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SAMPLING DESIGNS PROPORTIONATE

TO SUM OF TWO ORDER STATISTICS
OF AUXILIARY VARIABLE

Janusz L. Wywial'

ABSTRACT

In this paper the case of a conditional sampling design proportional to the
sum of two order statistics is considered. Several strategies including the
Horvitz-Thompson estimator and ratio-type estimators are discussed. The
accuracy of these estimators is analyzed on the basis of computer simulation
experiments.
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1. Introduction

Sampling designs are usually constructed on the basis of an auxiliary vari-
able observations in order to improve the accuracy of estimation of popula-
tion parameters. For instance, the sampling design of Lahiri (1951), Midzuno
(1952) and Sen (1953) proportional to the sample mean of the positive val-
ued auxiliary variable leads to unbiasednees of the well known ordinary ratio
estimator. Wywial (2008, 2009) proposed sampling designs dependent on
order statistics of the auxiliary variable. Here that approach is continued be-
cause the sampling design proportional to the sum of two auxiliary variable
order statistics is proposed. The conditional version of this sampling design
is considered in order to improve the estimation effects. The review of the
sampling designs or schemes dependent on auxiliary variables and their con-
ditional versions is considered by Tillé (2006).
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2. Sampling design

Let U be a fixed population of the size N. The observation of a variable un-
der study and of an auxiliary variable are denoted by y; and z;,2 = 1,..., N,
respectively. Moreover, let 0 < z; < 2,43, = 1,..., N — 1. Our problem
is the estimation of the population average y = % > iev Yk Let us consider
the sample space S of the samples s of the fixed effective size 1 < n < N.
The sampling design is denoted by P(s), so P(s) > 0 for all s € S and
ZSES P(S) = 1.

Let (X(;)) be the sequence of the order statistics of observations of auxil-
iary variable in the sample s. It is well known that the sample quantile of the
order v € (0; 1) is defined as follows: Qo = X(,) where r = [na] + 1, the
function [na] means the integer part of the value na, r = 1,2, ..., n. Let us
note that X,y = Q) for % < a < . In this paper it will be more conve-
nient to con31der the order statistic rather than the quantile. Let G(r, u, i, j) =
{s: Xy =2, Xwy=2;},r=1,..,n—1L;u=2,...,n,r < ube the set of
all samples whose r -th and u -th order statistics of the auxiliary variable are
equal to x; and z;, respectively, where r < ¢ < j < N —n + u.

N—n+r N—n+u

U U &uig)=s. (1)

i=r j=itu—r

The size of the set G(r, u, i, j) is denoted by ¢(r, u, 1, j) = Card(G(r,u,i,7))

and
o (i—=1\[(j—i-1\[(N—j
g(rvuazaj)_(T_l)(u_r_1><n_u>7 (2)

N N—n+r N—n+u
(n):C’ard( C’ard(U U Gruzy)

i=r j=ttu—r

N—n+r N—n+u N—n+r N—n+u
= U U Card(G(r,u,i,j)) g E g(ryu,i,j),
i=r j=ttu—r i=r j=itu—r

g(/r7 u? i? j)
)
Let h(z;,x;) be a non-negative function of values z;, z; of the order sta-
tistics X(,) and X, respectively. Moreover let

P (X =23, Xy = 75) = 3)

h(xj,z;) if h(zj,z;) >,

0 for h(zj,z;)<ec @

flzg,x,¢) = {
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and

N—n+r N—n+u

(r,u,c) Z Z f(xj,zi,0)g(r,u,i, j). (5)

i=r j=itu—r

The straightfoward generalization of the Wywiat’s (2009) sampling design
is as follows.

Definition 1.1. The conditional sampling design proportional to the non-
negative functions of the order statistics X ,), X, is as follows:

f(xjv Li, C)

Pru(sle) = z(r, u, c)

for se€ G(r,u,i,j) (6)

wherei < 5, r< i< N—-n+7r and r<u<j < N-—-—n+u,
0<c<o.

As itis well known, the inclusion probability of the first order is determined
by the equations: (7, u,c) = Pru(s : k € sle) =3 heq Pru(sle), k=
1,..., V.

Now, the upper possible value ¢, of the constant ¢ should be stated in such
a way that 7y (r,u,c) > 0 forall K = 1,..., N. It is important because un-
der the just defined condition the well known Horvitz-Thompson estimator
(considered in the sections 3) is unbiased for the a population mean.

The above defined sampling design is treated as conditional (uncondi-
tional) when ¢ > 0 (¢ = 0), see the definition of the conditional sampling
design considered by Tillé (1999, 2006).

Particularly, let h(z;, x;) = x; + z;. Thus

.Tj"i‘l'i fO?“ .’Kj+l’iZC,
0 for z;+ux; <ec

f(zj,25,¢) = { (7

We have to assume that 0 < ¢ < ¢y = 1 + z. Thus, under this assump-
tion the inclusion probabilities my (r,u,c) > 0 for all i = 1,..., N. When
¢ > co,r1+x; < cforalli =2, ..., N and my(r, u,c) = 0 and 7 (r,u,c) > 0
for £k = 2,..., N. In this case, as it is well known, the Horvitz-Thompson’s
statistic is a biased estimator of the population mean.

Let §(z) be such a function thatif x < 0then d(z) = 0 otherwise 6(z) = 1.
Moreover, §(x)d(z — 1) = §(z — 1). The following two theorems are the
straightforward generalizations of those ones proved by Wywiat(2009).
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Theorem 1. The inclusion probabilities of the first order for the conditional
sampling design P, ,(s|c) are as follows:
m(r,u, c) =
1

N—n+r N—n+u i—9
S S T ( )
z(r,u,c) < ( )iré(r—k)+( Z Z r—2

k—1)6(k+1—r)6(N—n+r—k) j=itu—r

(j—i—l) (N—j)f@j’xi?C)+5(k_r)5(N—n+u—k)é(u—r—1)

u—r—1/\n—-u
min(k—lZ,N—n—I—r) N—Zn—i-u i—1 j—’i—Q N—j f( )+
X, Ti,C
, , : r—1J\u—r—2/\n—-u 7
i=r j=mazx(i+u—rk+1)

+0(k —u)d(n—u)d(N —n+u—k+1)

DO S () Tt | (A iy EEA R s

, 4 u—r—1/\n—-—u—-1
1=r J=ttu—r

N—n+r N—n+u - S i
d(k—N+n—u) Z Z (72“—11>(2]L—T’—11)<N J 1)f(xj,xi,c)+

: 4 n—u-—1
1=r J=itu—r

—|—5(k;+1—r)é(N—n+r—k:+1)(k_1>

r—1
N—-n+u k1 N i
N — k k—u+r i—1 E—i—_1
(n—u) ; (r—l) (u—r—l)f(xk’xi’c)) ®)

Theorem 2. The inclusion probabilities of the second order for the condi-
tional sampling design P, ,(s|c) are as follows:

Tri(r,u,c) = P (k,t € s1)+P (k € 51, Xy = )+ P (k € s1,t € 59) +
+ P (ke€si, X =) +P(k€si,t€ss)+ P (X =apt€s)+
+ P (X =ap, Xy =) + P (X = a4, t € 53) + Pkt € 59)+
+ P (k€ so, Xy =a1) + Pk €s2,t €s3)+ P (X =k, t € 53)+
+ P (k,t€s3) (9
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where

P(k7t681):(5(7‘—2)(52](\;;)71—1—7"—@‘

N—n+r N—n+u . S N — g
S i (| e

P(k‘esl,X(r) :ZL‘t) =
6 —=1ON —=n+r—k)§N—n+r+1—-1)0t+1-71)

z(r, u)

. N—n+u C o
()8 (e

j=t+u—r

P(k € si,t €s9) =0(N—n+r—k)-
Ot —r)o(r—1)o(u—r —1)0(N —n+u—t)0(t —k—1)

2(r,w)

min(tiNnJrr) Nfu i—9 j—i—2 N—j f( )
: Tj, Ty C),y
r—2)\u—r—2J/\n—u 7

i=maz(r,k+1) j=maz(t+1,i+u—r)

P(kes,Xu=z)=06N—-n+r—k):
O+ 1—u)d(N—n+u+1-t)6(t—k—-—u+r)i(r—1)

z(r, u)

N —t t—u+r i—9 i1
(”—U) Z <r—2)<u—r—1)f(xt’xi’c)’

t=maz(r,k+1)

P(k € s1,t € s3) =
O(N—n+r—kKot—u)dr—105n—-u)dt—k—u+r—1)

z(r, u)

min(t—u-{—rz—l,N—n—i—r) min(t—l,ZN—n—‘ru) i—9 ] i1 N — j 1
r—2)\u—r—1/\n—u—-1

i=maz(r,k+1) j=itu—r
: f(xj> L,y C)a
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P(X(,,) = x,t € Sg) =
0(k+1-7r)0(N—-—n+r+1-Fk)oF—7r)0(N-—n+u—t)d(u—r—1)
Z(T,u)

k-1 N"*“ — k- —j
.(r—l) u—1r— )( —u)f($j’xk’c)’

j=max( t+1 k+u—r)

P (X = op X = o) =
(k1 =7r)d(N—n+r+1-k)d(t+1—-u)d(N-—n+u—t+1)
B z(r, u)

ot +1 —k—u+r)<lj:i) (i__]:_:i) (jj__?j)f(ﬂ?t,ﬂik,c),

P (X =ap,t €53) =
_0(k+1-n)d(N—n+r+1—-k)(t —uwdn—u)olt—k—-—u+r)
B z(r, )

min(t—1,N—n+u)

Z 5 I S A | Gy L

j=k+u—r

o(k =r)o(N —n+u—1t)é(u—r—2)

P(k,te =
it e o) ()
min(k—1,N—n+r) N—n+u i1 j i3 N _] f( )
. E E Lj,Li, C),s
: . . r—1)\u—r—3)\n—u 7
i=r j=maz(t+1,itu—r)

P(k6827X(u) :xt) =
6(k =r)o(N —n+u—k)o(t+1—-u)d(N-—n+u+1—-1t)é(u—r—1)

z(r,u)

min(k—1,t—u+r)

() (D)0

1=T



STATISTICS IN TRANSITION new series, Summer 2013 237

P(kESQ,t€S3):
I(k—=7r)0(N—n+u—Fk)o(t—u)o(t—k—1)0(u—r—1)35n—u)
z(r, u)
min(k—l,t—uZ—H"—l,N—n—l—'r) min(t—l,ZN—n+u) i1 ] 9 N _] 1 |

r—1/J\u—r—-2/\n—u-—1

i=r j=maz(i+u—rk+1)
: f(xjaxia C)a

P(X(u) =, t € 53) =
_0(k+1—w)d(N—n+u+1—Fk)s(t—u)d(n—u)

z(r, u)
N_Fk_1 k—n—+r 1 E—i—_1
'(n—u—l) Z (i—l)(u—:ﬂ—l)f(xk’xi’c)’

6(k —u)d(n—u—1)

P(k,te =
(k.1 € 53) z(r,u)
min(N—n+ZrJ€—l—u+r) min(k—i\f—nﬂ-u) i1 ] —i—=1 N — ] -9
_ 2 r—1)\u—r—1)\n—u—2
i=r J=i1tu—r

- fxy, @i, 0).

3. Sampling scheme

The sampling scheme implementing the sampling design P, ,(s|c) is as
follows. Firstly, population elements are ordered according to increasing val-
ues of the auxiliary variable. Let s = s; U {i} U s3 U {j} U s3 where s; =
{k : k € Uz, < x;} is the simple random sample of the size r — 1 drawn
without replacement from the subpopulation U(1,7 — 1) = (1,...,4 — 1),
sy ={k: k € Uux; >z, > x;} is the simple random sample of the size
u—r — 1 drawn without replacement from U (i +1,j—1) = (i +1,...,j—1)
and s3 = {k : k € U,z > x;} s the simple random sample of the size
n — u drawn without replacement from U(j + 1, N) = (j + 1,..., N). Let us
notethat U = U(1,i —1)U{i}UU(+1,7—1)U{j}UU(+1,N).Let
S(U(1,i — 1); s) be sample space of the sample s, let S (U (i + 1,5 — 1);s)
be sample space of the sample s, and let S (U(j + 1, N); s) be sample space
of the sample s3. Moreover, S = S (U, s)).
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The sampling scheme is given by the following probabilities:
Pru(sle) = Pi(si|i)pru(ile) Pa(s2li, j)pru(ili, ©) P3(s3lj) — (10)

where

i—1\"" j—i=1\"
P1(31|z'):(r_1) : P2(52|i’j):<u—r—1> ;

Ps(s3]j) = (g:i) _1,

.- pru(z>]|c>
PraulJt, C) = 7—~7 (11)

(J13,0) e (G0

.o Tj, T4, C T,U,Z',-
Prou (i, 7lc) = Pru(s) = /e, Jal ‘7), (12)
s€G(r,uyi,j) Z(’l”, U, C)
1 N—n+u

U ) - ) (3] b Y .? ) * 13
Pru(ilc) = Tuc‘;;fo]x g9(r, u, i, j) (13)

In order to select the sample s, firstly the i-th element of the population should
be selected according to the probability function p,.,,(i|c). Next, the j-the ele-
ment of the population should be drawn according to the probability function
pru(7]é, ). Finally, the samples s1, s2 and s3 should be selected according to
the sampling designs P;(s1), P2(s2) and Ps(s3), respectively.

4. Some sampling strategies

The well known Horvitz-Thompson estimator (1952) is as follows:

JHr,s = Z - (14)

kes
The statistic is unbiased estimator of the population mean value if 77, > 0 for
k = 1,...,N. The variance and its estimator are determined by the expres-
sions (20) and (22), respectively.
The particular case of the above estimator is the well known sampling de-
sign of the simple random sample drawn without replacement whose sam-

pling design is: Py(s) = (]X ) !, The variance of the mean from the simple
random sample i, = = 3, _ vy drawn without replacement is D?(y,, Py(s)) =
“n N _
IFv(y) where v(y) = 515 30,0 (vs — 9)°.
Let us construct the following ratio sampling strategy for the population
mean §j = % > icu Yi- We assume that y; = b +e;foralli € U, Y. e, =
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0 and the residuals of that linear regression function are not correlated with
the auxiliary variable. Thus, it has been assumed that the intercept of the
linear regression function is equal to zero. The linear correlation coefficient
between the variables y and x will be denoted by p. Let (X, Y;) be two
dimensional random variables where X ;) is the r-th order statistic of an aux-
iliary variable and Y is the variable under study. Let us define the following
ratio type estimator:

B (X + Xwle)

Yru,s = Ys (15)
Xy + X

where on the basis of the expressions (3) and (5) we have

E (X + Xwle) =
N—n+r N—n+u
Yo > Sl )P (X = i X = | X + X 2 ¢)
i=r Jj=itu—r
W, P(Xg = X =)
Z Z f(xjvxuc) P -
(Xer) + X = ¢)

i=r j=itu—r

_ Zﬁ\;;n""T Z;V_zj-:ur f(wja L, C)g<r7 U, i? ]) _ Z(?", u, C) (16)

Zi]\;nw Z;V zﬂrur Y(xj, w5, ¢)g(ru,i, §)  alru,c)

N—n+r N—n+u

N
a(r,u,c) Z Z Y(zj, 2, ¢)g(r,u,i,5) = (n)P<X(T) + Xw) >

i=r gJ=t+u—r

1 for z;+x;>c
0 for z;+z;<c

7(1717 Lj, C) = {

LetS. = {s : x4+ 2w > ctand Sz = {s : 24) + v < ¢} =
S —S. where (z(,), z(y)) are Values of the order statistics (X(T) X()). More-

over, let 3, = m > ses, Uss e = ca#(sa) > scs. Us where Card(S.) =
a(r,u, c). Under the stated assumptions we have:

E (X + Xw)lc)
Ty + T(w)

E(g’r,u,sa Pr,u<8|c)) = ng Pr,u<8|c) =

s€eS.

_ z(r,u,c) Ty + T 1 -
Z 7’ U C) (I(r) + I(u)) Z(T,u, c) CCLTd(SC) SZ Ys = Ye-

SESC
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Particularly, if ¢ = 0 then P,,ﬁu(s|0) = P,,(s) and

Zys —|—X(u)) Pr,u(S) _ (%)Zys = 7.

L(u)

E (gr,u,s Y

seS

These results and the decomposition:

U= E:%—()<§:%+§:%)

n seS SES. s€Sz

(a(r; u, e)ge + (1 = a(r, u, ¢))ge) =

—~
:2»—
SN—

= 9P (X + Xy 2 ©) +7eP (X + Xy < )

lead to the following expression:

y for ¢=0

E (Gru,s, Pru(slc) =<~ = =
(Fru,s> Prou(sc)) {y+(yc—yc)P<X(r)+X(u)<c) for ¢>0.

(17)
Hence, under the unconditional sampling design P, ,(s) the strategy

(Uru,ss Pru(s|c)) is unbiased.
The next ratio type estimator, see e.g. Sarndal at. all (1992), is as follows

B T
Ys = YHT,s = (18)
THT,s

The parameters of the strategy (s, P, ..(s|c)) are approximately as follows:

E (s, Pru(sle)) = 7,

D* (§ur,s, Pru(s|c))—2hCov (Yur.s, Trr,s, Pruls|c)) +

D? (§s, Pru(slc)) =
+ h2D2 (EHT,Sa Pr,u(5|c)) (19)

and

I

where h =
Cov (Yar.s Tures: Praa(s]c)) Y5 a %ﬁ (20)
YHT,sy HT,s) L'ru N2 l )
keU leU

Ay = T — T, D? (Zgrs, Pru(s|c)) = Cov (Zurs, Tut.s, Prau(slc)),

D2 (gHT,su Pr,u(5|c>> = COU (gHT,w gHT,Sa Pr,u<s|c)) .
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The variance: D? (,..,5, Pr(s]c)) can be estimated by the following ap-
proximately unbiased estimator:

D? (fis, Pru(sle)) = D* (T, Pru(sle) +
- Qhr‘,u,scov (gHT,su i'HT,sa Pr,u( ’ )) + h%u3D2 (i'HT,m Pr,u(s‘c)) (21)

where _
YHT s
hfr u,s —

)

jHTs
5\ _ _ Yk 17
OU(yHT,suxHT,swPTu SC N2 ZZ *kl__ ) (22)
kes les
A A _ _
A*k,l = ﬂ’ D2 (xHT,& Pr,u(s‘c)) - COU (xHT,S> THT,s, Pr,u(s‘c)) )

Tkl
D2 (yHT,sa Pr,u(syc)) = COU (gHT,m gHT,sa Pﬁu(s‘c)) :
Let us remind the following ordinary ratio estimator.
R _ T
Ys = Ys— (23)

S

The approximate value of the variance is as follows:
R N(N —n
D? (§, Po(s)) = NV —n) (v(y) + h*v(z) — 2hv(z, y))

where v(z, y) = v S (¢ — %) (yx — 7) and particularly v(y) = v(y, ),
v(x) = v(z, ).
The approximately unbiased estimator of the variance is as follows:

ao N(N —n

D? (g5, Po(s)) = % (vs(y) + hivs(2) = 2hava(z,y)) |
where h, = g—z, vs(z,y) = 5 > ies(@r — Zo)(yr — ¥s) and particularly
vs(y) = vs(y,y), vs(x) = vs(z, x). The strategy (Js, Po(s)) is approximately

unbiased for the population mean 7.
It is well known that the strategy (95, P;(s)) is unbiased for § where

Pl(S) = :Z's

[¢l]

is the samplingdesign of Lahiri (1951), Midzumo (1952) and Sen (1953).

(24)

5. Simulation analysis of strategies’ accuracy

The population taken into account consists of the municipalities in Sweden
whose number is N = 284. The value xx, £k = 1,..., N, of the auxiliary
variable x is equal to the size (in thousands) of people population in the k-th
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municipality in 1975. The value yi, k = 1, .., N, of the variable under study
y is the taxation revenues (in millions of kronor) from the k-th municipality in
1985. Their observations were published by Sdarndal, Swenson and Wretman
(1992), pp. 652-659. number is N = 284.

7000,00 —
6000,00 —{
5000,00 —{
4000,00

> x
3000,00 —{
2000,00 —{
1000,00 — ﬁef

0,00
T T T T T T T T
0,00 100,00 200,00 300,00 400,00 500,00 600,00 700,00
x

=

FiGure 1. Scatterplot of y versus x.

There are three outlier observations of the variable as it is shown in Figure
1. Let 0 and (5 be the standard deviation and the skewness coefficient, re-
spectively, of the auxiliary variable in the population. In case of data without
outliers (the number of municipalities is 281) x = 24,263, o = 24,153 and
B3 = 0,043. In case of data with outliers (the number of municipalities is
N=284) x = 28.810, ¢ = 52,873 and B3 = 8,427. Thus, the distribution
of the variable without the outliers is almost symmetric. But the distribution
of the variables with outliers is highly right skewed. The samples accord-
ing to the preassigned sampling design were drawn from the just presented
population. The samples were replicated 1000 times.

The Figure 1 shows that the dependence between the variable under study
and the auxiliary variable can be approximated by means of a linear regres-
sion with its constance equal to zero. In this case, as it is well-known, the
accuracies of regression type estimators of a population mean are similar to
the accuracy of the ratio type estimators. Moreover, the ratio estimators are
simpler than the regression ones. Thus, that is why we consider only the ratio
estimator in the analysis.
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Let M SE(t, P(s)) be the mean square error of the strategy (¢, P(s)) used
to estimate the population mean y. The coefficient of the relative efficiency
is defined as follows:

e(t, P(s)) = MS?(t,P(S))

D2(y., Pols))

The results of the simulation analysis are presented by Tables and Figures

2, 3. The tables show the relative efficiency coeflicients. The distributions of

the estimators, generated on the basis of samples of the size n = 14 drawn

by means of appropriate sampling schemes are presented by means of the

well-known box-plots on Figures 2 and 3. Table 1 shows the notation of the
strategies.

100%

TaBLE 1. The symbols of the strategies.

strategy symbol | efficiency
gsa PO(S) tyo —
Us, Po(s) tyl el
s, Pi(s) ty2 €9
Yur,s, Pi(s) ty3 €3
gHT,s; n— ln(s) ty4 €4
UuT.s, Puo14(s3T) | tydd3 | eq
gsa Pn—l,n(s) ty5 €5
Us, Pn—1,n(5]37) ty5d3 | es

gn—l,n,& n— 1n<5) ty6 €6
gnfl,n,sa n— 1n< | ) ty6d3 €6

TaBLE 2. The relative efficiency coefficients (%) of the strategies.

N : 281 284

n el e2 ed el e2 el
2(0,7%) [2.50(2.24|17.62|1.56|1.15]|5.60
3 (1%) 2.88 1258 28.10|1.88|1.35|8.64
6 (2%) 3.09 |2.86 |46.62 | 2.73 | 1.96 | 14.87
9 (3%) 3.28 13.09 | 57.95|3.78 | 2.66 | 20.49
14 (5%) |3.42|3.30|73.59|5.04|3.62|29.33
29 (10%) | 3.22 | 3.14 | 84.51 | 7.22 | 5.92 | 47.44

Firstly, let us consider the strategies under the unconditional sampling de-
signs. Table 2 shows the relative efficiency coeflicients of the strategies which
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do not depend on the sampling design P, ,(s|c). The ratio estimator under
the sampling design P, (s) is slightly better than the ratio estimator under the
simple random sample and they are both significantly more accurate than the
Horvtiz-Thompson estimator under the sampling design P;(s). In general,
Tables 2, 3 and 4 let us infer that the ratio type strategies are significantly bet-
ter than the Horvitz-Thompson ones. This conclusion is strongly confirmed
by the box-plots shown by Figures 2 and 3. The strategy (ys, Pi(s)) is the
best among the six considered strategies except for the case of the population
with outliers when the strategy (s, P,—1.,(5)) is the best for n = 14 n = 29.

Wywial(2007) considered the accuracy of estimation on the basis of the
sampling design proportional to one order statistic denoted by P,(s). For
some of possible values r of the sampling design P, (s) the mean squares of
the estimators were determined on the basis of the simulation analysis. The
results of the analysis lead to the conclusion that the considered strategies
dependent on sampling design P,(s) are the most accurate when r = n — 1
orr = n. Thatis why Tables 3 and 4 deal only with the case whenr = n—1or
r = n. In general, all the inclusion probabilities of the first order are expected
to be proportional to the appropriate values of a positively valued auxiliary
variable. Thus, in the case considered we can suppose that if » < n — 1 and
r < u < n, the inclusion probabilities 7 (7, u, ¢) are not so proportional to
x) as in the case whenr =n — landu =nforallk=1,..., N.

TaBLE 3. The relative efficiency coefficients (%) of the con-
ditional strategies for P,_1,(s|kZ), k = 0, 1,2, 3. The popu-
lation with outliers, N = 284.

kx 0 z 27 3T

n |ed ed | eb ed ed | eb ed ed | eb ed ed | eb

65 |13]20 |19 |86(22 |43 |0.7/32 |98 (54|32

92 |15]19 (35 |1.1|20 |39 |09|3.0 |63 (05|35

21412955 |[17.8128 (54 |9.0 [2.0/44 |62 |13|48

2
3
6 [182]23|30 |11.8/2.0/29 |56 |15(3.0 |57 |09]3.8
9
1

41256(341139|232(32(135]153(2.8|10.0(84 |[19]|7.7

29 1345145568349 |4.6(582|29.1 |44]48.7|19.8|3.6|35.1

The analysis of Tables 3, 4 and Figures 2, 3 leads to the following conclu-
sion. The relative accuracies of the sampling strategies for sampling designs
P, ..(s|c) are usually better in case of the population with outliers or extreme
values.
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The Figures 2 and 3 let us infer that in the case of the population without
outliers values the distributions of the estimators are almost symmetric. In
the case of the population with outliers values the estimators are distributed
with a large number of outliers. In this situation we cannot expect an ac-
curate estimation. But the analysis of the Figures 2 and 3 lets us say that
in the case of the population with outliers the conditional sampling design
(for ¢ > 0) leads to reduction of the number of outliers observations in the
distribution of appropriate estimators. The conditional strategies which de-
pend on the sampling design P, ,(s|c) are usually more accurate than their
appropriate unconditional versions (for ¢ = 0). The estimators of the con-
ditional strategies are unbiased or negligible biased estimators of the popu-
lation mean. When the conditioning value c increases (the considered lev-
els: ¢ = 0,c = &, c = 27, and ¢ = 37) the accuracies of the strategies
(Us, Pru(slc)) and (gurs, Pru(s|c)) usually increase, too. The accuracy of
the strategy (s, P (s|c)) is the best among the conditional ones. The strat-
egy (Uru.s, Pru(s|c)) is not worse than (yurs, Pru(s|c)) except for the case
of the population with outliers and of the sample size n = 29.

TaBLE 4. The relative efficiency coefficients (%) of the con-
ditional strategies for P,,_1 ,,(s|kZ), k = 0,1, 2, 3. The popu-
lation without outliers,/N = 281.

n |ed ed | eb ed eb | eb ed ed | eb ed ed | eb

177123127 |38 |16|21 |17.6 25|12 |323[3.0/0.8

245123|3.1 |80 |1.7]3.0 |159|2.0(22 [143]24 |19

51.812.8(253(50.6(2.8|22.8]263|23|168|268|23|11.3

2

3 . . .

6 [41.8]25|127(303 22 |11.8|17.1 22|23 |148|23|1.8
9

1

4163.8]3.1[44.6[599(3.0(39.6[399|2.8|28.7|36.4|2.2]22.1

29 | 81.713.1({84.3|75.0|3.1829|71.8[29|69.1 56929524
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Ficure 2. Boxplot of the estimator distributions in the popu-
lation without outliers for n=14
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Ficure 3. Boxplot of the estimator distributions in the popu-
lation without outliers for n=14
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6. Conclusions

The inclusion probabilities of the conditional sampling design proportion-
ate to the sum of two order statistics are presented. They let us determine the
variance of the Horvitz-Thompson estimator as well as its estimate.

The simulation analysis lets us expect the estimation strategies with the
sampling design P,_1,(s|c) not to be less accurate than the strategies with
sampling design P, ,(s|c).

In general, the accuracies of the considered ratio type strategies:

(Uss Po—1n(slc)), (9s, P1(s)) or (ys, Po(s)) are the best among the all strate-
gies considered in the analysis. The accuracies of these three strategies are
comparable. Moreover, the conditional strategies for ¢ = kz, £ > 0 are
slightly better than the appropriate unconditional ones.

Let us underline that the above conclusions cannot be treated as sufficiently
general because they have been derived on the basis of a partial computer sim-
ulation analysis based on special data set taken into account. But it seems that
those results can be an inspiration for larger simulation analyses or studies of
the formal properties of the sampling design.
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