUM chart for mean under truncated
normal distribution and measurement error. For different truncation points and
different sizes of measurement error tables have been prepared for the average run
length, lead distance and the angle of mask.

2. Determination of mask parameters under measurement error

Assuming that the true measurement x and the random error of measurement e
are additive, we can write the observed measurement X as

X=x+e (2.1)

where x and e are independent. The constants & (unknown) and o, (known) are
the mean and the standard deviation of the true quality measurement x and e has
the normal distribution, N (0, 62). The correlation coefficient p between the true
and the observed measurement can be written as

%

p=2 (2.2)

ox
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where

oy = % = ¢ (say) is the standard deviation of X,

and the size of the measurement error

r=2 (2.3)

After some mathematical manipulation Singh (1984) showed that

_ r
P= e (2:4)

Let x be the true value of the variable which is distributed as

f(x,0, p)_m xp[7<x_9>2] jasa<x<b

=0 ; otherwise (2.5)
where C(@, O'p) = —;a— (26)
(%))

and a and b are the points of truncation with
t 1 1
o) = | @myZew(-57")dy

If x1,%5,%3,..., %, are m independent random variables whose probability
density function (p.d.f.) is given by (2.5). The likelihood ratio of the hypothesis
Hy: 6 = 6, against the alternative hypothesis H,:0 = 6, + 8o, = 6,(6 > 0) is
given by

L%z, om 1 01,0p) _ R™exp [—%Z{’;l{—wcrp(xi —0y) + 520,3}], (2.7

F(x1,%2, Xm 1 00,0p)

where

_ c(64,0,)
(6, 0y)

The continuation region of SPRT discriminating between the two hypotheses,
Hy:0 = 6, against Hy:6 = 6, is given by

s () +m s = ()] < 5 Bt - 00) <5 (T2) +m 5= ()]

(2.8)
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where

a; = Pr[Accept Hy_; | H;] , (i =0,1).

For very small value of a; the right hand inequality of (2.8) reduces to

InR

a—l,, S (x; — 8p) < —3Inag +m [— - (—)] (2.9)
But for the observed values

ox =0p +0¢

—Z(x _oy =L Z(x )<——lna’0+m[ (%)]
e e 2 ()

For constructing a CUSUM Chart for the mean under observed
measurements, we plot the sum

m = %Zﬁl(xi — 6,) against the number of observations m.

3. The effect on the dimentions and the ARL of CUSUM chart for
mean of a truncated normal distribution under measurment error

A narrow V-mask will detect change more quickly but it will give more
frequent false alarms. On the other hand, we could reduce the frequency of false
alarms by widening the angle of mask, but the average run length for real changes
would be increased.

Under the measurement error the parameter of the mask, namely the angle of
the mask ¢ and the lead distance d are given by

tang = %[g - (mTR)] (3.1
where
R = c(61,6) (3.2)

c(6,,6)
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and
d = 1) (3.3)

(Z-nr)

For ARL we consider the situation where the true mean 68 has shifted from 6,
to 6,. For very small value of a; the ARL that is expected number of observation
before the change from 6, to 6, is detected (see Mood and Graybill 1963) is
approximately

(—Ina)Eg
where
E91 = E 1

f(X164,0p) ]
nf(X|9oJ‘7p) 161, %p

For observed values

b X a2
Eq, —j{[lnR—%+£(x—90) C(Hl—\/'i;? xp[ %<x0_91> ]}dx,
Op P

=InR +5 & +— &(91 Up) [ { aTel) } - exp{ 2 (b :l) }] (3.4)

4. Tabulation of results and conclusions

In Table-1, Table-2 and Table-3 the angle of the mask, lead distance and ARL
for the mean chart are given, assuming 6, = 0,0, =1 and the size of the
measurement errors r=2, 4, 6 and oo. The truncation points have been taken as
+2.5, +£2.25, +2,(0,2.5),(0,2). The values of & considered are 0.2, 0.4, 0.6,
0.8, 1.0, 1.5, 2.0, 2.5 and 3.0 . The values of «, are taken to be 0.05, 0.025, 0.01
and 0.005.

It is evident from the Table-1 that for fixed range of truncation with
increasing magnitude of error term and &, an angle of mask increases. But for one
sided truncation angle of mask deceases for increase in error term and increases
with increase in §. From tables for lead distance and ARL it is seen that as the
size of measurement error increases the lead distance and ARL increases for fixed
range of truncation in case of symmetrical truncation. But for one sided truncation
it is observed that there is less increase in lead distance as compared to
symmetrical truncation and reverse is the case for ARL i.e. the decrease in ARL is
seen with increase error term.
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Table 1. Angle of the Mask for Mean for different Truncation Points (a, b)

(a,b)

81 /r— 2 4 6 w
0.2 5613 5.308 5.249 5.201

04 11.001 10.493 10.377 10.283

06 16.318 15.448 15.279 15.142

08 21.207 20.091 19.874 19.697

(-2.5,2.5) 1.0 25.705 24.369 24.110 23.898
15 35.166 33.381 33.031 32.747

2.0 42.324 40.185 39.760 39.412

25 47.701 45.258 44,762 44,355

3.0 51.793 49.071 48,507 48.041

0.2 5.250 4.966 4914 4872

04 10.383 9.822 9.718 9.634

06 15.297 14.468 14.314 14.190

08 19.916 18.831 18.629 18.466

(-2.25,2.25) 1.0 24.189 22.864 22.614 22414
15 33.273 31.406 31.047 30.757

2.0 40.258 37.921 37.460 37.085

25 45586 42.834 42.276 41818

3.0 49,696 46571 45921 45382

0.2 4796 4508 4457 4417

04 9.497 8.923 8.821 8.741

06 14.021 13.162 13.009 12.887

08 18.302 17.162 16.956 16.793

(-2.2) 1.0 22.296 20.881 20.622 20.416
15 30.922 28.850 28.457 28.140

2.0 37.708 35.038 34513 34.085

25 42.994 39.787 39.135 38.599

3.0 47.144 43.459 42,687 42.046

0.2 38.654 38.804 38.818 38.826

04 40.338 40.106 40.045 39.991

06 41.972 41.406 41.279 41171

08 43552 42.695 42510 42.356

(0,2.5) 1.0 45,072 43.965 43731 43536
15 48,598 47.003 46.673 46.400

2.0 51.711 49.764 49.362 49.031

25 54.415 52.184 51.722 51.340

3.0 56.739 54.257 53.736 53.304

0.2 36.106 36.638 36.734 36.810

04 37.660 37.751 37.762 37.769

06 39.165 38.854 38.786 38.729

08 40.618 39.940 39.801 39.685

0,2) 1.0 42,018 41.005 40.799 40.630
15 45277 43546 43.194 42.906

2.0 48.190 45.868 45392 45.000

25 50.767 47.943 47.355 46.867

3.0 53.035 49.768 49.073 48.494
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Table 2. Lead Distance for Mean for different Truncation Points(a , b) and
Measurement Error(r)

o | sy (a=-2.5,b=2.5) (a=-2.25,b=2.25)
005 0025 001l 0005 | 005 0025 001  0.005
02 17040  209.83 26195 30138 | 182.27 22444 28019  322.36
04 4271 5260 6566 7555 | 4570 5627 7025 8083
) 06 1907 2348 2931 3372 | 2041 2513 3137 3610
1.0 6.96 857 1070 1231 7.46 918 1146 1319
2.0 1.84 226 2.83 325 1.98 2.44 3.04 350
3.0 0.88 1.08 1.35 155 0.95 117 1.46 167
0.2 166.18  204.63 25546 20391 | 177.68 21879 27314  314.25
04 4168 5132 6407 7371 | 4459 5491 6855  78.87
A 06 1862 2293 2863 3294 | 1995 2456 3066 3528
1.0 6.82 839 1048 1206 732 902 1126 1295
2.0 1.83 225 281 323 1.98 2.44 3.05 351
3.0 0.89 1.10 1.37 1.58 0.97 1.20 1.50 1.72
02 16529 20354 25409 29234 | 17662 21749 27151  312.38
04 4146 5105 6374 7333 | 4434 5460 6816 7841
6 06 1853 2282 2848 3277 | 1984 2443 3050 3509
1.0 6.79 836 1043 12,00 7.29 898 1121  12.89
2.0 1.83 225 281 323 1.98 2.44 3.05 351
3.0 0.90 1.10 1.38 158 0.98 121 151 173
0.2 16456  202.64 25297 29105 | 17573 21639 27014  310.80
04 4128 5083 6346 7301 | 4412 5433 6782 7803
06 1845 2272 2836 3263 | 1975 2431 3035  34.92
* 1.0 6.76 833 1039  11.96 7.26 894 1117 1285
2.0 1.82 224 2.80 322 1.98 2.44 3.05 350
3.0 0.90 111 1.38 159 0.99 121 151 1.74
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Table 2. Lead Distance for Mean for different Truncation Points(a , b) and

Measurement Error(r) (cont.)

N . (a=-2,0=2) (a=0,b=2.5) (a=0,b=2)
005 0025 001 0005|005 003 001 001|005 003 001 001

0.2 199.61 245.80 306.85 353.04( 2094 25.78 3219 37.03| 2296 2827 3530 40.61

0.4 50.05 61.63 76.94 88.52 9.86 12.14 1516 17.44| 1085 1336 16.68 19.19

9 0.6 2235 2753 34.36 39.53 6.21 7.64 9.54 10.98 6.85 8.44 1053 12.12
1.0 8.17 10.06 12.56 14.45 3.34 411 5.14 5.91 3.72 4.58 5.71 6.57

2.0 2.17 2.67 3.33 3.83 1.32 1.63 2.03 2.34 1.50 1.84 230 2.65

30 104 128 159 183 073 090 113 130 084 103 129 149

02 | 19584 24116 301.06 346.37| 1920 2364 2952 33.96| 2076 2556 3191 36.72

04 4917 6055 7559 86.97| 917 1129 1409 1621| 997 1228 1533 17.63
R 2201 2710 3383 3892| 58 719 897 1032| 639 7.87 982 1130
1.0 809 997 1244 1432| 320 394 492 566 355 437 546 628

2.0 220 271 338 389 131 161 201 231 150 184 230 265

3.0 1.09 1.34 1.67 1.92 0.74 0.91 1.14 131 0.87 1.07 1.34 1.54

0.2 194.81 239.89 299.48 34455 18.87 2324 29.01 33.38| 20.35 25.06 3128 35.99

0.4 4893 60.25 75.21 86.53 9.03 11.12 1389 15.98 9.80 12.07 15.07 17.34

6 0.6 21.91 2698 33.68 38.75 5.77 7.10 8.86 10.20 6.30 7.76 9.68 11.14
1.0 8.07 9.94 12.41 14.27 3.17 3.91 4.88 5.61 3.52 4.33 5.41 6.22

2.0 2.21 2.72 3.39 3.91 1.30 1.60 2.00 2.30 1.50 1.84 230 2.65

3.0 1.10 1.35 1.69 1.94 0.74 0.91 1.14 131 0.88 1.08 1.35 1.55

02 | 19390 238.77 298.08 342.94| 1861 2292 2861 3292| 2001 2465 30.77 3540

04 4871 5098 7488 8615 893 1099 1372 1579| 967 1190 1486 17.10

| o6 2182 2687 3355 3860 571 703 878 1010| 623 7.67 957 1101
1.0 805 991 1237 1423| 315 388 485 558 349 430 537 618

2.0 221 273 340 391| 130 160 200 230| 150 184 230 265

3.0 111 1.36 1.70 1.96 0.74 0.92 1.14 1.32 0.88 1.09 1.36 1.56
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Table 3. ARL for Mean for different Truncation Points (a ,b) and Measurement
Error(r)

A N, (a=-2.5,b=2.5) (a=-2.25,0=2.25)
005 0025 001 0005 | 005 0025 001  0.005
0.2 176.48 217.31 271.29 312.12 192.53 237.07 295.96 340.50
0.4 44,54 54.85 68.47 78.78 48.65 59.91 74.78 86.04
2 0.6 20.11 24.76 30.91 35.56 22.00 27.09 33.82 38.92
1.0 7.60 935 1168 1344 836 1029 1284 1478
2.0 231 284 355 4.08 257 317 3.96 455
30 131 1.62 2.02 232 147 1.82 227 261
0.2 167.67 20647  257.76 29655 | 180.22 22191  277.03  318.73
0.4 42.35 52.15 65.10 74.90 45.61 56.16 70.11 80.67
A 06 1914 2357 2942 3385 | 2068 2547 3179 3658
1.0 7.26 8.94 11.16 12.84 7.92 9.75 12.17 14.00
2.0 2.26 2.78 3.47 3.99 2.52 3.10 3.87 4.46
3.0 1.33 1.64 2.04 2.35 1.50 1.85 231 2.66
0.2 166.13 204.57 255.39 293.83 177.98 219.17 273.60 314.79
0.4 41.96 51.67 64.50 74.21 45.06 55.48 69.26 79.69
5 0.6 18.97 23.35 29.16 33.54 20.44 25.17 31.42 36.15
1.0 7.20 886 1107 1273 7.84 965 1205 1386
2.0 225 2.77 345 397 251 3.09 3.86 4.44
30 1.33 1.64 2.05 2.36 151 1.86 232 267
0.2 16493 20309 25354 29170 | 17622 21699 27089 31166
04 4166 5130 6404 7367 | 4462 5494 6859 7891
06 1883 2319 2895 3330 | 2025 2493 3113 3581
* 1.0 7.15 8.80 10.99 12.64 7.77 9.57 11.95 13.74
2.0 2.24 2.76 3.44 3.96 2.50 3.08 3.85 4.43
3.0 1.34 1.65 2.06 2.36 1.52 1.87 2.33 2.68
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Table 3. ARL for Mean for different Truncation Points (a ,b) and Measurement

Error(r) (cont.)

A . (a=-2,b=2) (a=0,b=2.5) (a=0,b=2)
005 0025 001 0.005| 005 003 001 001|005 003 001 0.005

0.2 217.11 267.35 333.75 383.99| 136.66 168.28 210.08 241.70|156.88 193.18 241.17 277.47

0.4 5489 6759 8437 97.07| 5271 6491 81.03 93.23| 62.73 77.24 96.42 110.94

9 0.6 2484 3059 38.19 43.94| 2832 3487 4353 50.08| 3468 4270 5331 61.33
1.0 945 1164 1453 1672| 1206 14.84 1853 21.32| 1543 1000 2372  27.29

20 293 360 450 518 352 433 540 622| 479 590 736 847

3.0 168 207 258 297| 180 221 277 318 249 306 382 440

02 |200.20 24652 307.76 354.08|271.73 334.60 417.71 480.50 |324.08 399.07 498.20 573.18

04 | 5074 6248 77.99 89.73| 82.80 101.96 127.29 146.44|10311 12697 158.51 182.37

, | 06 | 2306 2839 3544 4078| 3889 4789 5978 687| 4989 6143 7669 8823
1.0 8.88 1093 13.65 15.70| 14.28 17,58 2195 25.25| 19.14 2357 29.42 33.85

2.0 2.87 3.53 4.41 5.07 3.67 452 5.64 6.49 5.23 6.44 8.04 9.25

3.0 1.72 2.12 2.65 3.05 1.87 2.30 2.87 3.31 2.69 3.31 4.14 4.76

0.2 197.04 242.63 302.90 348.49|347.05 427.34 533.49 613.79|425.28 523.68 653.76 752.16

0.4 4996 6152 76.80 88.36| 94.59 116.48 14541 167.29|120.23 148.05 184.82 212.64

6 0.6 2272 2798 3493 40.18| 4231 5210 65.04 74.83| 5517 67.93 84.81 97.57
1.0 877 1080 1348 1551| 1485 1829 2283 2626| 2016 2483 3099  35.66

20 286 352 439 505 370 455 568 654| 532 656 818  9.42

3.0 173 213 266 306| 188 232 290 333| 274 337 421 484

02 |19451 23052 299.01 344.02|452.67 557.41 695.87 800.61|578.01 711.75 888.54 1022.28

04 | 4934 6076 7585 87.26(107.45 132.31 16517 190.03|139.81 172.16 214.92 247.27

" 0.6 2245 2765 3452 39.71| 4567 56.24 7021 80.78| 6056 7457 93.09 107.11
1.0 8.68 10.69 1335 15.35| 1536 18.92 2362 27.17| 21.10 2598 32.43 37.31

2.0 2.85 351 4.38 5.04 3.72 4.58 5.72 6.58 5.40 6.65 8.30 9.55

3.0 1.74 2.14 2.68 3.08 1.90 2.33 291 3.35 2.77 341 4.26 4.90
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Also it is seen that the angle of mask increases as the range of the truncation is
increased, and is bigger in case of one sided truncation. The ARL and lead
distance deceases with increase in range of truncation. With increase in § the
angle of mask increases, while the ARL and the lead distance decreases. The ARL
and lead distance increases as «, is deceased and as 6 is deceased.

For one sided truncation we see that lead distance is less and angle of mask is
greater compared to symmetrical truncation. This shows that in case of
symmetrical truncation, as angle of mask is smaller, it will detect change more
quickly, but it will give more frequent false alarms, as seen by comparing table
for ARL for error free case for both symmetrical truncation and one sided
truncation.

This paper considered the normal distribution case. For other symmetrical
distribution this model will not be suitable. We have to develop another model for
other symmetrical distribution.

From the above discussion it is clear that truncated normal distribution under
measurement error appears frequently in quality control problems. In order to
meet certain specification the supplier uses some technique to ensure that the
quality characteristic must satisfy error free observations, error prone data create a
serious problem for determining the value of the mask parameter and the ARL.
This paper may be practically implicated within engineering, finance, medicine,
environmental statistics, and many other fields.

REFERENCES

A.B. YEH, D.K. LINAND and C. VENKATARAMANI. (2004).Unified CUSM
Charts for Monitoring Process Mean and Variability, Quality Technology and
Quantitative Management, VVol.1, No.1, pp.65-86.

CHANG, M.N. (1990). Weak Convergence of a Self Consistent Estimator of the
Survival Function with Doubly Censored Data, Annals of Statistics, 18: 391-
404.

G.NENES and G. TAGARAS. (2010). Evaluation of CUSUM charts for Finite-
Horizon Processes, Communication in Statistics-Simulation and Computation,
Vol.39, Issue 3, pp.578-597.

HUNTER, J.S. (1986). The Exponentially Weighted Moving Average ,Journal of
Quality Technology, 18:203-210.

J. H. RYU, H. WAN and S.KIM. (2010). Optimal Design of a CUSUM Chart for
a Mean Shift Of Unknown Size, Journal of Quality Technology, VVol.42, No.3,
pp.1-16.



106 R. Sankle, J.R. Singh, 1.K. Mangal: Cumulative sum ...

JOHNSON, N.L. and LEONE, F.C. (1962). Cumulative Sum Control Charts:
Mathematical Principles Applied to their Construction and Use Part I,
Industrial Quality Control X1V (2), pp.22-28.

KEIDING, N. and GILL, R.D. (1987). Research Report No. 87/3, Statistical
Research Unit, University Copenhagen, Denmark.

M.A.A. COX. (2009). Control charts for monitoring observations from a
truncated normal distribution, Journal of Risk Finance, Vol. 10 Iss: 3, pp.288
- 304.

MOOD, A.M. & GRAYBILL, F.A. (1963). Introduction to the Theory of
Statistics; Mc Graw Hill Book Co .Inc. second Edition.

NELSON, W. (1990). Hazard Plotting of Left Truncated Life data, Journal of
Quality Technology, 22:230-238.

0O,A.GRIGG and D.J. SPIEGELHALTER. (2008). An Empirical Approximation
to the Null Unbounded Steady-State Distribution of the Cumulative Sum
Statistic, Technometrics, 50(4):501-511.

PATEL, M.N. and GAJJAR, A.V. (1994). Cumulative Sum Control Charts for
Intervened Geometric Distribution, International Journal of Management and
Systems,10(2):181-188.

SCHEIDER, H. (1986). Truncated and Censored Samples from Normal
Distribution, Marcel Dekker, New York.

WOODROOFE, M. (1985). Estimating a Distribution Function with Truncated
Data, Annals of Statistics, 13: 163-177.



	CUMULATIVE SUM CONTROL CHARTS FOR TRUNCATED NORMAL DISTRIBUTION UNDER MEASUREMENT ERROR
	REFERENCES

