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TIME SERIES MODEL FOR PREDICTING THE MEAN 
DEATH RATE OF A DISEASE 
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ABSTRACT 

This study develops a time series model to estimate the mean death rate of either 
an emerging disease or re-emerging disease with a bilinear induced model. The 
estimated death rate converges rapidly to the true parameter value for a given 
mean death at time t. The derived model could be used in predicting the m-step 
future death rate value of a given disease. We illustrated the new concept with 
real life data. 

Keywords: Mean death, bilinear model, Death cases, emerging and re-emerging 
diseases. 

1. Introduction 

A measure of death rate gives an indicator to quality of health services 
available within a locality as well as the standard of preparedness of the health 
provider to curb the menace of the disease; the most important to health care 
provider is on how best to estimate the death rate of a given contagious disease. 
Globally, World Health Organization (WHO) is saddled with the responsibility of 
how best to estimate the death rate arising from a global pandemic. The World 
Health Organization (WHO) convectional formula for computation of death rate 
is simply the ratio of the number of known deaths to the total number of 
confirmed cases (Mathers and Loncar (2006), WHO (2005) Chronic disease 
report), however, this formula is likely to underestimate the true death rate 
because the outcomes of many cases might be unknown or uncertain at the time 
these figures are compiled. Some other methods for estimating death rate have 
varying degrees of challenges as mentioned in Shangodoyin (2010), in particular, 
the generalized mixed effect model of estimating death rate discussed by Tong 
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and Chang (2006) although converges quickly to the death rate computed from 
the complete data, the linear model specified leads to a singular precision matrix 
for the unknown parameters, also the choice of the singular value decomposition 
presented may restrain this approach for practical use and in their paper, it was 
concluded that further research on how to carry out the estimation of the 
conditional mean death rate model with constraint in which  the estimated death 
rate should be greater than or equal to zero.  

Linear models are widely used because of their unrivalled simplicity, but they 
cannot be applied for data that have a turning-or rate-change-point, even if the 
data show good linearity sufficiently far from this point. To describe such 
bilinear-type data so as to make possible smooth and fully parameterizable 
transitions between two linear segments while still maintaining a clear connection 
with the linear models we require a bilinear type of model. Buchwald, P (2007) 
utilized a completely generalized version of a linearized biexponential model 
(LinBiExp) to various time profiles of biological and medical interest including 
growth profiles, such as those of human stature, agricultural crops and fruits, 
multicellular tumor spheroids, single fission yeast cells, or even labour 
productivity, and decline profiles, such as age-effects on cognition in patients who 
develop dementia and lactation yields in dairy cattle.  

In this study, an attempt is made to develop a bilinear time series model to 
estimate the overall death rate of an emerging or re-emerging disease with the 
inclusion of bilinear parameters on the conditional mean death model. 

2. Basic theory of bilnear models 

There are situations when it is felt that linear time series models may not be 
adequate in explaining the underlying random mechanisms as in for instance 
sunspot data, Canadian lynx data which cannot be adequately described by linear 
time series models and the test proposed by  Rao and Gabr (1981) does confirm 
that the above series cannot be described by linear Gaussian models. However, 
one may ask if there exist other models, which can provide a better fit. One is led 
then to consider non-linear models. Jones (1978), Granger and Andersen (1978), 
Haggan and Ozaki (1980), Priestly (1980), Tong and Lim (1980) and Rao(1981) 
have considered particular types of nonlinear time series models. The nonlinear 
models considered by Granger and Andersen (1978) and Rao (1981) are known as 
bilinear time series models. This class of time series has been found to provide a 
better fit as well useful in many areas for example biological sciences, ecology 
and engineering (see Mohler (1973), Bruni, Dupillo and Koch (1974)). From what 
we have above, one could say that the time series models for which it may be 
possible to obtain optimal forecasts for several steps ahead and which can perform 
better than a linear model are the bilinear time series models. 

http://www.ncbi.nlm.nih.gov/pubmed?term=%22Buchwald%20P%22%5BAuthor%5D
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The most general form of the bilinear model, as defined in Granger and 
Andersen (1978a) which is denoted by BL (p, q, r, s) is given as: 
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where the noise et consists of independent, identically distributed random 
variables with zero means and variance 2σ . We assume also that the model is 
invertible. Also et is assumed to be independent of Xs. The generality of the above 
model makes it too complicated to be analyzed successfully (Tuan and 
Lanh,1981); as a result these authors considered the first order bilinear model BL 
(1, 0, 1, 1) given as 111111 −−− ++= ttttt eXbeXX φ  also, Rao (1980) considered 
the bilinear model BL (p, 0, r, s) given as  
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2.1. The vector form 

It is well known that the linear autoregressive moving average models can be 
written in the form of a first-order vector difference equation. Anderson, 1971; 
Priestley, 1978, 1980 and this vector form is known as the state space form. It is 
convenient to study the properties of the process when the model is in the state 
space form because of the Markovian nature of the model (Akaike, 1974).  
Consider the model BL (p, d, 0, r, 1) given as 

tt
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111 ......... ψψ              (3.2.1) 

Let us define the matrices 
 

     -ψ1     - ψ2          ψ3            -ψp+d-1     ψp+d                          

                 1       0            0     …..      0          0 

=Ψ             0           1            0    …..       0          0             ,  

                     0           0             0  ……       1          0 

  
        b11      b21         b31 ……   br1 

 

=B        0       0         0  ………  0 

 

                      0       0         0  ………  0 
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and  vectors CT=(1, 0, 0,…..0),  HT=(1, 0, 0,…..0), and let 
),,.......,,( 1 dpttt

T
t XXX +−−=X  

t = …..-1, 0, 1,….  With this notation, we can write the model in sub section 2.1 

in the vector form as: 

 ttttt ee CBXXX ++Ψ= −−− 111   and      t
T

t XHX =       

It is pertinent to ask ourselves that under what conditions on the given 
matrices C, ψ, B and on the given sequence { te , t = …-1, 0, 1, …} of 
independent identically distributed random variables with common mean zero and 
common variance 2σ <∞ , does there exist a vector-valued strictly stationary 
process {Xt, t= …-1, 0, 1, …} satisfying ttttt ee CBXXX ++Ψ= −−− 111  for 
every t = …-1, 0, 1,… The answer to the above is considered in sub section 2.2 

2.2. Stationarity and Convergence of BL (p, d, 0, r, 1) 

In this section, we give a sufficient condition for the existence of strictly 
stationary process and convergence conforming to the bilinear model defined in 
section 2.1, in the case when s =1. This we do through the following theorem.  
Theorem: Let { }Ztet ∈, be a sequence of independent identically distributed 

random variables defined on a probability space ( )PIR,,Ω  such that E et = 0 and  
∞<= 22 σtEe . Let Ψ and B be two matrices of order p x p such that

( ) 12 <=⊗+Ψ⊗Ψ λσρ BB . Let C be any column vector with components 
c1, c2, …, cp. Then the series of random vectors 

        ( ) rtjt
r
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i
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≥
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converges absolutely almost surely as well as in the mean for every fixed t in Z. 
Further, if  

( ) ,
1 1 rtjt
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then }{ , ZtX t ∈ is a strictly  stationary process conforming to the bilinear model 

ttttt ee CBXXX ++Ψ= −−− 111  , for every t in Z. Conversely, if }{ , ZtX t ∈ is 

a strictly stationary process satisfying  111 −−− +Ψ+= ttttt eBXXCeX , for every 
t in Z for some sequence }{ , Ztet ∈ of independent identically distributed random 

variables with 0=tEe  and ∞<= 22 σtEe  and some matricesΨ , B, C of orders 
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p x p, r x r, p x 1 respectively with ( ) 12 <=⊗+Ψ⊗Ψ λσρ BB , then  

( ) ,
1 1 rtjt

r

r

itt CeBeCeX −−
≥

=
+ΨΠ+= ∑  for every t in Z.  

The proof of this theorem was considered in Shangodoyin, Ojo and Marcin 
(2010).  

3. Mean Death rate model specification 

Assume that jp  is the probability that a confirmed case ends up in death on 

the j-th day after the confirmation of the disease; also jq  is the corresponding 
probability of being recovered and discharged from the hospital on the j-th day. 

Then 
0

j
j

P p
∞

=

=∑  is the death rate of the disease and 
0

1 j
j

Q P q
∞

=

= − =∑  is the 

recovery rate; all cases are assumed to be independent of each other and have 
identical death rate and probability distribution of time to death or discharge. Let 

tC  be  number of confirmed cases at time tthe , and  

tD  be the  of deaths at time tnumber . The death on the t-th time must be from 
the previously known cases at time t-j, then the probability that it is from time t-j 
equals, jp , say, and there are  at time t-jt jC − (Tong and Chan (2006) ). The 

conditional mean of tD  given ;  for j=0,1.........t jC −  as 

( )/t t j t j t jE D C p Cµ
∞

− −
−∞

= =∑                                                                             (1) 

For a finite general linear process, the expression in (1) is written as  
2

1

a

t j t j
a

p Cµ −=∑                                                                                                      (2) 

Where 1 2a , a 0≥  are lower and upper bounds of the time to death. 
 
The expected value of death at time t is a linear function of the number of 

confirmed cases in time t-j, with assumption that all cases are independent of each 
other and have identical death and probability distribution of time to death may 
tempt analyst to adopt linear estimation techniques to determine jp ; this could 
pose some problems because if 0  t<0tC = ∀ , then theoretically tD  are 
serially dependent since they come from the earlier confirmed cases. Serial 
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correlation among the tD  may be accounted for by including a latent process on 
the right side of (2). 

Also for finite uncensored aggregate data on re-emerging and/or emerging 
disease the analysis of the expected deaths taking into consideration the 
distribution of its past realizations and coupled with the large number of lags of 

t-j and t jC µ−  can easily introduce multicollinearity in the model. This problem 
may not be adequately captured by linear model presented in equation (2), a 
problem identified by Tong and Chan (2006); and it could be corrected by 
incorporating smoothness assumption in the estimation of the unknown 
parameters using some parsimonious parametric class of models. A class of 
parsimonious models that have been found to provide a better fit some biological, 
ecological and medical data is the bilinear time series models (Mohler (1973) and 
Bruni etal (1974)). Martins (1999) and Gonclaves (2000) have shown that this 
class of models provide an optimal forecast for several steps ahead and can 
perform better than a linear model. In order to account for serial correlation in tµ  
and to ensure that j and pjε  vary smoothly with lag j, we will adopt a modified 
bilinear model (MBL) (1, 0, 1, 1) to the left hand side of equation (2); for details 
see Rao (1981), Chen (1992), Shangodoyin, Ojo and Kozak (2010).   
Assuming that u is obtained using the order selection criterion AIC with starting 
lower bound j=1, then the derived model is:  

2

1

1 1 1

u

t t t t j t j t
u

e p C eµ αµ βµ− − − −− − = +∑                                                                 (3) 

We then write the bilinear model for estimating the mean of the deaths at time 
t as: 

1 1 1
1

u

t t t t j t j te p C eµ αµ βµ− − − −= + + +∑                                                                 (4) 

4. Model estimation 

Suppose that tµ  are generated by equation (4), the sequence of random 

deviates { }te  could be determined from the relation  

1 1 1
1

u

t t t t t j t je e p Cµ αµ βµ− − − −= − − −∑                                                                (5) 
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To estimate the unknown parameters in equation (5), we make the following 
assumptions: 

(i) The errors { }te  are independent and identically distributed with 
mean zero and variance 2σ  with finite kurtosis. 

(ii) The root of the ( ) j
jp B p B=∑  polynomial lies outside the unit 

circle, this ensures stationary of{ }  t jC − . 
(iii) The values of <1 and 1α β < , ensure that invertibility condition 

required of the bilinear process is satisfied. 

Following Walker (1964), we shall refer to the parameters [ ]' , ,α β=λ p  as 
the structural parameters, the complete set of r=1+1+u+1 parameters will be 
denoted by 2,σ =  Ω λ . The task here is to get the estimator of λ  using 

information on all realizations of the entire history of the system generating tµ . 
The effect of transients can be minimized if the difference equation (5) is started 
off from a value of time t for which all the previous values of both t and tC µ  are 

known. Let us specify the starting values of tµ  as 1 ; t=1,2.......

t
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∑
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Thus, with the errors in equation (5) and appropriate initial values, say, ,0te  

The least squares estimator of  [ ]' , ,α β=λ p   are obtained by minimizing 
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derived by non-linear least squares estimation method discussed as follows: 
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The elements in iG  are derived from: 
 

 

 

To estimate the structural parameters, let 
 

Such that for any given values of  t and t jC µ−  , we evaluate the recursive  

equations                                    and                                 
 

let                                                                                   an                                                

 

be the matrices of the first and second partial derivatives. Expanding 
( ) ˆ near =V λ λ λ  in Taylor series, we obtain: 

 

This gives the estimators of the structural parameters as  
Now, suppose that we restrict to u=1, in this case the lag to death is a unit of 

the measuring period, say, one (year or month of week or day). The simultaneous 
equations resulting from substituting all the necessary elements of 

ij and h  are :iG  
 

 

 

 

 

The equations derived from the second partial derivatives are: 
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Substituting equations (9) and (10) in (6) gives: 
 

 

 

Also, using equations (9) and (11) in (7) gives: 
 

 

 

The estimator for 1  p  is obtained using equations (10) and (11) in (8) gives: 
 

 

 

To determine the mean and variance of the estimators defined in equations 
(12), (13) and (14) we start by re-writing equation (12) as 

1
1

2
1

1

ˆ ˆ
ˆ ˆ ˆ( ,..., )

ˆ

n

t t

o nn

t

f
µ µ

α µ µ
µ

−

−

= =
∑

∑
 

Assuming Taylor expansion is valid, we can approximate 

   ˆ
0

ˆ ˆ ˆ ˆ( ,..., ) ( ,..., ) ( ) | ......
ˆ i i

n

o n o n i i
i i

ff f µ µα µ µ µ µ µ µ
µ =

=

∂
= ≅ + − +

∂∑                  (15) 

The equation (15) yields 
 

                              ˆ( ) ( ,..., )o nE fα µ µ≅                                                            (16) 

and 

2ˆ ˆ ˆ ˆ( ) {( ) | } ( ) {( ) | } ( , )ˆ ˆ ˆ,ˆ ˆ ˆ0 1

n n nf f fV V Covi i jii ji i i i j ji i j
α µ µ µµ µ µ µ µ µµ µ µ

∂ ∂ ∂
≅ +∑ ∑ ∑= = =∂ ∂ ∂≠= =

   (17) 

 
The expression of variance (17) is extremely complex and hence no analytical 

form of ˆ( )V α is available. However, one can compute the ˆ( )V α numerically by 
using any of the variance estimation methods such as Jackknife method, 
Bootstrap method and Random group method. 
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5. Data Analysis and Discussion 

This new methodology shall be considered on two real life data; data was 

collected on Tuberculosis incidence recorded monthly at Julia Molefe Clinic, 

Gaborone, Botswana and Malaria incidence data was recorded on annual basis at 

the University College hospital, Ibadan, Nigeria. We utilized equation (14) to 

compute the death rate; this formula relies both on the moving death average and 

the number of cases observed for each respective month or year over time. 

In table 1, we presented the computed statistics for the death rate of Tuberculosis 

data using equation (14) and have 0.07358 about 7.3% with estimator variance 

0.0016; using the WHO formula we obtained 0.076 about 7.6% the variance of 

estimator is 0.0684. 

 In table 2, we presented some computed statistics based on estimator derived 

in equation (14) and WHO convectional estimator for death rate using Malaria 

data; the estimator in equation (14) is 0.004 about 0.4% with estimator variance 

0.0000005, whereas the WHO estimator for this data is 0.006 about 0.6% with 

estimator variance 0.000385. Since the ratio of estimators 
(  given in equation 14)

Var(WHO estimator) 1Var estimator <  in both real life data considered, we affirmed that the 

estimator presented in equation (14) is more efficient than the WHO estimator; 

also, WHO formula is not likely to give the true estimate of death rate because the 

outcomes of some cases might not be known at the time of compilation besides 

equation (14) may track the monthly (or periodic) number of deaths relatively 

well. 

To predict the mean death rate for the Tuberculosis data we used equations 

(12), (13) and (14) to compute the estimates of 1,  and pα β   as 0.857, -1.21 and 

0.081 respectively, thus the prediction model for this data is 

1 1 1 1(0.002) (0.078) (0.0006)
0.857 1.21 0.081t t t t te Cµ µ µ− − − −= − +  assuming a one-step time to death for 

this disease. Similarly for the Malaria data, the computed estimates of 
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1,  and pα β   are  1.10, -0.1161 and 0.004 respectively; also  the prediction model 

for this data is 1 1 1 1(0.056) (0.145) (0.000001)
1.10 0.12 0.004t t t t te Cµ µ µ− − − −= − +  assuming a one-step 

time to death for this disease. 

6. Conclusion 

The assumption that the time to death is at most one (day or month or year 

depending on the nature of the disease); then the overall death rate can be 

computed using 1p provided > 0 t jC − , then the quantity in (14) will be less than 

unity, this is another view to the further research advocated by Chan and Tong 

(2006) approach. Also we can use equation (4) to predict the death rate of a given 

disease over a given period. It is interesting to note that the estimator in equation 

(14) performs better than the WHO conventional estimator in the two real-life 

cases considered. 

  



416         D. K. Shangodoyin, J. F. Ojo, J. O. Olaomi, A. O. Adebile: Time series model … 

 

 

Appendix  

Table 1. TB DEATH STATISTICS (January, 2010- July, 2010) 

TIME (t) 

in Month tC  tD  tµ  1tC −  te  

1 16 1 1 14 -0.134 

2 9 1 1 16 -1.173 

3 11 0 1 9 -0.606 

4 12 2 1 11 -0.768 

5 5 2 1 12 -0.849 

6 13 0 1 5 -0.282 

7 12 0 1 13 -0.930 

Total 78 6 

 

 

Appendix 

Table 2. ANNUAL MALARIA DEATH STATISTICS  

 

 

 
 
 
 
 
 
 
 
 
 
 

TIME (t) 

in Month tC  tD  tµ  1tC −  te  

2000 3664 10 10 1670 -5.15 

2001 2483 5 7.5 3664 -18.17 

2002 2507 13 9.3 2483 -8.88 

2003 2113 9 9.3 2507 -9.38 

2004 2004 11 9.6 2113 -9.08 

2005 2712 37 14.2 2004 -4.38 

2006 3072 25 15.7 2712 -10.77 

Total 18555 110 
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