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ABSTRACT

In this paper we consider the problem of estimation of population mean using
information on two auxiliary variables in systematic sampling. We have extended
Singh (1967) estimator for estimation of population mean in systematic sampling.
We have derived the expressions for the bias and mean squared error of the
suggested estimator up to the first degree of approximation. We have compared
the suggested estimator with existing estimators and obtained the conditions
under which the suggested estimator is more efficient. An empirical study has
been carried out to demonstrate the performance of the suggested estimator.

Key words: systematic sampling, ratio-cum-product estimator, bias, mean
squared error.

1. Introduction

The use of auxiliary information for the estimation of population parameters
in simple random sampling and stratified random sampling has been widely used.
But in systematic sampling which is frequently used when up-to-date sampling
frame is available the use of auxiliary information in estimation of population
parameters has not been discussed much.

Cochran (1940) used auxiliary information at estimation stage and suggested
aratio estimator. The ratio estimator is more efficient when study and auxiliary
variates are positively correlated and regression line passes through the origin. In
case of negative correlation, Robson (1957) developed product method of
estimation that provides a product estimator which is more efficient than the
simple mean estimator. Hansen et al. (1946) developed a combined ratio estimator
in stratified sampling. In systematic sampling, Swain (1964) defined a ratio
estimator whereas Shukla (1971) suggested a product estimator. Many authors
including Kushwaha and Singh (1989), Singh and Singh (1998) and Singh and
Solanki (2012) discussed various estimators of population mean. Singh et al.
(2011) suggested a general family of estimators for estimating population mean in
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systematic sampling using auxiliary information in the presence of missing
observations. Singh and Jatwa (2012) suggested a class of exponential-type
estimators in systematic sampling. Singh et al. (2011) studied some modified ratio
and product estimators for population mean in systematic sampling.

Singh (1967) used information on population means of two auxiliary variates
and developed a ratio-cum-product estimator in simple random sampling.
Motivated by Singh (1967), we have suggested a ratio-cum-product estimator in
systematic sampling.

Suppose N units in the population are numbered from 1 to N in some order.
Select a sample of nunits, if a unit at random is taken from the first k units and

every K™ subsequent unit, then N = nk . This sampling method is similar to that

of selecting a cluster at random out of k clusters (each cluster containing n

units), made such that i Cluster contains serially numbered units

i+ k,i+2k,...,i+(n —1)k. After sampling of nunits, observe both the study
variate yand the auxiliary variate X. Let y; and X;; denote the observations
regarding the variate yand the variate X respectively on the unit bearing the
serial number i+(j—1)k in the population (i :1,2,...,k;j:1,2,...,n). If the i
sampling unit is taken at random from the first k units, then Yy, and X, are
defined as

_1n . _ 1n
Ysy = Vi :HEYU’ Xsy = X :Hj;_lxij :

The usual ratio estimator for estimating the population mean Y in systematic
sampling given by Swain (1964) is defined as

Sws o | X
Igys = ysys - (11)
Xsys ,
< 1o . , : , - 1N
where X ¢ = o _leij is an unbiased estimator of population mean X = N leij :
I= I=

the population mean of the auxiliary variate x. Here, X is assumed to be known.

Singh et al. (2011) suggested a ratio type exponential estimator for estimating
the population mean Y in systematic sampling as

Veesy = Yoy EXP ﬂ (1.2)
oY I X + X,
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When the study variate and auxiliary variate are negatively correlated, Shukla
(1971) suggested a product estimator for population mean Y as

-~ z
Y5 =Yy [%j (1.3)

Singh et al. (2011) suggested a product type exponential estimator for
estimating the population mean Y in systematic sampling as

Voesy =Y Xy =X 1.4
Ypesy = Ysy EXP m : (1.4)

sys

Variances of the ratio estimators Y and Vg, up to the first degree of

approximation are respectively given by

V(Y ( '\:lgllJVZ [p;c§ Ll @— 2kyfp"* )] (L5)
V(Tesy )= [%}72 [p’;c§ +pi(c? /4X1— akyfp™ )] (1.6)

and

where
K=pyC, /Cx, py ={l+p, (-1}, py ={L+p, (-1}, p” ={py/py},

k
S, =—— X — X Y =
yXx N -1 E:lz:l( ij )(ylj ) pyx Sysx
1 kn — kK n

L= X; — X)?, 32 = Y

* N- 1.21,21( ) Y ON- 1.1Z(y" 7’
- 1 2. —Z)?,

2 = No 1.21,21( )

and (py,py,p,) being the intra-class correlation between the units of a cluster
corresponding the (y,x,z) variates.

Further, the variances of the product estimator Y5**and Vg, up to the first
degree of approximation are respectively given by

V(YSS) = (%j?z [p;‘ +pic? ﬁ+ 2k’ )] (L.7)
and

— N _l N/ * * * *%
Var(ypesy)z (WJYZ [pycf, + pz(c§ /4X1+ 4K* /P )] (1.8)
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where
k* = pyz{cy /c,}and p;* :{p; /p;}
In the situation when the study variate yis positively correlated with the

auxiliary variable X and negatively correlated with another auxiliary variable z

we have suggested a ratio-cum-product estimator of the population mean Y in
line with Singh (1967) in systematic sampling. We have derived the bias and
mean squared error of the suggested estimator up to the first degree of
approximation. Conditions are obtained under which the suggested estimator is
better than the usual unbiased estimator, Swain (1964) ratio estimator, Shukla’s
(1971) product estimator and Singh et al. (2011) estimators. The result of this
paper has been supported through an empirical study.

2. Suggested estimator

Motivated by Singh (1967) we have suggested a ratio-cum-product estimator
in systematic sampling for population mean Y as

T _ X Zs S
A [ 5 J | o
sys Xeye 7

To obtain the bias and the mean squared error of the suggested estimatorVF?;S ,
we write
Voys = Y(L+ep), Xoys = X(1+ey), Zyys = Z(1+e,) such that

E(eo) = E(e;) =E(e,) =0
and E(e,") =0clp;, E(e) =0cip;, E(e,") =0cip;,

E(ese,) = Okegy oy o5+ E(6e8,) = 0K'c;\py o,
E(ee,) = 0k, prp; -

where
c; =S21Z% p, ={l+p, (-1} K™ =p,(c,/c,),

1 k n —
Si :m'zlzl(zij _Z)Z, Pyz =5y 1(5y3;), Prz =Sx I5:5,),
—4I=l)=

1 kon — — 1 kon — —
Syy=—— X;i = X)(z; = Z), S, = ——— . —Y)(z;; —Z)and
@ = N1 2= %=X =2 Sy = 2 2 0~ V) = 2)

-(5)
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Expressing the suggested estimator YSys in terms of e’s we have

YF?F’,S =Y(L+e,)l+e) (A+e,). (2.2)

We assume that |e;| < 1 so that (1+ e;)” is expandable. Expanding that right-
hand side, multiplying out and neglecting terms of e’s having power greater than
two we have

Y = [1+ €y — € +€, —€,8, +€,8, — €€, +e12]
or
(?Q‘F’,s —7): V[eo +e +8, —€,8 +6,6, 8, + ef]. (2.3)
Taking expectation of both sides of (2.3) we get the bias of the estimator

Y:¥ to the first degree of approximation as

B(Y3L (NnN j_[xxﬁ kr) @cﬁ(k*ﬁ-k**ﬁ)]. (2.4)

Squaring both sides of (2.3) and neglecting terms of e’s having power greater
than two we have

RP
Taking expectation of both sides of the above equation, we get the mean

2
( Y5 - j = [eé —e? +e5—2e.e, +2e.e, - 2e1e2]

square error of YSys to the first degree of approximation as

MSE(Y.) ( jY[p +pXX12kF) (12k** )+2k \/p*_p:],

(2.5)
where p;” = (p} /p})

3. Efficiency comparisons

In systematic sampling, the variance of the usual unbiased estimator Y, is
given by
_ N-1\o>
V(ysys) = (Wjszyci (3.)
From (2 5), (1.5), (1.6), (1.7) and (1.8) it is observed that the suggested

estimator YSys would be more efficient than
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() V(Vys) if

lp§c§+(1—2k\/?)+ pzc(; 2k** )+2k \/7J<0 (3.2)

(i) Y& if

d>1/2 (3.3)
(iii) YSys if

d, <1/2 (3.4)
(iv) YResy if

{picx( —kF}LpZ Zél 2k** )+ 2k* }<0 (3.5)
(V) yPesy if

{p;cﬁ(% +K* [pY ] +pics gl— 2kﬁ)+ ZkI\/g} <0 (3.6)
where d =(k**\/§—k*\/§),o|1 - (k\/pka;‘\/g),p;* — (0% 1p2),

P2 =(py/pz).p3 =(p;/px)and ki =p,,(c,/c,).
Expressions (3.2), (3.3), (3. 4) (3.5) and (3.6) provide the conditions under

which the suggested estimator YSyS would be more efficient than usual unbiased

estimator Y.,  ratio estlmatorYFiys, product estimator Y5, ratio type

exponential estimator Y, and product type exponential estimator Y, -

4. Empirical study

To illustrate the performance of the proposed ratio-cum-product estimator

Y:¥ relative to the usual unbiased estimator, we assumed (artificially) the
following values of parameters:

X =44.47, S;=14955, ¢, =028, S, =53857,Y=80, S;=2000,
c,=056, S,=-902.86, Z=4840, S =427.83, c,=043,
S, =—241.06, Py =0.9848 Py, =—0.9760, p,, =-0.9530,
P, =0.707, p, =0.6652, p, =0.5487, N=15, n=3.
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A

Table 4.1. Percent Relative Efficiency of Y., YR® ,Yg*and Y& with

respect to Yy .

Estimator PRE (., Vsys)
Vs 100.00
@;ys 389.620
?;ys 189.452
Vresy 177.434
Vesy 139.318
L;gs 777.790

5. Conclusions

Section 3 provides the conditions under which the suggested estimator has
less mean squared errors in comparison to the simple mean estimator, the ratio
estimator and the product estimator in systematic sampling. Table 4.1 exhibits

that the suggested estimator VF%S has the largest percent relative efficiency as
compared to the simple mean estimator Y, the ratio estimator Yg** and the
product estimatoerSyS, the ratio type exponential estimator Vg, and the
product type exponential estimator Y, . Thus, the suggested estimator Yg5' is
recommended for its use in practice.
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