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Functional repeated measures analysis of variance
and its application

Katarzyna Kurylo', Lukasz Smaga’
Abstract

This paper is inspired by medical studies in which the same patients with multiple sclerosis
are examined at several successive visits (doctor’s appointments) and described by fractional
anisotropy tract profiles, which can be represented as f unctions. Since the observations for
each patient are dependent random processes, they follow a repeated measures design for
functional data. To compare the results for different visits, we thus consider functional
repeated measures analysis of variance. For this purpose, a pointwise test statistic is con-
structed by adapting the classical test statistic for one-way repeated measures analysis of
variance to the functional data framework. By integrating and taking the supremum of the
pointwise test statistic, we create two global test statistics. In addition to verifying the gen-
eral null hypothesis of the equality of mean functions corresponding to different objects, we
also propose a simple method for post hoc analysis. We illustrate the finite sample properties
of permutation and bootstrap testing procedures in an extensive simulation study. Finally,
we analyze a real data example in detail. All methods are implemented in the R package
rmfanova, available on CRAN.

Key words: analysis of variance, bootstrap, functional data analysis, permutation method,
post hoc analysis, repeated measures.

1. Introduction

Functional data analysis (FDA) is a branch of statistics which analyses observations
treated as functions, curves, or surfaces. To represent the data in such a way, one needs only
to measure a variable over time or space, which is a scenario encountered in many fields.
Then the discrete data observed at the so-called design time points can be transformed into
functional data. Such a representation allows us to avoid many problems of classical mul-
tivariate statistical methods, e.g. the curse of dimensionality and missing data. Therefore,
in the last two decades, numerous methods have been developed for classification, cluster-
ing, dimension reduction, regression, and statistical hypothesis testing for functional data.
We refer to the following key textbooks in FDA for methodology, real data examples, and
computational aspects of these methods: Ferraty and Vieu (2006), Horvath and Kokoszka
(2012), Ramsay and Silverman (2005), Ramsay et al. (2009), and Zhang (2013).

! Corresponding author. Faculty of Mathematics and Computer Science, Adam Mickiewicz University, Pozna,
Poland. E-mail: katkur7 @st.amu.edu.pl. ORCID: https://orcid.org/0000-0002-5907-6128.

2Faculty of Mathematics and Computer Science, Adam Mickiewicz University, Poznan, Poland. E-mail:
Is@amu.edu.pl. ORCID: https://orcid.org/0000-0002-2442-8816.
© K. Kurylo, £. Smaga. Article available under the CC BY-SA 4.0 licence




186 Kuryto K., Smaga L.: Functional repeated measures analysis...

In the literature and in software, many tests can be found for standard functional analysis
of variance (FANOVA), where the samples corresponding to different objects are indepen-
dent (see, Cuevas et al., 2004; Mrkvicka et al., 2020; Pini et al., 2018; Smaga and Zhang,
2020; Zhang, 2013; Zhang et al., 2019 and references therein). However, the independence
assumption does not always hold for functional samples. In this paper, we consider a moti-
vating real data example where the same patients with multiple sclerosis are examined using
the magnetic resonance imaging technique at several successive visits. For each visit, the re-
sults of the examination are curves observed at some design time points, which allows them
to be treated as functional data. It is of interest to determine whether or not the examined
functional variable changes at the different visits. Examples of similar problems appear in
many fields, including medicine, education, social sciences, and psychology. Due to the
dependence of functional samples corresponding to different visits, we have to consider re-
peated measures analysis of variance (ANOVA) in the framework of functional data. In this
case, the literature is not so rich as for standard FANOVA. The repeated measures ANOVA
for functional data was apparently first considered by Martinez-Camblor and Corral (2011).
Developing an idea of Cuevas et al. (2004), they proposed tests based on the integral of the
square of differences between sample mean functions. In the case of two groups, Smaga
(2019) constructed a test based on the same test statistic, but to approximate its null distri-
bution he used the Box-type approximation method (Box, 1954). This approach resulted
in a test which is much less time-consuming than the tests of Martinez-Camblor and Cor-
ral (2011), while being comparable to them in terms of type I error level control and power.
Note that these statistical tests do not take into account information about variance (see Sec-
tion 2 for details). This is not an isolated case; for example, the L%-norm-based test statistic
for the standard FANOVA problem is also constructed based on the distance between sam-
ple mean functions only (Zhang, 2013). However, using information about variance can
improve the test, as was shown in particular by Smaga (2020) for the paired two-sample
problem for functional data. In a short note, Smaga (2021) extended these results from the
two-sample case to the strict ANOVA case, i.e. when the number of groups is greater than
two. In the present paper, the ideas presented in that note are developed in greater detail.
First, we present the methodology at length, showing how the construction of tests for the
global null hypothesis for functional data is based on classic ANOVA for real data. More-
over, we propose a simple post hoc method, which appears to be powerful (see Sections 4
and 5). To obtain tests with good finite sample properties even for smaller sample sizes, we
study different bootstrap and permutation procedures. These demonstrate good qualities in
many models (see, e.g. Amro et al., 2021; Ditzhaus et al., 2021; Konietschke et al., 2015;
Konietschke and Pauly, 2014; Smaga and Zhang, 2020). However, this is not an invariable
rule, as we also note in the extensive simulation study, where we check the control of type
I error level and power of the new tests in comparison with those of Martinez-Camblor and
Corral (2011) and their modifications. The simulation study is conducted for artificial and
real data. The latter case explains the results of the hypothesis testing for a diffusion tensor
imaging data set. This real data example demonstrates the applicability of the presented
methods in an important problem. The public implementation of the methods considered
in this paper is given in the R package rmfanova, which is available on CRAN (Kuryto and
Smaga, 2023).
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The rest of the paper is organized as follows: In Section 2 we recall the repeated mea-
sures ANOVA for random variables and present its counterpart for functional data. More-
over, we consider different pointwise test statistics. Section 3 presents the global test statis-
tics, permutation and bootstrap tests based on them, and the simple post hoc procedure for
a functional repeated measures ANOVA. The type I error level control and power of these
tests are investigated in the simulation study in Section 4. Section 5 presents a real data
application for diffusion tensor imaging data. Finally, Section 6 concludes the paper. The
remarks about the numerical implementation of new methods and all results of the sim-
ulation study are contained in the supplement, which is available from the corresponding
author upon request.

2. Functional repeated measures ANOVA model and pointwise test
statistics

In this section, we first recall the repeated measures ANOVA problem for real data, and
then we present the counterpart of it for functional data. Finally, we define new pointwise
test statistics that will be used later to construct statistical tests.

2.1. Repeated measures ANOVA model for real data

Suppose that there are n subjects (e.g. patients), measured for ¢ > 2 experimental con-
ditions or time points (e.g. before, during, and after treatment). Assume that ¥;; is an
observation concerning the i-th object (repetition of an experiment) applied to the j-th sub-
ject,i=1,....¢, j=1,...,n. Let N = nf be the number of all observations. In repeated
measures ANOVA, the model Y;; = p + @; + B+ ¢;; is used, where u is the general mean,
o; is the fixed effect of the i-th object, B; is a random effect of the j-th subject, and ¢;; is
a random error. There are usual assumptions about the distributions of random elements of
this model, but we do not specify them, as they will not be needed for our tests. The main
aim is to test the null hypothesis J%4) : o = --- = oy = 0 asserting the non-significance of
the objects. The F-type test statistic for this hypothesis is of the form:

b SSA/(t-1)

TSR/ Dn-1))’ M

where SSA =nY[_ (¥, —¥)? and SSR = Y ¥/_ (Yij — Vi — ¥,;+ ) are the sum of
squares due to the hypothesis and residuals respectively, ¥, =n~ ' Y_, Y1, ¥; ="' Y[, ¥;;,
and 7 =N! Zle Y'i—1 Yij. The null hypothesis is rejected for large values of . The F test
statistic can be constructed in functional form and used for repeated measures analysis for
functional data, as we describe in the next sections.

2.2. Repeated measures ANOVA model for functional data

Now, we describe the functional repeated measures ANOVA. It is a little different from
that for real variables, which follows from the special characteristics of the functional data
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framework. Similarly as above, we have n subjects subjected to ¢ > 2 (possibly) differ-
ent conditions, but the results of the experiments are functional observations. Let the
subjects be represented by a functional sample consisting of independent stochastic pro-
cesses Y1,...,Y, defined on [0, ¢]. We assume that these data satisfy the following model of
Martinez-Camblor and Corral (2011):

Yi(t)=pu(r)+e;(r), j=1,....,n, 1 €[0,4], 2)

where u is a fixed mean function, and e; is a random process with zero mean function and
covariance function ¥(s,t), s,¢ € [0,¢]. In this notation, ¢ € [0, 1] corresponds to the first
experimental condition, ¢ € [1,2] to the second, and so on. Thus, in this model we ignore
the possible time periods between repetitions of the experiment, but this does not mean that
they do not exist. In the model (2), it is interesting to test the equality of £ mean functions
corresponding to experimental conditions; namely, the global null hypothesis is as follows:

Sy u(t) = Pl +1) = - = ple+ (¢~ 1)) Vi€ 0,11, 3)

By rejecting .74 we determine the presence of significant differences in the mean func-
tions corresponding to the experimental conditions. However, we do not know which con-
ditions are significantly different and which are not. To solve this problem, one needs to
perform a post hoc analysis. This is of particular practical interest.

2.3. Pointwise test statistics

For the global null hypothesis (3), the tests given by Martinez-Camblor and Corral
(2011) and Smaga (2019) used the pointwise sum of squares due to the hypothesis:

4
SSApoinl(t) = nZ( i~(t) _Y<t))za re [07 1]7 (4)
i=1

where ¥i.(t) =n 'Y Yi(t+ (i— 1), V(1) = N"E Y0 V(e + (= 1), i=1,...,L
This pointwise test statistic takes into account “between-group variability” only. In contrast,

the following pointwise counterpart of the F-type test statistic (1) for ) in (3) also uses
“within-group variability”:

- SSAp()im(t)/(éi 1)
N SSRpoinlo‘)/((g_ 1)(11— 1))’

Fpoint (1) t€[0,1], %)
where SSR poin (1) = Yy Xy (Y;(t+ (i—1)) = ¥;.(1) = ¥.;(t) + ¥ (1)) is the pointwise adap-
tation of SSRin (1), and ¥,;(t) = ¢~ ' Y!_, ¥;(t+ (i— 1)), j = 1,...,n. Using such additional
information usually results in more powerful testing procedures. This was observed for stan-
dard ANOVA (Zhang et al., 2019; Smaga and Zhang, 2020) and for a paired two-sample
test (Smaga, 2020) for functional data.

Using the pointwise F-type test statistic (5), we can construct the pointwise F-type test
for (3) similarly to the pointwise F-type test in Ramsay and Silverman (2005) for stan-
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dard ANOVA for functional data. Such a test rejects the null hypothesis when it rejects
the hypothesis for any fixed ¢ € [0,1]. Unfortunately, the pointwise F-type test may be
time-consuming, since it must be performed for all t € [0, 1]. Moreover, this test does not
guarantee that the null hypothesis in (3) is significant overall for a given significance level
even when the pointwise F-type test is significant for all # € [0, 1] at the same significance
level (see, Zhang, 2013). Thus, in the next section, we propose global tests for (3), which
overcome this difficulty.

3. Statistical tests

In this section, we construct tests based on the pointwise F-type test statistic (5). To
construct tests, we use different bootstrap and permutation methods.

3.1. Test statistics

To obtain global test statistics for 7 in (3), one has to aggregate the pointwise statistics
(4) and (5) into one real variable. In FDA, the natural idea is integration, since the common
assumption is that the elements of a functional sample Y71, ... Y, belong to the Hilbert space
Ly(T) of square integrable functions on the interval T. For instance, to verify the null
hypothesis 77 in (3), Martinez-Camblor and Corral (2011) and Smaga (2019) integrated
SSA oins as givenin (4), i.e.

1
Go(l) = /0 SSA o (1)t

Another less common idea in functional data analysis is to use a supremum. For ex-
ample, Zhang et al. (2019) and Smaga and Zhang (2020) developed this idea in the case
of standard ANOVA for functional data. In this paper, we use both of these ideas, but in
contrast to 6,(¢), we apply the appropriate operations to the pointwise F-type test statistic
(5) instead of the pointwise sum of squares due to hypothesis (4). Namely, we propose the
following test statistics:

1
Dn(0) = / Fpou (0)dt,  E4(0) = sup Fyom(t).
0 t€[0,1]

For the paired two-sample problem for functional data, these test statistics reduce to
those considered by Smaga (2020). Thus, the results of the present paper are in fact ex-

tensions of the results obtained for the case ¢ = 2 by Smaga (2020) to repeated measures
analysis for £ > 2 groups.

3.2. Permutation and bootstrap tests

Now, we discuss the methods of approximation of the null distributions of the test statis-
tics Z,(¢) and &,(¢), which lead to new tests for .7 in (3). For £ = 2, Smaga (2020) pro-
posed several methods for this purpose. Unfortunately, they do not perform equally well,
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as was shown in a simulation study. Namely, the tests based on methods of approximation
of the asymptotic null distributions of the test statistics (e.g. the parametric bootstrap ap-
proach) were usually too liberal for small and moderate values of the number n of subjects.
Thus, we do not consider such methods in this paper, but concentrate on permutation and
bootstrap approaches. In general, these methods do not need particular assumptions about
the distribution of the data and a large number of observations to give a good approximation.
Of course, not all resampling methods work well, as we will see in the simulation study.

As the first method, we consider the permutation approach considered by Martinez-
Camblor and Corral (2011) and Smaga (2020). Let Z;,(¢) denote one of the test statistics
2,(¢) and &, () (or possibly €,(¢)) and let B be a large number (e.g. B = 1000). The steps
of this procedure are as follows:

1. Compute .7, () for the original data Y, (¢),...,Y,(¢), t € [0,£].

2. Create a permutation sample Y (t),...,Y(¢), t € [0,€] from the given data in the
following way: for each j = 1,...,n separately, randomly permute the observations
Yi(t),Yj(t+1),....,Y;(t+ (£ —1)), t € [0,1] corresponding to ¢ experimental condi-
tions, and use them to form the permuted observation th (1).

3. Repeat step 2 B times to obtain B independent permutation samples.

4. For each permutation sample, compute the value of the test statistic .7,(¢). Denote
these by 7, ,(¢),b=1,...,B.

5. The final p-value of the permutation test is defined by B~ Y5_, 1(.Z, ,(¢) > Z,(¢)),
where I(A) stands for the usual indicator function on a set A.

We refer to this permutation test as & for short. The following approaches follow the
same steps, but use different methods of constructing new samples in step 2 and possibly
modified forms of the test statistics in step 4.

In the second permutation approach, step 2 is performed as follows: We draw Y, lb (#)y.eny
Y2 (t) for t € [0,1] randomly without replacement from the set

d ={V1(1),... V(@) Vit + 1), Yt + 1), Vit 4+ (= 1)), Yt + (= 1))}

for ¢t € [0, 1] containing all N observations; after that we draw Y (¢),...,Y?(¢) for ¢ € [1,2]
randomly without replacement from the remaining elements in <, and so on. We refer to
this procedure as the &%, method. It is similar to the procedure considered by Konietschke
and Pauly (2014, method (I)).

Let us turn now to three bootstrap approaches. The first is the nonparametric bootstrap
approach considered by Martinez-Camblor and Corral (2011) and Smaga (2020). We refer
to it as the #; method for short. In this approach, the second step of the above procedure
selects independent bootstrap samples Y7 (¢),...,Y?(t), t € [0,¢] drawn with replacement
from the original sample Y;(¢),...,Y,(¢), t € [0,£]. Moreover, we need to modify step 4;
namely, the pointwise sum of squares due to the hypothesis SSA ,,;,; for bootstrap samples
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is calculated as follows:

() = TP (1) +Y(1)%, 1 €0,1],

4
SSAZOint (t) =n Z] (Yzb (t> -
where )_’lb (t) and Y?(t) are the sample means computed on the bootstrap sample.

In step 2 of the second nonparametric bootstrap approach, we first have to center the
observations. Namely, let Y (1) = Y1(t) — Yo(1),..., Yo c(t) = Y, (1) — Yo () for t € [0,4],
where ¥, (r) = n~' Yi_, ¥;(r) is the sample mean function for the original sample Y1, ..., ¥,
Second, Y}(t),...,Y2(t) fort € [0, 1] are randomly drawn with replacement from Y, .(t), ...,
Yuc(t), t € [0,1]; independently, Y7(¢),..., Y2 (¢) for ¢ € [1,2] are randomly drawn with
replacement from Y} .(¢),...,Y,(f), t € [1,2], and so on. We refer to this method for short
as the %, method. It is an extension of the methods considered by Konietschke and Pauly
(2014) and Smaga (2020).

The last method considered is the parametric bootstrap approach (the %5 test for short),
which uses bootstrap samples that are constructed in a much different way than in the above
methods. The idea of this approach is similar to the parametric bootstrap proposed by
Konietschke et al. (2015). In step 2, we generate the bootstrap samples YP(t),..., Y2 (1),
t € [0, 4] from the Gaussian process with zero mean function and covariance function equal
to the sample covariance function

1 il(yj(s)_Yo(S))(Yj(t)— W(1)), 5,1 €[0,4], ©)

n—l/

Vs.1) =

which is the unbiased estimator of the covariance function ¥(s,#) (Zhang, 2013, page 108).
Such bootstrap samples satisfy the null hypothesis .7 in (3), since the mean function is the
same for each Yf’ . Moreover, the estimator of the covariance function used mimics the given
covariance structure of the original observations, and it does this quite well, as we will see
in the simulation study. Note that this parametric bootstrap method is different from the
parametric bootstrap test in Martinez-Camblor and Corral (2011) and Smaga (2020), which
was used to approximate the asymptotic distributions of the test statistics 6, (¢), Z,(2), and
én(2).

3.3. Post hoc analysis

After rejecting the global null hypothesis (3), it is of practical interest to perform post
hoc analysis. The aim is to determine which experimental conditions give significantly
different mean functions of the dependent variable ¥, and which do not result in such dif-
ferences. Namely, we would like to test the family of null hypotheses:

{ A i+ (r=1) = p(r+(s—1)) Ve €[0,1], @

JO7 u(t+(r—1)) # u(t+(s—1)) for some r € [0,1],
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forr,s =1,...,¢, r #s. These hypotheses are also named pairwise comparisons. To test the
family of local hypotheses (7), we propose the following simple procedure:

1. Test each of the hypotheses in (7) using the data for the r-th and s-th objects, i.e.
Yi(2),...,Y,(t) forr € [r—1,r] and t € [s — 1, 5] respectively, and the chosen test from
Section 3.2. Let p,, denote the p-values obtained.

2. Make a final decision using the Bonferroni method, i.e. reject the null hypothesis
i prg < a/m, where m = #{p,s : r,s = 1,...,{,r # s} is the number of null hy-
potheses considered.

Step 2 of the above procedure can also be conducted by comparing the corrected p-
values p2 = m- p,s with the significance level @, i.e. we reject 7" if phol < @

One of the common measures of the quality of multiple testing procedures is the family-
wise error rate (FWER), namely the probability of making at least one type I error in the
family of hypotheses (Tukey, 1953). It is known that the Bonferroni method controls the

FWER at level «, i.e. FWER < ¢, if the individual tests control the type I error at level a.

4. Simulation study

In this section, we investigate the finite sample properties of the considered tests in
a Monte Carlo simulation study. We consider the control of the type I error level and the
power of fifteen tests: the &), 5, B, $», and HBs procedures based on the test statistics
©n(0), Dn(0), and &,(¢). We include the tests based on %, (¢) to provide a fair comparison
between our tests and those based on the test statistic proposed by Martinez-Camblor and
Corral (2011).

In simulation experiments, we consider ¢ = 3 repeated samples with different distribu-
tions, sample sizes, and amounts of correlation. Simulation studies in the case £ = 2 were
conducted by Smaga (2020). In this case, the &) tests based on the test statistics Z;(2)
and &,(2) performed best. For ¢ > 2, the situation may change, as we will describe. We
consider testing of the global null hypothesis (3) as well as the pairwise comparisons (7).

4.1. Simulation design

The ¢ = 3 repeated samples were generated according to model (2). We consider the
following six main models specifying the mean functions, which directly indicate the truth
or falsity of the null hypothesis (¢ € [0, 1]):

Ml u(t) = u(t+1) = p(t+2) = (sin(272))°,

M2: u(t) = u(t +1) = (sin(27£?))3 and u(r +2) = (sin(27t?))’,

M3: u(t) = u(t +1) = (sin(27w£?))3 and u(r +2) = (sin(271?))3,

M4: u(t) =p(t+1)=pu(+2)=+/6t/mexp(—6t),

M5: u(t) = p(t+1) = /6t /mwexp(—6¢) and p(t +2) = \/13t/(27) exp(—13/2),
M6: u(t) =pu(t+1) = /6t/mexp(—6¢t) and u(t+2) = /11t /(27) exp(—11¢/2).

These models are very similar to the models considered in the simulation study by
Martinez-Camblor and Corral (2011). In models M1 and M4 (respectively M2, M3, M5,
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and M6), the null hypothesis %) in (3) is true (respectively false), and hence we investi-
gate the type I error level control (respectively power). We also considered two settings
for the distribution of the data, namely normal and lognormal. In a normal setting, the er-
rors were generated as follows: e;(t) = EBji(t), ej(t + 1) = pe;(t) +E(1 — p?) /2By (1)
and e;(t+2) = pe;(t+1)+E(1—p?)'/2Bj5(¢) for t € [0,1] and & = 0.5,0.05 for models
MI1-M3 and M4-M6 respectively. Here Bji, Bj, and Bj3 are the independent standard
Brownian bridges, j =1,...,n. We set p =0,0.25,0.5,0.75 for zero, small, moderate, and
large correlation respectively. The lognormal errors were the (appropriately centred) expo-
nentially transformed errors of the normal setting, i.e. exp(e;(t)), j=1,...,n, ¢t € [0,3].
The sample sizes were set to n = 35,50,75,100. Since functional data are not usually con-
tinuously observed in practice, the trajectories of the observations Y;(7),...,Y,(7), r € [0,3]
were discretized at the design time points #1,...,t101,¢1 + 1,...,t101 + 1,51 +2,...,t101 + 2,
where #, k =1,...,101 were equispaced in the interval [0, 1].

The significance level o was set to 5%. The empirical sizes and powers of the tests were
estimated as the proportion of rejections of the null hypothesis based on 1000 Monte Carlo
runs. The p-values were calculated based on B = 1000 bootstrap and permutation samples.
The R environment (R Core Team, 2022) was used to conduct the simulation study and the
real data analysis described in Section 5.

4.2. Simulation results

All simulation results are contained in the supplement, which is available from the cor-
responding author upon request. Here, to save space, we present only selected results, which
are nevertheless representative and given in Tables 1-5 and Figure 1.

Let us first discuss the results of the simulation experiments for the fifteen tests given in
Section 3.2 for testing the global null hypothesis (3). The results are presented in Tables 1-2
and Figure 1. The type I error control is studied in models M1 (Table 1 and Figure 1) and
M4. Since the results for model M4 are similar to those for model M1, they are available
in the supplement. For both normal and lognormal distributions, the empirical sizes have
similar behaviour. Although the &7, test with &,(2) performed very well for £ = 2, it is
too liberal when the number of groups is greater than two, especially for larger correlation
(p = 0.5,0.75). The same problem is observed for two other tests based on &,(3), namely
P, and %,. Moreover, this bad behaviour seems to diminish very slowly as the number of
observations n increases. This means that these three tests should be used with great care.
On the other hand, for any amount of correlation, the %,,(3)-based &2, and %, tests have
small empirical sizes, which means that these testing procedures are conservative. They
become more conservative with increasing correlation. Of course, such tests control the
type I error level, but may have a larger type II error rate, or in other words, a smaller
power. The remaining tests exhibit much better performance, although the %, and %; tests
based on the test statistics %,(3) and &,(3) may have a slightly conservative character.

For completeness, we consider all tests in the investigation of power. However, let us
note that the results for the &2;, &2,, and %, tests based on &,(3) may be better than for
the other tests due to the former tests’ being too liberal, making such a comparison un-
fair. The empirical powers of selected cases are presented in Table 2 and Figure 1. For
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Table 1: Empirical sizes (as percentages) of all tests obtained in model M1.

Gn(3) Z,(3) 6u(3)

P PP B B B P P B B B P P B B B
normal
n=235

0.00 4.9 54 50 55 49 5.1 55 36 44 45 4.1 42 29 3.4 33
0.25 4.8 1.7 48 21 4.6 5.7 53 34 46 40 6.1 6.1 34 44 3.7
0.50 53 05 48 08 45 52 45 37 47 4.0 6.7 7.1 3.7 6.0 39
0.75 4.7 00 39 00 42 5.6 52 33 5.1 4.0 8.2 8.1 3.7 74 43

0.00 4.7 46 46 54 42 5.1 50 39 43 42 4.7 49 39 40 34
0.25 53 2.8 53 26 48 5.7 57 47 52 49 5.6 59 45 54 44
0.50 5.7 0.7 56 06 50 6.0 58 45 53 4.8 6.8 69 43 6.3 43
0.75 5.8 00 53 00 5.0 5.8 55 48 52 50 9.4 9.1 53 89 52

0.00 5.0 52 45 53 5.0 4.6 5.1 43 4.7 4.6 4.7 5.1 39 42 3.4
0.25 5.6 1.9 49 22 44 5.1 55 41 45 42 5.4 59 43 49 3.8
0.50 5.6 04 5.1 04 50 5.7 53 48 5.1 4.8 6.5 6.4 43 6.6 39
0.75 5.7 00 53 00 52 59 57 4.6 62 48 9.5 9.8 4.7 9.4 42

0.50 5.1 0.6 4.7 0.5 4.7 52 54 4.6 5.1 44 7.2 6.7 4.6 7.0 4.7
0.75 6.1 0.0 53 0.0 5.7 55 5.8 4.7 53 5.1 9.4 9.4 4.1 9.5 4.1
lognormal
n=35
0.00 4.4 4.8 34 44 35 4.4 4.7 3.0 3.7 35 54 6.0 33 43 4.1
0.25 4.6 1.8 35 1.7 3.8 4.7 52 33 4.0 3.7 54 6.0 35 4.4 4.4
0.50 5.0 0.1 3.6 0.1 34 5.4 53 3.0 4.4 35 7.2 7.1 3.7 5.7 4.6
0.75 5.6 0.0 4.0 0.0 34 5.7 5.6 29 43 35 9.3 9.1 4.0 7.8 5.0

0.00 4.8 50 44 46 41 4.8 53 3.6 40 3.9 5.1 52 37 41 44
0.25 6.0 2.1 43 19 48 5.4 55 38 44 43 59 59 41 50 45
0.50 6.5 0.3 5.1 04 50 6.3 60 44 51 4.6 7.9 74 50 65 59
0.75 5.8 00 42 00 40 5.6 5.7 32 5.4 3.9 9.6 9.0 42 8.6 49

the other scenarios, the results are similar or close to 100%. Naturally, the power increases
when we have more data, i.e. as n increases. Moreover, for almost all tests, this also holds
for increasing correlation between consecutive samples, i.e. as p increases. However, for
the 6,(3)-based &2, and %, testing procedures, we usually observe the reverse behaviour,
which can be explained by their extreme conservative character. Furthermore, these two
tests are the least powerful among all of the procedures considered when p > 0. The re-
maining three tests based on %, (3) perform much better, but they are usually less powerful
than the %, (3) procedures. In most cases, the permutation method outperforms the boot-
strap approach for the %, (3) tests. The same seems to be true for the %, (3) tests. Finally,
the most powerful methods are the &;,(3) tests. This last observation was made in almost all
of our experiments, but we note that this is not always necessarily the case, as we will show
below for pairwise comparisons.
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Figure 1: Box-and-whisker plots for empirical sizes and powers (as percentages) of all tests
obtained in models M1 and M2.

Let us now turn to verifying the pairwise comparisons (7) (Tables 3-5). For the cases
where all null hypotheses are true (models M1 and M4), we estimated the FWER (see
Section 3.3). It should be controlled at level «, i.e. FWER < «. The results for model M1
are given in Table 3; those for model M4 are again similar, and hence are available in the
supplement. Since we use just two groups in each comparison and the Bonferroni correction
is applied, the FWER is controlled at the significance level by all tests considered. However,
some of them again have a conservative character. This is evident for the €, (3)-based %,
and %, testing procedures, but the %, (3)-based &2, %, and %, tests and &,(3)-based
HB) and %, tests are also slightly conservative. This results in loss of power (Table 4),
especially for the &2, and %, %,(3) tests, except in the independent case (p = 0). The
empirical powers are presented for two comparisons, between the first and third samples
and the second and third samples (denoted by 1-3 and 2-3 respectively), since in these cases
the mean functions are different. The empirical powers show a good ability of the post hoc
tests to detect differences in the mean functions for particular pairs of samples. In model M2
(Table 4) as well as models M3, M5, and M6 (data available in the supplement), we observe
that the &,(3) tests usually outperform the %, (3) procedures, which are more powerful than
the %, (3) tests in most cases. However, we note that the opposite situation can sometimes



196 Kuryto K., Smaga L.: Functional repeated measures analysis...

Table 2: Empirical powers (as percentages) of all tests obtained in selected cases in mod-
els M2, M3, M5, and M6.

n(3) Za(3) &(3)
P P P B B B P Py B B B P P B B B
Model 2 normal

n=35

0.00 325 3211 30.6 320 300 450 451 348 384 385 887 883 844 858 845
025 429 247 40.6 245 402 595 590 476 540 521 961 959 92.1 948 933
050 656 137 593 148 596 821 819 723 788 740 999 100 989 99.7 994
0.75 978 53 96.6 57 962 999 99.8 987 997 995 100 100 100 100 100
n=>50
0.00 526 53.1 510 534 509 713 712 647 683 668 989 992 987 989 989
025 699 43.0 652 450 655 853 855 788 824 807 999 999 999 999 99.8
050 91.0 335 87.1 334 879 983 979 962 97.8 967 100 100 100 100 100
075 100 164 999 182 999 100 100 100 100 100 100 100 100 100 100
n=175
0.00 828 822 80.6 827 805 948 955 940 948 946 100 100 100 100 100
025 940 781 925 770 930 989 99.0 981 99.1 985 100 100 100 100 100
050 995 706 995 712 997 100 100 100 100 100 100 100 100 100 100
075 100 622 100 626 100 100 100 100 100 100 100 100 100 100 100
n=100
000 975 973 969 97.1 974 998 998 99.8 99.8 999 100 100 100 100 100
025 998 965 99.6 968 99.6 100 100 100 100 100 100 100 100 100 100
050 100 957 100 952 100 100 100 100 100 100 100 100 100 100 100
075 100 952 100 946 100 100 100 100 100 100 100 100 100 100 100
Model 2 lognormal
n=35
0.00 868 873 829 864 823 867 867 795 834 81.7 955 957 924 93.6 944
025 945 841 913 825 920 942 941 892 91.8 914 987 988 97.7 98.6 985
050 99.1 783 987 77.1 986 99.1 99.1 983 991 985 999 100 998 100 99.8
075 100 687 100 69.6 100 100 100 100 100 100 100 100 100 100 100
n=>50
0.00 986 986 97.7 985 978 984 984 97.1 97.7 975 997 99.6 99.6 99.6 99.7
025 995 978 995 97.8 994 995 995 99.1 99.6 993 100 100 100 100 100
050 100 973 100 973 100 100 100 100 100 100 100 100 100 100 100
075 100 975 100 973 100 100 100 100 100 100 100 100 100 100 100
Model 3 normal
n=35
000 929 936 91.1 931 915 993 99.7 982 989 992 100 100 100 100 100
025 983 913 976 912 975 998 99.8 994 998 99.7 100 100 100 100 100
050 998 909 99.7 91.0 998 100 100 100 100 100 100 100 100 100 100
075 100 884 100 89.3 100 100 100 100 100 100 100 100 100 100 100
Model 5 normal
n=35
0.00 551 544 541 542 541 632 634 552 600 600 91.0 91.1 867 887 882
025 613 475 61.8 492 618 724 722 662 706 69.1 966 968 94.1 962 93.8
050 77.6 406 76.7 422 758 89.0 892 83.0 875 856 989 99.0 979 986 983
075 973 343 970 378 97.1 998 998 994 99.8 99.6 100 100 100 100 100
n=>50
000 725 726 733 730 736 814 822 788 802 80.1 989 99.0 984 98.6 983
025 823 699 81.1 707 81.1 914 91.1 887 89.7 889 997 997 99.6 995 99.5
050 924 669 922 69.0 920 975 973 967 972 970 100 100 100 100 100
075 100 639 999 670 999 100 100 100 100 100 100 100 100 100 100
Model 6 normal
n=35
000 675 684 67.1 683 675 754 759 707 729 726 967 964 937 951 945
025 719 607 725 629 719 821 823 772 807 794 986 99.0 98.0 984 97.8
050 875 579 862 60.7 865 952 948 920 940 932 100 999 99.6 999 99.9
0.75 988 527 98.6 562 989 100 100 100 100 100 100 100 100 100 100
n=1>50
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Table 3: Empirical FWER (as percentages) of all post hoc tests obtained in model M1.

Gn(3) Z,(3) 6u(3)

P PP B B B P P B B B P P B B B
normal
n=235

0.75 4.6 0.0 5.8 0.0 5.6 4.8 4.1 4.8 4.7 4.5 5.0 52 4.4 5.1 53
lognormal
n=35
0.00 5.2 5.0 54 4.9 5.1 5.6 5.6 4.1 4.7 4.8 5.0 5.4 32 35 5.2
0.25 5.2 2.7 4.7 2.1 4.6 4.5 4.6 32 3.6 4.7 42 43 24 2.8 43
0.50 5.1 0.2 4.7 0.4 4.3 4.9 4.6 34 3.6 39 5.2 52 2.7 39 4.7
0.75 43 0.0 4.1 0.0 3.7 4.0 39 3.0 3.7 3.8 4.5 4.5 2.6 3.6 4.4

apply. This is shown in Table 5, where the &;,(3) tests are less powerful than the remaining
tests in a few cases. Except for the extremely conservative tests, the results for the 1-3
comparison are usually worse than those for the 2-3 comparison. This can be explained by
the different amounts of correlation: the observations in samples 1 and 3 are less correlated
than in samples 2 and 3, and as we observed in the investigation of powers for the global null
hypothesis, greater correlation leads to larger power. The latter observation is also usually
true for pairwise comparisons.

To sum up, the best type I error control and power are achieved by the &,(3)-based %,
and %5 tests. However, the tests based on the test statistic Z,(3) (especially permutation
tests) also have good finite sample properties.
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Table 4: Empirical powers (as percentages) of all post hoc tests obtained in selected cases
in model M2.

(3) 7,3) £3)

P Comp f@] (‘?2 B 1 k%z B 3 60/_)1 322 B 1 ¢@2 B 3 60/71 ,@2 .%1 3&2 P 3

normal

n=35

0.00 1-3 128 122 127 13.1 126 17.1 16.6 121 141 152 629 623 559 59.8 638
2- 147 147 150 147 145 20.7 193 159 164 187 635 627 56.0 60.1 645

0.25 1-3 162 119 163 121 165 228 209 160 175 189 655 667 595 632 67.6
2- 228 9.0 21.7 88 224 331 306 245 267 286 803 804 731 786 818

0.50 1-3 239 9.1 238 100 235 352 326 273 293 30.7 815 819 739 80.1 825

n=>50

0.00 1-3 267 259 269 259 261 39.1 360 327 338 350 903 90.1 87.5 89.3 90.8
2- 24.6 238 245 234 239 384 359 327 33.1 343 892 89.0 87.7 889 89.9

0.25 1-3 253 199 256 21.1 255 39.7 387 314 352 368 91.8 91.1 89.8 914 92.0
2- 41.8 18.1 404 175 407 579 565 528 543 563 98.0 98.1 969 979 98.1

0.50 1-3 41.1 183 40.7 188 415 59.7 575 533 551 569 968 96.6 959 964 97.0
2- 763 9.7 744 103 747 91.5 90.8 865 89.2 89.0 999 999 999 999 99.9

0.75 1-3 860 89 841 94 850 969 967 948 965 956 100 100 100 100 100
2-3 100 45 999 50 998 100 100 100 100 100 100 100 100 100 100

n=175

0.00 1-3 49.3 475 487 476 484 731 708 689 69.1 706 993 99.1 994 99.0 99.3
2- 504 49.6 48.1 484 485 729 722 685 68.1 67.8 994 994 994 99.5 99.5

0.25 1-3 55.1 482 545 483 542 774 771 732 752 757 99.8 99.7 99.6 99.6 99.8
2- 75.1 442 742 435 734 927 919 895 90.6 899 100 100 100 100 100

0.50 1-3 78.6 434 77.1 450 785 934 941 91.8 927 93.0 999 999 999 999 99.9
2- 98.1 374 975 384 977 99.6 99.6 995 99.6 99.6 100 100 100 100 100

n=100

0.00 1-3 759 78.0 758 772 754 929 935 922 92.0 92.1 100 100 100 100 100
2- 77.1 769 753 759 746 938 93.1 92.1 914 92,6 100 100 100 100 100

0.25 1-3 809 749 798 752 794 955 956 940 946 945 100 100 100 100 100
2- 945 738 942 738 944 995 99.7 99.6 99.6 99.7 100 100 100 100 100

0.50 1-3 963 76.6 96.1 77.0 957 100 999 999 99.7 100 100 100 100 100 100
2- 100 769 100 746 100 100 100 100 100 100 100 100 100 100 100

0.75 1-3 100 754 100 742 100 100 100 100 100 100 100 100 100 100 100
2-3 100 739 100 748 100 100 100 100 100 100 100 100 100 100 100

lognormal

n=235

0.00 1-3 645 667 61.0 645 60.7 632 628 537 573 590 786 792 69.0 73.6 787
2- 65.6 645 621 632 620 64.1 63.1 553 58.1 593 80.1 80.0 702 747 79.8

0.25 1-3 685 635 638 60.1 63.1 67.0 66.8 56.6 594 612 829 825 725 719 838
2- 83.7 621 798 61.0 79.6 829 824 754 779 792 922 924 862 89.7 923

0.50 1-3 833 619 805 60.6 802 824 807 752 782 79.0 914 914 855 89.1 91.6
2- 98.1 58.6 97.6 57.1 975 97.8 983 955 97.0 972 993 992 98.6 99.1 992

0.75 1-3 994 581 987 553 988 995 989 979 989 989 99.6 99.7 99.1 99.4 99.7
2-3 100 509 100 504 100 100 100 100 100 100 100 100 100 100 100

n=>50

0.00 1-3 88.8 90.2 875 882 879 888 89.1 859 86.7 873 956 957 943 950 954
2- 882 895 874 883 877 885 88.0 850 853 863 956 958 948 949 957

0.25 1-3 922 888 90.8 88.1 90.3 924 913 884 887 90.1 97.1 96.6 955 963 96.9
2- 97.7 89.0 969 879 97.1 972 97.0 954 962 960 99.0 99.1 983 988 98.7

0.50 1-3 97.5 88.6 964 869 96.7 97.8 97.7 953 965 965 994 99.6 99.0 994 994
2- 99.9 87.6 999 87.6 999 999 100 100 999 999 100 100 100 100 100

0.75 1-3 100 88.5 100 874 100 100 100 100 100 100 100 100 100 100 100

5. Real data application

In this section, we present an illustrative real data example and a simulation study based
on a diffusion tensor imaging (DTI) data set. This example shows the practical application
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Table 5: Empirical powers (as percentages) of all post hoc tests obtained in selected cases
in model M5 under lognormal distribution.

n(3) Zn(3) &(3)
p Comp Py P B B Pz P P B B By P P B B P
n=35
0.00 1-3 100 100 99.8 100 99.7 999 99.8 984 994 99.6 899 90.0 84.1 87.7 913
2-3 99.9 100 99.7 99.8 99.7 99.8 99.8 989 98.8 99.2 894 895 829 86.6 89.6
0.25 1-3 99.9 100 99.8 99.9 99.9 999 999 994 99.7 99.6 92.6 924 878 91.0 935
2-3 100 100 100 99.9 100 100 100 100 100 100 98.2 97.7 96.7 974 979
0.50 1-3 100 999 100 99.8 100 100 100 100 100 100 97.9 98.1 958 97.6 98.6
2-3 100 100 100 100 100 100 100 100 100 100 99.9 99.9 99.8 99.8 99.9
0.75 1-3 100 100 100 99.9 100 100 100 100 100 100 100 100 99.9 100 100

100 100 100 100 100 100 100 100 100 100 100 100 100 100 100

of the tests considered.

5.1. Analysis of DTI data set

The DTI data were collected at Johns Hopkins University and the Kennedy Krieger
Institute, and they are available in the R package refund (Goldsmith et al., 2022). The DTI
is a magnetic resonance imaging technique providing different measures of water diffusivity
along brain white matter tracts. It is used in diseases affecting the brain white matter tissue,
such as multiple sclerosis (MS). In the experiment, DTI brain scans were recorded for MS
patients at several visits (from 2 to 8). The aim was to assess the effect of neurodegeneration
on disability. The DTI was used to determine the fractional anisotropy (FA) tract profiles
for the corpus callosum.

We first delete incomplete data in the DTI data set. For illustrative purposes, we then
select the observations for n = 17 patients (subjects) with £ = 4 successive visits (objects).
Since the trajectories for the FA profiles are given at 93 design time points for each patient
and each visit, we treat these data as functional data on [1,93]. They are presented in
Figure 2. It is of interest to check whether the FA profiles change significantly at different
visits. Thus, we would like to test the equality of mean functions of the FA at different
visits. First, we test the global null hypothesis (3). The sample mean functions and the
pointwise test statistics (4) and (5) are also depicted in Figure 2. We observe that larger
(respectively lower) values of these statistics correspond to larger (respectively smaller)
differences between the sample mean functions. For the global null hypothesis (3), the p-
values of the &2, and %, €)7(4) tests and the ) Z17(4) test are 0.346, 0.285 and 0.001
respectively, while the p-values of the remaining tests considered in Section 3 are equal to
zero. The inadequate p-values of the &2, and %, %17(4) tests can be explained by the fact
that these tests may be extremely conservative, which was observed in the simulation study
based on the DTI data set presented in the next section (see also Section 4). The other tests
reject the null hypothesis, indicating significant differences in the mean functions of the
FA at different visits. From Figure 2, it seems that the values of mean functions increase
at subsequent visits. Since most of the tests rejected the global null hypothesis, we know
that there are significant differences between visits, but we do not know where exactly they
occur. Thus, we perform tests for pairwise comparisons. We use Tukey’s contrasts (Tukey,



200 Kuryto K., Smaga L.: Functional repeated measures analysis...

Visit 1 Visit 2 Visit 3 Visit 4

FA

04

03

1 15 30 45 60 75 93 1 15 3o 45 60 75 93 1 15 30 45 60 75 93 1 15 30 45 60 75 93
t t t t

Sample means SSA® ()

=y r
=3 ]

060

=
= | =4

055
003
5

002
0

050

001

045

0.00

Figure 2: Trajectories for the FA profiles at four visits (top panels); sample mean functions
of the FA at different visits and pointwise test statistics (bottom panels).

Table 6: P-values (as percentages) of all tests for pairwise comparisons for the DTI data set.

(517(4) _@17(4) £17(4)
Comp p)[ {92 .@] ﬂ?z e%} 90)1 {92 ‘@] 6%2 e@} 99})1 t@2 ‘@] 6@2 @3
1-2 6.0 100 6.6 100 5.4 84 294 192 240 108 204 156 438 9.6 13.8
1-3 300 100 348 100 33.0 324 312 48,6 39.6 36.6 2.4 1.2 300 1.8 6.0
1-4 00 192 0.0 156 00 00 00 00 00 00 00 00 12 0.0 0.0
2-3 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
2-4 1.2 100 0.0 100 0.0 1.2 00 2.4 2.4 0.6 06 06 174 06 0.0
3-4 6.0 100 3.6 100 3.0 8.4 84 126 102 78 282 192 642 246 336

1953),1.e. 1 vs. 2,1 vs. 3, 1vs. 4,2vs. 3,2vs. 4, and 3 vs. 4, where 1, 2, 3, and 4 are
the numbers of the visits. Based on the procedure presented in Section 3.3, for each pair of
visits, we apply the tests proposed in Section 3.2, and correct the obtained p-values using the
Bonferroni method. The corrected p-values are given in Table 6. Most of the tests (except
the conservative ones) detect significant differences between visits 1 and 4 and between
visits 2 and 4. Thus, it seems that the FA profiles for the last visit have much greater values
than those for the first two visits. For the other comparisons, there are almost no significant
differences. The rejections of equality of mean functions for 1 vs. 3 and 3 vs. 4 follow from
the larger power of the corresponding tests (Section 5.2). The above observations seem to
be in line with the expectation that the disease progresses over time.
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5.2. Simulation study based on DTI data set

To check the correctness of the above results for the DTI data set, we conduct an ad-
ditional simulation study based on these data. To mimic the observation given in the data
example, we generated the simulation data in the following way:

* we used ¢ =4 repeated samples with n = 17 functional observations at 93 design time

points;

* the covariance function y(s,?), s, € [0,¢] was equal to the sample covariance func-
tion (6) for the given data set;

» for checking the type I error control, in each group, the mean function was equal to
the sample mean function for the pooled sample of £-n =4-17 = 68 observations
collected from four original samples;

» for the power study, the mean function in the i-th repeated sample was equal to the
sample mean function for the i-th sample from the data set, i = 1,...,¢.

For given ¢ and n, the 93-dimensional data were generated from the normal (N), Student
(t5), and chi-square (76120) distributions having expected value and covariance matrix equal
to the above sample mean functions and sample covariance function respectively. Thus, we
consider symmetric, heavily tailed, and skewed distributions.

For the global null hypothesis (Table 7), we observe that the &2, and %, €17(4) tests
are extremely conservative, which was also noted in Section 4 for larger correlation. This
conservativeness results in significant loss of power for these tests — the largest empirical
power among them is 20.8%, while the other tests have power equal to 100% or slightly
smaller. These facts explain the testing results for the global null hypothesis in Section 5.1.
Note, however, that some of the tests do not control the type I error level, namely &2; 617(4);
P D17(4); Py, Py, and B, &17(4). This is due to a smaller number of observations
(n = 17) and four groups ({ = 4).

Let us now turn to the pairwise comparisons (Table 7). All tests control the FWER at
level 5%, but the following tests have a conservative character: &2, and %, 617(4); %, %1,
and %, 217(4); B &17(4). Once again, the first two of these are extremely conservative.
This usually results in a lower power compared with the other tests. These observations are
consequences of applying the tests to just two groups and using the Bonferroni correction.
For the power study, we consider six cases corresponding to the six pairwise comparisons.
The empirical power varies for different comparisons. The largest powers appear for 1-4
and 2-4, which explains the detection of significant differences for these comparisons in the
analysis of the DTI data set (Section 5.1). On the other hand, for 2-3, all tests have a smaller
power, which is a result of the fact that visits 2 and 3 have the most similar FA profiles. For
1-3 and 3-4, the &7, &, and B, &17(4) tests and the B and KBz €17(4) tests respectively
have the largest power; this explains the rejections of equality of mean functions in these
cases noted in Section 5.1.

6. Conclusions and future work

We have considered one-way repeated measures ANOVA for functional data, which
aims to find significant differences in mean functions representing successive experimental
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Table 7: Empirical sizes, FWER and powers (as percentages) of all tests for the global null
hypothesis (3) and the pairwise comparisons obtained in the simulation study based on the
DTI data set.

17(4) P1(4) &17(4)
gZ] 922 351 %2 .5‘33 <@] 922 351 %2 %3 =Q] =0}2 %l %2 %3
Global null hypothesis

Empirical sizes

N 91 00 42 00 38 89 56 24 45 33 91 120 21 9.0 4.1
ts 109 00 34 00 35 113 6.1 1.9 50 32 112 135 21 91 37
2 96 00 49 00 43 98 61 29 54 37 86 107 3.1 83 42
Empirical powers

N 100 81 100 114 100 100 100 999 100 100 100 100 100 100 100
ts 99.8 178 992 208 99.0 100 998 975 997 99.1 100 100 98.6 100 99.9
2Hp 100 84 100 111 999 100 100 99.8 99.9 999 100 100 99.9 100 100

Pairwise comparisons

Empirical FWER

N 47 00 6.1 00 52 37 1.6 23 13 44 38 58 06 48 43
ts 47 00 45 00 45 42 1.2 1.0 14 35 40 52 03 32 26
2 42 00 53 00 51 28 07 1.5 08 39 42 66 05 47 45
Empirical powers

1-2 554 00 553 00 537 59.0 370 368 33.1 533 562 635 187 59.8 576
1-3 304 00 314 01 305 336 233 193 199 306 693 747 355 69.7 722
1-4 100 207 100 285 100 100 999 999 999 100 100 100 97.8 100 100
2-3 35 00 40 00 38 35 1.1 1.2 1.1 34 99 126 1.4 116 103
2-4 906 08 924 1.1 914 926 850 825 826 90.8 969 98.0 732 974 977
34 593 00 674 00 669 57.0 484 487 469 605 566 628 212 569 56.6
15

112 646 00 548 00 563 712 474 420 427 607 754 784 239 717 712
1-3 384 02 342 03 340 486 337 250 27.1 393 807 827 441 77.0 792
1-4 990 334 984 358 987 100 99.7 983 992 99.8 999 999 944 999 999
2-3 52 00 39 00 34 57 22 14 20 36 199 234 36 181 164
2-4 927 1.5 837 28 908 950 89.8 839 873 91.8 984 992 741 97.1 97.6
3-4 645 02 685 0.7 684 654 594 529 556 646 706 741 26.1 67.0 66.3
2

1-2 585 00 582 00 57.1 621 376 403 342 551 586 676 193 63.0 609
1-3 322 01 342 02 324 391 265 209 221 353 736 777 384 737 747
1-4 100 202 100 288 100 100 99.8 999 999 100 100 100 97.7 100 99.9
2-3 43 00 46 00 46 44 21 1.8 1.7 40 125 160 26 140 128
2-4 934 08 938 1.0 939 947 892 854 864 936 984 989 775 980 984
34 585 00 687 0.1 675 564 504 495 478 605 582 644 226 60.1 589

conditions applied to the same subjects. Despite the evident interest in this analysis, it is
rarely considered in the literature. We have investigated tests for any number of repeated
samples, not just two as in most previous studies. Moreover, the procedures take into ac-
count both mean and variance, which usually results in more powerful tests. In addition
to the procedures for testing the global null hypothesis, we also propose a simple post hoc
method, which is of great interest since practitioners usually wish to know in which cases
the significant differences appear, not just that such differences exist. To approximate the
null distribution of test statistics, two permutation and three bootstrap methods were used.
These are distribution-free and have achieved promising levels of performance in previous
studies. However, for the present problem, they do not perform equally well, and it is not
easy to suggest the best test for each case. The simulation results nevertheless indicated that
the parametric bootstrap &,(¢) test seems to have very good properties in terms of type I
error level control and power. This test also usually performs much better than those based
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on the test statistic of Martinez-Camblor and Corral (2011). Nevertheless, the choice of the
best test for a given practical problem can be assisted by a simulation study based on avail-
able data, as we showed in Section 5, where we applied the tests to an important medical
problem. Our methods are implemented in the R package rmfanova, available on CRAN.
There are many possible directions for future work. One is to extend the methodology to
more complicated designs than the one-way classification. A second direction is the devel-
opment of more sophisticated post hoc tests, which may be more powerful than our simple
procedure. Moreover, from practical point of view, the present problem with different num-
ber of repeated measurements for patients is interesting and warranted. Perhaps, it will be
possible to solve this problem by adopting an approach similar to Amro et al. (2021).
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