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Functional repeated measures analysis of variance
and its application

Katarzyna Kuryło1, Łukasz Smaga2

Abstract

This paper is inspired by medical studies in which the same patients with multiple sclerosis 
are examined at several successive visits (doctor’s appointments) and described by fractional 
anisotropy tract profiles, which can be represented as f unctions. Since the observations for 
each patient are dependent random processes, they follow a repeated measures design for 
functional data. To compare the results for different visits, we thus consider functional 
repeated measures analysis of variance. For this purpose, a pointwise test statistic is con-
structed by adapting the classical test statistic for one-way repeated measures analysis of 
variance to the functional data framework. By integrating and taking the supremum of the 
pointwise test statistic, we create two global test statistics. In addition to verifying the gen-
eral null hypothesis of the equality of mean functions corresponding to different objects, we 
also propose a simple method for post hoc analysis. We illustrate the finite sample properties 
of permutation and bootstrap testing procedures in an extensive simulation study. Finally, 
we analyze a real data example in detail. All methods are implemented in the R package 
rmfanova, available on CRAN.

Key words: analysis of variance, bootstrap, functional data analysis, permutation method, 
post hoc analysis, repeated measures.

1. Introduction

Functional data analysis (FDA) is a branch of statistics which analyses observations
treated as functions, curves, or surfaces. To represent the data in such a way, one needs only
to measure a variable over time or space, which is a scenario encountered in many fields.
Then the discrete data observed at the so-called design time points can be transformed into
functional data. Such a representation allows us to avoid many problems of classical mul-
tivariate statistical methods, e.g. the curse of dimensionality and missing data. Therefore,
in the last two decades, numerous methods have been developed for classification, cluster-
ing, dimension reduction, regression, and statistical hypothesis testing for functional data.
We refer to the following key textbooks in FDA for methodology, real data examples, and
computational aspects of these methods: Ferraty and Vieu (2006), Horváth and Kokoszka
(2012), Ramsay and Silverman (2005), Ramsay et al. (2009), and Zhang (2013).
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In the literature and in software, many tests can be found for standard functional analysis
of variance (FANOVA), where the samples corresponding to different objects are indepen-
dent (see, Cuevas et al., 2004; Mrkvička et al., 2020; Pini et al., 2018; Smaga and Zhang,
2020; Zhang, 2013; Zhang et al., 2019 and references therein). However, the independence
assumption does not always hold for functional samples. In this paper, we consider a moti-
vating real data example where the same patients with multiple sclerosis are examined using
the magnetic resonance imaging technique at several successive visits. For each visit, the re-
sults of the examination are curves observed at some design time points, which allows them
to be treated as functional data. It is of interest to determine whether or not the examined
functional variable changes at the different visits. Examples of similar problems appear in
many fields, including medicine, education, social sciences, and psychology. Due to the
dependence of functional samples corresponding to different visits, we have to consider re-
peated measures analysis of variance (ANOVA) in the framework of functional data. In this
case, the literature is not so rich as for standard FANOVA. The repeated measures ANOVA
for functional data was apparently first considered by Martínez-Camblor and Corral (2011).
Developing an idea of Cuevas et al. (2004), they proposed tests based on the integral of the
square of differences between sample mean functions. In the case of two groups, Smaga
(2019) constructed a test based on the same test statistic, but to approximate its null distri-
bution he used the Box-type approximation method (Box, 1954). This approach resulted
in a test which is much less time-consuming than the tests of Martínez-Camblor and Cor-
ral (2011), while being comparable to them in terms of type I error level control and power.
Note that these statistical tests do not take into account information about variance (see Sec-
tion 2 for details). This is not an isolated case; for example, the L2-norm-based test statistic
for the standard FANOVA problem is also constructed based on the distance between sam-
ple mean functions only (Zhang, 2013). However, using information about variance can
improve the test, as was shown in particular by Smaga (2020) for the paired two-sample
problem for functional data. In a short note, Smaga (2021) extended these results from the
two-sample case to the strict ANOVA case, i.e. when the number of groups is greater than
two. In the present paper, the ideas presented in that note are developed in greater detail.
First, we present the methodology at length, showing how the construction of tests for the
global null hypothesis for functional data is based on classic ANOVA for real data. More-
over, we propose a simple post hoc method, which appears to be powerful (see Sections 4
and 5). To obtain tests with good finite sample properties even for smaller sample sizes, we
study different bootstrap and permutation procedures. These demonstrate good qualities in
many models (see, e.g. Amro et al., 2021; Ditzhaus et al., 2021; Konietschke et al., 2015;
Konietschke and Pauly, 2014; Smaga and Zhang, 2020). However, this is not an invariable
rule, as we also note in the extensive simulation study, where we check the control of type
I error level and power of the new tests in comparison with those of Martínez-Camblor and
Corral (2011) and their modifications. The simulation study is conducted for artificial and
real data. The latter case explains the results of the hypothesis testing for a diffusion tensor
imaging data set. This real data example demonstrates the applicability of the presented
methods in an important problem. The public implementation of the methods considered
in this paper is given in the R package rmfanova, which is available on CRAN (Kuryło and
Smaga, 2023).
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The rest of the paper is organized as follows: In Section 2 we recall the repeated mea-
sures ANOVA for random variables and present its counterpart for functional data. More-
over, we consider different pointwise test statistics. Section 3 presents the global test statis-
tics, permutation and bootstrap tests based on them, and the simple post hoc procedure for
a functional repeated measures ANOVA. The type I error level control and power of these
tests are investigated in the simulation study in Section 4. Section 5 presents a real data
application for diffusion tensor imaging data. Finally, Section 6 concludes the paper. The
remarks about the numerical implementation of new methods and all results of the sim-
ulation study are contained in the supplement, which is available from the corresponding
author upon request.

2. Functional repeated measures ANOVA model and pointwise test
statistics

In this section, we first recall the repeated measures ANOVA problem for real data, and
then we present the counterpart of it for functional data. Finally, we define new pointwise
test statistics that will be used later to construct statistical tests.

2.1. Repeated measures ANOVA model for real data

Suppose that there are n subjects (e.g. patients), measured for ℓ ≥ 2 experimental con-
ditions or time points (e.g. before, during, and after treatment). Assume that Yi j is an
observation concerning the i-th object (repetition of an experiment) applied to the j-th sub-
ject, i = 1, . . . , ℓ, j = 1, . . . ,n. Let N = nℓ be the number of all observations. In repeated
measures ANOVA, the model Yi j = µ +αi +β j + ei j is used, where µ is the general mean,
αi is the fixed effect of the i-th object, β j is a random effect of the j-th subject, and ei j is
a random error. There are usual assumptions about the distributions of random elements of
this model, but we do not specify them, as they will not be needed for our tests. The main
aim is to test the null hypothesis H0 : α1 = · · · = αℓ = 0 asserting the non-significance of
the objects. The F-type test statistic for this hypothesis is of the form:

F =
SSA/(ℓ−1)

SSR/((ℓ−1)(n−1))
, (1)

where SSA = n∑
ℓ
i=1(Ȳi· − Ȳ )2 and SSR = ∑

ℓ
i=1 ∑

n
j=1(Yi j − Ȳi· − Ȳ· j + Ȳ )2 are the sum of

squares due to the hypothesis and residuals respectively, Ȳi·= n−1
∑

n
j=1 Yi j, Ȳ· j = ℓ−1

∑
ℓ
i=1 Yi j,

and Ȳ = N−1
∑
ℓ
i=1 ∑

n
j=1 Yi j. The null hypothesis is rejected for large values of F . The F test

statistic can be constructed in functional form and used for repeated measures analysis for
functional data, as we describe in the next sections.

2.2. Repeated measures ANOVA model for functional data

Now, we describe the functional repeated measures ANOVA. It is a little different from
that for real variables, which follows from the special characteristics of the functional data
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framework. Similarly as above, we have n subjects subjected to ℓ ≥ 2 (possibly) differ-
ent conditions, but the results of the experiments are functional observations. Let the
subjects be represented by a functional sample consisting of independent stochastic pro-
cesses Y1, . . . ,Yn defined on [0, ℓ]. We assume that these data satisfy the following model of
Martínez-Camblor and Corral (2011):

Yj(t) = µ(t)+ e j(t), j = 1, . . . ,n, t ∈ [0, ℓ], (2)

where µ is a fixed mean function, and e j is a random process with zero mean function and
covariance function γ(s, t), s, t ∈ [0, ℓ]. In this notation, t ∈ [0,1] corresponds to the first
experimental condition, t ∈ [1,2] to the second, and so on. Thus, in this model we ignore
the possible time periods between repetitions of the experiment, but this does not mean that
they do not exist. In the model (2), it is interesting to test the equality of ℓ mean functions
corresponding to experimental conditions; namely, the global null hypothesis is as follows:

H0 : µ(t) = µ(t +1) = · · ·= µ(t +(ℓ−1)) ∀t ∈ [0,1]. (3)

By rejecting H0 we determine the presence of significant differences in the mean func-
tions corresponding to the experimental conditions. However, we do not know which con-
ditions are significantly different and which are not. To solve this problem, one needs to
perform a post hoc analysis. This is of particular practical interest.

2.3. Pointwise test statistics

For the global null hypothesis (3), the tests given by Martínez-Camblor and Corral
(2011) and Smaga (2019) used the pointwise sum of squares due to the hypothesis:

SSApoint(t) = n
ℓ

∑
i=1

(Ȳi·(t)− Ȳ (t))2, t ∈ [0,1], (4)

where Ȳi·(t) = n−1
∑

n
j=1 Yj(t +(i− 1)), Ȳ (t) = N−1

∑
ℓ
i=1 ∑

n
j=1 Yj(t +(i− 1)), i = 1, . . . , ℓ.

This pointwise test statistic takes into account “between-group variability” only. In contrast,
the following pointwise counterpart of the F-type test statistic (1) for H0 in (3) also uses
“within-group variability”:

Fpoint(t) =
SSApoint(t)/(ℓ−1)

SSRpoint(t)/((ℓ−1)(n−1))
, t ∈ [0,1], (5)

where SSRpoint(t)=∑
ℓ
i=1 ∑

n
j=1(Yj(t+(i−1))−Ȳi·(t)−Ȳ· j(t)+Ȳ (t))2 is the pointwise adap-

tation of SSR in (1), and Ȳ· j(t) = ℓ−1
∑
ℓ
i=1 Yj(t+(i−1)), j = 1, . . . ,n. Using such additional

information usually results in more powerful testing procedures. This was observed for stan-
dard ANOVA (Zhang et al., 2019; Smaga and Zhang, 2020) and for a paired two-sample
test (Smaga, 2020) for functional data.

Using the pointwise F-type test statistic (5), we can construct the pointwise F-type test
for (3) similarly to the pointwise F-type test in Ramsay and Silverman (2005) for stan-
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dard ANOVA for functional data. Such a test rejects the null hypothesis when it rejects
the hypothesis for any fixed t ∈ [0,1]. Unfortunately, the pointwise F-type test may be
time-consuming, since it must be performed for all t ∈ [0,1]. Moreover, this test does not
guarantee that the null hypothesis in (3) is significant overall for a given significance level
even when the pointwise F-type test is significant for all t ∈ [0,1] at the same significance
level (see, Zhang, 2013). Thus, in the next section, we propose global tests for (3), which
overcome this difficulty.

3. Statistical tests

In this section, we construct tests based on the pointwise F-type test statistic (5). To
construct tests, we use different bootstrap and permutation methods.

3.1. Test statistics

To obtain global test statistics for H0 in (3), one has to aggregate the pointwise statistics
(4) and (5) into one real variable. In FDA, the natural idea is integration, since the common
assumption is that the elements of a functional sample Y1, . . . ,Yn belong to the Hilbert space
L2(T ) of square integrable functions on the interval T . For instance, to verify the null
hypothesis H0 in (3), Martínez-Camblor and Corral (2011) and Smaga (2019) integrated
SSApoint as given in (4), i.e.

Cn(ℓ) =
∫ 1

0
SSApoint(t)dt.

Another less common idea in functional data analysis is to use a supremum. For ex-
ample, Zhang et al. (2019) and Smaga and Zhang (2020) developed this idea in the case
of standard ANOVA for functional data. In this paper, we use both of these ideas, but in
contrast to Cn(ℓ), we apply the appropriate operations to the pointwise F-type test statistic
(5) instead of the pointwise sum of squares due to hypothesis (4). Namely, we propose the
following test statistics:

Dn(ℓ) =
∫ 1

0
Fpoint(t)dt, En(ℓ) = sup

t∈[0,1]
Fpoint(t).

For the paired two-sample problem for functional data, these test statistics reduce to
those considered by Smaga (2020). Thus, the results of the present paper are in fact ex-
tensions of the results obtained for the case ℓ = 2 by Smaga (2020) to repeated measures
analysis for ℓ≥ 2 groups.

3.2. Permutation and bootstrap tests

Now, we discuss the methods of approximation of the null distributions of the test statis-
tics Dn(ℓ) and En(ℓ), which lead to new tests for H0 in (3). For ℓ = 2, Smaga (2020) pro-
posed several methods for this purpose. Unfortunately, they do not perform equally well,
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as was shown in a simulation study. Namely, the tests based on methods of approximation
of the asymptotic null distributions of the test statistics (e.g. the parametric bootstrap ap-
proach) were usually too liberal for small and moderate values of the number n of subjects.
Thus, we do not consider such methods in this paper, but concentrate on permutation and
bootstrap approaches. In general, these methods do not need particular assumptions about
the distribution of the data and a large number of observations to give a good approximation.
Of course, not all resampling methods work well, as we will see in the simulation study.

As the first method, we consider the permutation approach considered by Martínez-
Camblor and Corral (2011) and Smaga (2020). Let Tn(ℓ) denote one of the test statistics
Dn(ℓ) and En(ℓ) (or possibly Cn(ℓ)) and let B be a large number (e.g. B = 1000). The steps
of this procedure are as follows:

1. Compute Tn(ℓ) for the original data Y1(t), . . . ,Yn(t), t ∈ [0, ℓ].

2. Create a permutation sample Y b
1 (t), . . . ,Y

b
n (t), t ∈ [0, ℓ] from the given data in the

following way: for each j = 1, . . . ,n separately, randomly permute the observations
Yj(t),Yj(t + 1), . . . ,Yj(t +(ℓ− 1)), t ∈ [0,1] corresponding to ℓ experimental condi-
tions, and use them to form the permuted observation Y b

j (t).

3. Repeat step 2 B times to obtain B independent permutation samples.

4. For each permutation sample, compute the value of the test statistic Tn(ℓ). Denote
these by Tn,b(ℓ), b = 1, . . . ,B.

5. The final p-value of the permutation test is defined by B−1
∑

B
b=1 I(Tn,b(ℓ) > Tn(ℓ)),

where I(A) stands for the usual indicator function on a set A.

We refer to this permutation test as P1 for short. The following approaches follow the
same steps, but use different methods of constructing new samples in step 2 and possibly
modified forms of the test statistics in step 4.

In the second permutation approach, step 2 is performed as follows: We draw Y b
1 (t), . . . ,

Y b
n (t) for t ∈ [0,1] randomly without replacement from the set

A = {Y1(t), . . . ,Yn(t),Y1(t +1), . . . ,Yn(t +1), . . . ,Y1(t +(ℓ−1)), . . . ,Yn(t +(ℓ−1))}

for t ∈ [0,1] containing all N observations; after that we draw Y b
1 (t), . . . ,Y

b
n (t) for t ∈ [1,2]

randomly without replacement from the remaining elements in A , and so on. We refer to
this procedure as the P2 method. It is similar to the procedure considered by Konietschke
and Pauly (2014, method (I)).

Let us turn now to three bootstrap approaches. The first is the nonparametric bootstrap
approach considered by Martínez-Camblor and Corral (2011) and Smaga (2020). We refer
to it as the B1 method for short. In this approach, the second step of the above procedure
selects independent bootstrap samples Y b

1 (t), . . . ,Y
b
n (t), t ∈ [0, ℓ] drawn with replacement

from the original sample Y1(t), . . . ,Yn(t), t ∈ [0, ℓ]. Moreover, we need to modify step 4;
namely, the pointwise sum of squares due to the hypothesis SSApoint for bootstrap samples
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is calculated as follows:

SSAb
point(t) = n

ℓ

∑
i=1

(Ȳ b
i· (t)− Ȳi·(t)− Ȳ b(t)+ Ȳ (t))2, t ∈ [0,1],

where Ȳ b
i· (t) and Ȳ b(t) are the sample means computed on the bootstrap sample.

In step 2 of the second nonparametric bootstrap approach, we first have to center the
observations. Namely, let Y1,c(t) = Y1(t)− Ȳ•(t), . . . ,Yn,c(t) = Yn(t)− Ȳ•(t) for t ∈ [0, ℓ],
where Ȳ•(t) = n−1

∑
n
j=1 Yj(t) is the sample mean function for the original sample Y1, . . . ,Yn.

Second, Y b
1 (t), . . . ,Y

b
n (t) for t ∈ [0,1] are randomly drawn with replacement from Y1,c(t), . . . ,

Yn,c(t), t ∈ [0,1]; independently, Y b
1 (t), . . . ,Y

b
n (t) for t ∈ [1,2] are randomly drawn with

replacement from Y1,c(t), . . . ,Yn,c(t), t ∈ [1,2], and so on. We refer to this method for short
as the B2 method. It is an extension of the methods considered by Konietschke and Pauly
(2014) and Smaga (2020).

The last method considered is the parametric bootstrap approach (the B3 test for short),
which uses bootstrap samples that are constructed in a much different way than in the above
methods. The idea of this approach is similar to the parametric bootstrap proposed by
Konietschke et al. (2015). In step 2, we generate the bootstrap samples Y b

1 (t), . . . ,Y
b
n (t),

t ∈ [0, ℓ] from the Gaussian process with zero mean function and covariance function equal
to the sample covariance function

γ̂(s, t) =
1

n−1

n

∑
j=1

(Yj(s)− Ȳ•(s))(Yj(t)− Ȳ•(t)), s, t ∈ [0, ℓ], (6)

which is the unbiased estimator of the covariance function γ(s, t) (Zhang, 2013, page 108).
Such bootstrap samples satisfy the null hypothesis H0 in (3), since the mean function is the
same for each Y b

j . Moreover, the estimator of the covariance function used mimics the given
covariance structure of the original observations, and it does this quite well, as we will see
in the simulation study. Note that this parametric bootstrap method is different from the
parametric bootstrap test in Martínez-Camblor and Corral (2011) and Smaga (2020), which
was used to approximate the asymptotic distributions of the test statistics Cn(ℓ), Dn(2), and
En(2).

3.3. Post hoc analysis

After rejecting the global null hypothesis (3), it is of practical interest to perform post
hoc analysis. The aim is to determine which experimental conditions give significantly
different mean functions of the dependent variable Y , and which do not result in such dif-
ferences. Namely, we would like to test the family of null hypotheses:{

H rs
0 : µ(t +(r−1)) = µ(t +(s−1)) ∀t ∈ [0,1],

H rs
1 : µ(t +(r−1)) ̸= µ(t +(s−1)) for some t ∈ [0,1],

(7)
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for r,s = 1, . . . , ℓ, r ̸= s. These hypotheses are also named pairwise comparisons. To test the
family of local hypotheses (7), we propose the following simple procedure:

1. Test each of the hypotheses in (7) using the data for the r-th and s-th objects, i.e.
Y1(t), . . . ,Yn(t) for t ∈ [r−1,r] and t ∈ [s−1,s] respectively, and the chosen test from
Section 3.2. Let prs denote the p-values obtained.

2. Make a final decision using the Bonferroni method, i.e. reject the null hypothesis
H rs

0 if prs ≤ α/m, where m = #{prs : r,s = 1, . . . , ℓ,r ̸= s} is the number of null hy-
potheses considered.

Step 2 of the above procedure can also be conducted by comparing the corrected p-
values pBon f

rs = m · prs with the significance level α , i.e. we reject H rs
0 if pBon f

rs ≤ α .
One of the common measures of the quality of multiple testing procedures is the family-

wise error rate (FWER), namely the probability of making at least one type I error in the
family of hypotheses (Tukey, 1953). It is known that the Bonferroni method controls the
FWER at level α , i.e. FWER ≤ α , if the individual tests control the type I error at level α .

4. Simulation study

In this section, we investigate the finite sample properties of the considered tests in
a Monte Carlo simulation study. We consider the control of the type I error level and the
power of fifteen tests: the P1, P2, B1, B2, and B3 procedures based on the test statistics
Cn(ℓ), Dn(ℓ), and En(ℓ). We include the tests based on Cn(ℓ) to provide a fair comparison
between our tests and those based on the test statistic proposed by Martínez-Camblor and
Corral (2011).

In simulation experiments, we consider ℓ = 3 repeated samples with different distribu-
tions, sample sizes, and amounts of correlation. Simulation studies in the case ℓ = 2 were
conducted by Smaga (2020). In this case, the P1 tests based on the test statistics Dn(2)
and En(2) performed best. For ℓ > 2, the situation may change, as we will describe. We
consider testing of the global null hypothesis (3) as well as the pairwise comparisons (7).

4.1. Simulation design

The ℓ = 3 repeated samples were generated according to model (2). We consider the
following six main models specifying the mean functions, which directly indicate the truth
or falsity of the null hypothesis (t ∈ [0,1]):
M1: µ(t) = µ(t +1) = µ(t +2) = (sin(2πt2))5,
M2: µ(t) = µ(t +1) = (sin(2πt2))5 and µ(t +2) = (sin(2πt2))7,
M3: µ(t) = µ(t +1) = (sin(2πt2))5 and µ(t +2) = (sin(2πt2))3,
M4: µ(t) = µ(t +1) = µ(t +2) =

√
6t/π exp(−6t),

M5: µ(t) = µ(t +1) =
√

6t/π exp(−6t) and µ(t +2) =
√

13t/(2π)exp(−13t/2),
M6: µ(t) = µ(t +1) =

√
6t/π exp(−6t) and µ(t +2) =

√
11t/(2π)exp(−11t/2).

These models are very similar to the models considered in the simulation study by
Martínez-Camblor and Corral (2011). In models M1 and M4 (respectively M2, M3, M5,
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and M6), the null hypothesis H0 in (3) is true (respectively false), and hence we investi-
gate the type I error level control (respectively power). We also considered two settings
for the distribution of the data, namely normal and lognormal. In a normal setting, the er-
rors were generated as follows: e j(t) = ξ B j1(t), e j(t + 1) = ρe j(t)+ ξ (1− ρ2)1/2B j2(t)
and e j(t +2) = ρe j(t +1)+ ξ (1−ρ2)1/2B j3(t) for t ∈ [0,1] and ξ = 0.5,0.05 for models
M1–M3 and M4–M6 respectively. Here B j1, B j2, and B j3 are the independent standard
Brownian bridges, j = 1, . . . ,n. We set ρ = 0,0.25,0.5,0.75 for zero, small, moderate, and
large correlation respectively. The lognormal errors were the (appropriately centred) expo-
nentially transformed errors of the normal setting, i.e. exp(e j(t)), j = 1, . . . ,n, t ∈ [0,3].
The sample sizes were set to n = 35,50,75,100. Since functional data are not usually con-
tinuously observed in practice, the trajectories of the observations Y1(t), . . . ,Yn(t), t ∈ [0,3]
were discretized at the design time points t1, . . . , t101, t1 +1, . . . , t101 +1, t1 +2, . . . , t101 +2,
where tk, k = 1, . . . ,101 were equispaced in the interval [0,1].

The significance level α was set to 5%. The empirical sizes and powers of the tests were
estimated as the proportion of rejections of the null hypothesis based on 1000 Monte Carlo
runs. The p-values were calculated based on B = 1000 bootstrap and permutation samples.
The R environment (R Core Team, 2022) was used to conduct the simulation study and the
real data analysis described in Section 5.

4.2. Simulation results

All simulation results are contained in the supplement, which is available from the cor-
responding author upon request. Here, to save space, we present only selected results, which
are nevertheless representative and given in Tables 1–5 and Figure 1.

Let us first discuss the results of the simulation experiments for the fifteen tests given in
Section 3.2 for testing the global null hypothesis (3). The results are presented in Tables 1–2
and Figure 1. The type I error control is studied in models M1 (Table 1 and Figure 1) and
M4. Since the results for model M4 are similar to those for model M1, they are available
in the supplement. For both normal and lognormal distributions, the empirical sizes have
similar behaviour. Although the P1 test with En(2) performed very well for ℓ = 2, it is
too liberal when the number of groups is greater than two, especially for larger correlation
(ρ = 0.5,0.75). The same problem is observed for two other tests based on En(3), namely
P2 and B2. Moreover, this bad behaviour seems to diminish very slowly as the number of
observations n increases. This means that these three tests should be used with great care.
On the other hand, for any amount of correlation, the Cn(3)-based P2 and B2 tests have
small empirical sizes, which means that these testing procedures are conservative. They
become more conservative with increasing correlation. Of course, such tests control the
type I error level, but may have a larger type II error rate, or in other words, a smaller
power. The remaining tests exhibit much better performance, although the B1 and B3 tests
based on the test statistics Dn(3) and En(3) may have a slightly conservative character.

For completeness, we consider all tests in the investigation of power. However, let us
note that the results for the P1, P2, and B2 tests based on En(3) may be better than for
the other tests due to the former tests’ being too liberal, making such a comparison un-
fair. The empirical powers of selected cases are presented in Table 2 and Figure 1. For
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Table 1: Empirical sizes (as percentages) of all tests obtained in model M1.
Cn(3) Dn(3) En(3)

ρ P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

normal
n = 35

0.00 4.9 5.4 5.0 5.5 4.9 5.1 5.5 3.6 4.4 4.5 4.1 4.2 2.9 3.4 3.3
0.25 4.8 1.7 4.8 2.1 4.6 5.7 5.3 3.4 4.6 4.0 6.1 6.1 3.4 4.4 3.7
0.50 5.3 0.5 4.8 0.8 4.5 5.2 4.5 3.7 4.7 4.0 6.7 7.1 3.7 6.0 3.9
0.75 4.7 0.0 3.9 0.0 4.2 5.6 5.2 3.3 5.1 4.0 8.2 8.1 3.7 7.4 4.3

n = 50
0.00 4.7 4.6 4.6 5.4 4.2 5.1 5.0 3.9 4.3 4.2 4.7 4.9 3.9 4.0 3.4
0.25 5.3 2.8 5.3 2.6 4.8 5.7 5.7 4.7 5.2 4.9 5.6 5.9 4.5 5.4 4.4
0.50 5.7 0.7 5.6 0.6 5.0 6.0 5.8 4.5 5.3 4.8 6.8 6.9 4.3 6.3 4.3
0.75 5.8 0.0 5.3 0.0 5.0 5.8 5.5 4.8 5.2 5.0 9.4 9.1 5.3 8.9 5.2

n = 75
0.00 5.0 5.2 4.5 5.3 5.0 4.6 5.1 4.3 4.7 4.6 4.7 5.1 3.9 4.2 3.4
0.25 5.6 1.9 4.9 2.2 4.4 5.1 5.5 4.1 4.5 4.2 5.4 5.9 4.3 4.9 3.8
0.50 5.6 0.4 5.1 0.4 5.0 5.7 5.3 4.8 5.1 4.8 6.5 6.4 4.3 6.6 3.9
0.75 5.7 0.0 5.3 0.0 5.2 5.9 5.7 4.6 6.2 4.8 9.5 9.8 4.7 9.4 4.2

n = 100
0.00 5.4 5.7 5.8 5.5 5.5 5.6 5.3 4.8 4.9 5.0 4.8 5.2 3.9 4.5 3.4
0.25 5.3 2.2 5.1 2.2 5.2 5.5 5.4 5.0 5.5 4.9 5.6 5.6 4.0 4.9 3.4
0.50 5.1 0.6 4.7 0.5 4.7 5.2 5.4 4.6 5.1 4.4 7.2 6.7 4.6 7.0 4.7
0.75 6.1 0.0 5.3 0.0 5.7 5.5 5.8 4.7 5.3 5.1 9.4 9.4 4.1 9.5 4.1

lognormal
n = 35

0.00 4.4 4.8 3.4 4.4 3.5 4.4 4.7 3.0 3.7 3.5 5.4 6.0 3.3 4.3 4.1
0.25 4.6 1.8 3.5 1.7 3.8 4.7 5.2 3.3 4.0 3.7 5.4 6.0 3.5 4.4 4.4
0.50 5.0 0.1 3.6 0.1 3.4 5.4 5.3 3.0 4.4 3.5 7.2 7.1 3.7 5.7 4.6
0.75 5.6 0.0 4.0 0.0 3.4 5.7 5.6 2.9 4.3 3.5 9.3 9.1 4.0 7.8 5.0

n = 50
0.00 4.8 5.0 4.4 4.6 4.1 4.8 5.3 3.6 4.0 3.9 5.1 5.2 3.7 4.1 4.4
0.25 6.0 2.1 4.3 1.9 4.8 5.4 5.5 3.8 4.4 4.3 5.9 5.9 4.1 5.0 4.5
0.50 6.5 0.3 5.1 0.4 5.0 6.3 6.0 4.4 5.1 4.6 7.9 7.4 5.0 6.5 5.9
0.75 5.8 0.0 4.2 0.0 4.0 5.6 5.7 3.2 5.4 3.9 9.6 9.0 4.2 8.6 4.9

n = 75
0.00 5.4 5.9 4.9 5.0 4.4 5.3 5.3 4.2 4.4 4.2 5.4 5.5 4.3 4.7 4.5
0.25 5.7 2.2 4.2 2.3 5.1 5.8 5.6 4.1 5.1 4.8 5.0 5.3 3.8 4.3 3.7
0.50 6.2 0.4 5.3 0.4 5.3 6.3 6.5 4.8 5.5 5.0 8.2 7.8 4.7 7.3 5.4
0.75 6.3 0.0 5.0 0.0 5.2 6.4 5.9 4.9 6.3 5.0 9.6 8.9 4.6 8.9 5.4

n = 100
0.00 5.3 5.9 4.8 5.7 5.1 5.3 5.6 4.4 5.1 4.8 5.3 5.4 4.4 4.9 4.8
0.25 5.2 1.7 4.8 1.6 5.1 5.6 5.7 4.7 5.2 5.0 5.9 6.2 4.6 5.8 5.1
0.50 3.5 0.1 3.2 0.0 3.0 3.7 3.7 3.1 3.4 2.9 6.2 5.9 3.4 5.4 3.5
0.75 4.5 0.0 4.1 0.0 3.9 4.5 4.3 3.9 4.3 3.7 7.5 7.9 3.2 7.5 3.6

the other scenarios, the results are similar or close to 100%. Naturally, the power increases
when we have more data, i.e. as n increases. Moreover, for almost all tests, this also holds
for increasing correlation between consecutive samples, i.e. as ρ increases. However, for
the Cn(3)-based P2 and B2 testing procedures, we usually observe the reverse behaviour,
which can be explained by their extreme conservative character. Furthermore, these two
tests are the least powerful among all of the procedures considered when ρ > 0. The re-
maining three tests based on Cn(3) perform much better, but they are usually less powerful
than the Dn(3) procedures. In most cases, the permutation method outperforms the boot-
strap approach for the Dn(3) tests. The same seems to be true for the Cn(3) tests. Finally,
the most powerful methods are the En(3) tests. This last observation was made in almost all
of our experiments, but we note that this is not always necessarily the case, as we will show
below for pairwise comparisons.
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Figure 1: Box-and-whisker plots for empirical sizes and powers (as percentages) of all tests
obtained in models M1 and M2.

Let us now turn to verifying the pairwise comparisons (7) (Tables 3–5). For the cases
where all null hypotheses are true (models M1 and M4), we estimated the FWER (see
Section 3.3). It should be controlled at level α , i.e. FWER ≤ α . The results for model M1
are given in Table 3; those for model M4 are again similar, and hence are available in the
supplement. Since we use just two groups in each comparison and the Bonferroni correction
is applied, the FWER is controlled at the significance level by all tests considered. However,
some of them again have a conservative character. This is evident for the Cn(3)-based P2

and B2 testing procedures, but the Dn(3)-based P2, B1, and B2 tests and En(3)-based
B1 and B2 tests are also slightly conservative. This results in loss of power (Table 4),
especially for the P2 and B2 Cn(3) tests, except in the independent case (ρ = 0). The
empirical powers are presented for two comparisons, between the first and third samples
and the second and third samples (denoted by 1-3 and 2-3 respectively), since in these cases
the mean functions are different. The empirical powers show a good ability of the post hoc
tests to detect differences in the mean functions for particular pairs of samples. In model M2
(Table 4) as well as models M3, M5, and M6 (data available in the supplement), we observe
that the En(3) tests usually outperform the Dn(3) procedures, which are more powerful than
the Cn(3) tests in most cases. However, we note that the opposite situation can sometimes
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Table 2: Empirical powers (as percentages) of all tests obtained in selected cases in mod-
els M2, M3, M5, and M6.

Cn(3) Dn(3) En(3)
ρ P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

Model 2 normal
n = 35

0.00 32.5 32.1 30.6 32.0 30.0 45.0 45.1 34.8 38.4 38.5 88.7 88.3 84.4 85.8 84.5
0.25 42.9 24.7 40.6 24.5 40.2 59.5 59.0 47.6 54.0 52.1 96.1 95.9 92.1 94.8 93.3
0.50 65.6 13.7 59.3 14.8 59.6 82.1 81.9 72.3 78.8 74.0 99.9 100 98.9 99.7 99.4
0.75 97.8 5.3 96.6 5.7 96.2 99.9 99.8 98.7 99.7 99.5 100 100 100 100 100

n = 50
0.00 52.6 53.1 51.0 53.4 50.9 71.3 71.2 64.7 68.3 66.8 98.9 99.2 98.7 98.9 98.9
0.25 69.9 43.0 65.2 45.0 65.5 85.3 85.5 78.8 82.4 80.7 99.9 99.9 99.9 99.9 99.8
0.50 91.0 33.5 87.1 33.4 87.9 98.3 97.9 96.2 97.8 96.7 100 100 100 100 100
0.75 100 16.4 99.9 18.2 99.9 100 100 100 100 100 100 100 100 100 100

n = 75
0.00 82.8 82.2 80.6 82.7 80.5 94.8 95.5 94.0 94.8 94.6 100 100 100 100 100
0.25 94.0 78.1 92.5 77.0 93.0 98.9 99.0 98.1 99.1 98.5 100 100 100 100 100
0.50 99.5 70.6 99.5 71.2 99.7 100 100 100 100 100 100 100 100 100 100
0.75 100 62.2 100 62.6 100 100 100 100 100 100 100 100 100 100 100

n = 100
0.00 97.5 97.3 96.9 97.1 97.4 99.8 99.8 99.8 99.8 99.9 100 100 100 100 100
0.25 99.8 96.5 99.6 96.8 99.6 100 100 100 100 100 100 100 100 100 100
0.50 100 95.7 100 95.2 100 100 100 100 100 100 100 100 100 100 100
0.75 100 95.2 100 94.6 100 100 100 100 100 100 100 100 100 100 100
Model 2 lognormal

n = 35
0.00 86.8 87.3 82.9 86.4 82.3 86.7 86.7 79.5 83.4 81.7 95.5 95.7 92.4 93.6 94.4
0.25 94.5 84.1 91.3 82.5 92.0 94.2 94.1 89.2 91.8 91.4 98.7 98.8 97.7 98.6 98.5
0.50 99.1 78.3 98.7 77.1 98.6 99.1 99.1 98.3 99.1 98.5 99.9 100 99.8 100 99.8
0.75 100 68.7 100 69.6 100 100 100 100 100 100 100 100 100 100 100

n = 50
0.00 98.6 98.6 97.7 98.5 97.8 98.4 98.4 97.1 97.7 97.5 99.7 99.6 99.6 99.6 99.7
0.25 99.5 97.8 99.5 97.8 99.4 99.5 99.5 99.1 99.6 99.3 100 100 100 100 100
0.50 100 97.3 100 97.3 100 100 100 100 100 100 100 100 100 100 100
0.75 100 97.5 100 97.3 100 100 100 100 100 100 100 100 100 100 100
Model 3 normal

n = 35
0.00 92.9 93.6 91.1 93.1 91.5 99.3 99.7 98.2 98.9 99.2 100 100 100 100 100
0.25 98.3 91.3 97.6 91.2 97.5 99.8 99.8 99.4 99.8 99.7 100 100 100 100 100
0.50 99.8 90.9 99.7 91.0 99.8 100 100 100 100 100 100 100 100 100 100
0.75 100 88.4 100 89.3 100 100 100 100 100 100 100 100 100 100 100
Model 5 normal

n = 35
0.00 55.1 54.4 54.1 54.2 54.1 63.2 63.4 55.2 60.0 60.0 91.0 91.1 86.7 88.7 88.2
0.25 61.3 47.5 61.8 49.2 61.8 72.4 72.2 66.2 70.6 69.1 96.6 96.8 94.1 96.2 93.8
0.50 77.6 40.6 76.7 42.2 75.8 89.0 89.2 83.0 87.5 85.6 98.9 99.0 97.9 98.6 98.3
0.75 97.3 34.3 97.0 37.8 97.1 99.8 99.8 99.4 99.8 99.6 100 100 100 100 100

n = 50
0.00 72.5 72.6 73.3 73.0 73.6 81.4 82.2 78.8 80.2 80.1 98.9 99.0 98.4 98.6 98.3
0.25 82.3 69.9 81.1 70.7 81.1 91.4 91.1 88.7 89.7 88.9 99.7 99.7 99.6 99.5 99.5
0.50 92.4 66.9 92.2 69.0 92.0 97.5 97.3 96.7 97.2 97.0 100 100 100 100 100
0.75 100 63.9 99.9 67.0 99.9 100 100 100 100 100 100 100 100 100 100
Model 6 normal

n = 35
0.00 67.5 68.4 67.1 68.3 67.5 75.4 75.9 70.7 72.9 72.6 96.7 96.4 93.7 95.1 94.5
0.25 71.9 60.7 72.5 62.9 71.9 82.1 82.3 77.2 80.7 79.4 98.6 99.0 98.0 98.4 97.8
0.50 87.5 57.9 86.2 60.7 86.5 95.2 94.8 92.0 94.0 93.2 100 99.9 99.6 99.9 99.9
0.75 98.8 52.7 98.6 56.2 98.9 100 100 100 100 100 100 100 100 100 100

n = 50
0.00 84.3 84.4 83.6 84.7 83.4 91.7 91.4 89.1 90.4 90.8 99.9 99.9 99.9 99.7 99.7
0.25 89.1 81.6 88.2 82.2 88.1 95.3 95.0 94.1 94.8 94.7 99.9 99.9 99.9 99.9 99.9
0.50 96.2 82.1 95.7 82.6 96.2 99.4 99.8 98.9 99.3 99.2 100 100 100 100 100
0.75 100 83.3 100 85.3 100 100 100 100 100 100 100 100 100 100 100
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Table 3: Empirical FWER (as percentages) of all post hoc tests obtained in model M1.
Cn(3) Dn(3) En(3)

ρ P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

normal
n = 35

0.00 4.9 4.7 5.9 5.3 5.5 4.5 4.5 4.0 3.9 4.6 5.3 5.4 3.5 4.6 5.6
0.25 4.4 2.3 5.4 2.4 4.9 4.2 3.8 3.3 3.6 3.6 4.1 4.3 2.4 3.6 4.1
0.50 4.0 0.5 4.9 0.8 4.9 3.8 3.7 3.3 3.7 3.9 3.8 3.8 2.5 3.7 3.7
0.75 5.4 0.1 6.4 0.1 6.4 5.2 5.9 4.5 4.8 5.6 5.4 5.3 3.3 5.1 5.0

n = 50
0.00 4.8 4.4 5.4 5.6 6.0 4.9 4.2 3.7 4.1 4.0 4.8 4.3 3.4 3.4 4.3
0.25 5.0 2.3 5.4 2.7 5.6 5.1 4.8 4.0 4.4 5.1 5.8 5.7 4.0 5.3 5.6
0.50 4.2 0.2 5.3 0.6 5.9 4.1 4.5 4.0 4.1 4.2 4.5 4.7 3.1 4.5 4.2
0.75 5.3 0.0 6.1 0.0 6.2 5.4 4.4 4.4 4.6 5.2 4.3 4.3 3.1 3.8 3.8

n = 75
0.00 4.7 3.8 4.3 3.6 4.2 4.1 3.8 3.5 3.6 3.9 4.1 3.8 3.5 3.7 4.2
0.25 5.6 1.8 6.2 2.3 6.3 5.7 5.4 5.5 5.1 5.6 4.3 4.4 3.4 4.0 4.4
0.50 5.2 0.4 5.6 0.7 6.1 5.2 4.8 5.1 5.3 5.4 4.8 5.2 4.8 4.7 5.2
0.75 3.6 0.0 4.4 0.0 4.5 4.4 3.9 3.7 3.9 3.8 3.9 4.3 4.2 4.3 3.8

n = 100
0.00 4.8 5.1 5.1 4.8 4.7 5.1 5.0 5.0 4.9 5.0 4.8 4.5 4.7 4.7 4.6
0.25 6.2 2.9 6.6 3.4 6.3 6.1 6.7 6.1 6.3 6.2 4.9 5.2 5.1 4.8 4.9
0.50 5.7 0.9 5.7 1.3 6.2 5.2 5.2 5.4 5.2 5.5 5.1 4.8 4.4 5.5 4.6
0.75 4.6 0.0 5.8 0.0 5.6 4.8 4.1 4.8 4.7 4.5 5.0 5.2 4.4 5.1 5.3

lognormal
n = 35

0.00 5.2 5.0 5.4 4.9 5.1 5.6 5.6 4.1 4.7 4.8 5.0 5.4 3.2 3.5 5.2
0.25 5.2 2.7 4.7 2.1 4.6 4.5 4.6 3.2 3.6 4.7 4.2 4.3 2.4 2.8 4.3
0.50 5.1 0.2 4.7 0.4 4.3 4.9 4.6 3.4 3.6 3.9 5.2 5.2 2.7 3.9 4.7
0.75 4.3 0.0 4.1 0.0 3.7 4.0 3.9 3.0 3.7 3.8 4.5 4.5 2.6 3.6 4.4

n = 50
0.00 3.8 4.4 4.3 4.4 3.7 3.6 4.4 3.3 4.0 3.6 4.4 4.1 2.5 3.4 4.2
0.25 4.1 2.3 4.9 1.9 4.6 4.1 4.9 3.3 3.8 4.1 4.7 4.7 3.2 3.4 4.5
0.50 5.7 0.6 5.7 0.5 5.7 6.4 5.7 4.9 5.6 6.3 6.2 5.8 3.7 5.0 6.3
0.75 4.1 0.0 4.7 0.0 3.9 4.7 4.6 4.3 3.8 4.2 5.0 4.7 3.1 4.2 4.6

n = 75
0.00 4.2 4.2 4.4 4.1 4.2 4.0 4.2 3.8 3.5 4.0 4.9 5.1 3.8 4.2 4.7
0.25 4.9 2.2 4.6 2.4 4.0 4.7 4.8 4.4 4.5 4.6 5.4 5.7 4.3 5.0 5.0
0.50 5.2 0.4 4.7 0.3 5.1 4.9 4.6 4.0 4.5 4.8 4.7 4.9 4.0 4.4 4.4
0.75 4.5 0.0 3.7 0.0 3.9 4.3 4.7 3.2 4.0 3.7 4.7 4.1 3.5 3.8 4.2

n = 100
0.00 4.7 4.7 4.4 4.7 4.6 4.7 4.5 4.4 4.4 4.2 4.3 4.5 4.2 4.2 5.0
0.25 5.3 2.7 5.3 2.5 5.4 5.2 5.3 4.8 5.0 5.2 4.9 4.6 4.0 4.4 4.8
0.50 3.7 0.5 3.3 0.3 3.3 4.0 3.7 3.2 3.7 3.2 5.3 5.4 4.5 5.1 5.4
0.75 4.3 0.0 4.6 0.0 4.6 4.5 4.7 3.8 4.6 4.6 6.1 5.9 4.9 5.3 5.3

apply. This is shown in Table 5, where the En(3) tests are less powerful than the remaining
tests in a few cases. Except for the extremely conservative tests, the results for the 1-3
comparison are usually worse than those for the 2-3 comparison. This can be explained by
the different amounts of correlation: the observations in samples 1 and 3 are less correlated
than in samples 2 and 3, and as we observed in the investigation of powers for the global null
hypothesis, greater correlation leads to larger power. The latter observation is also usually
true for pairwise comparisons.

To sum up, the best type I error control and power are achieved by the En(3)-based B1

and B3 tests. However, the tests based on the test statistic Dn(3) (especially permutation
tests) also have good finite sample properties.
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Table 4: Empirical powers (as percentages) of all post hoc tests obtained in selected cases
in model M2.

Cn(3) Dn3) En(3)
ρ Comp P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

normal
n = 35
0.00 1-3 12.8 12.2 12.7 13.1 12.6 17.1 16.6 12.1 14.1 15.2 62.9 62.3 55.9 59.8 63.8

2-3 14.7 14.7 15.0 14.7 14.5 20.7 19.3 15.9 16.4 18.7 63.5 62.7 56.0 60.1 64.5
0.25 1-3 16.2 11.9 16.3 12.1 16.5 22.8 20.9 16.0 17.5 18.9 65.5 66.7 59.5 63.2 67.6

2-3 22.8 9.0 21.7 8.8 22.4 33.1 30.6 24.5 26.7 28.6 80.3 80.4 73.1 78.6 81.8
0.50 1-3 23.9 9.1 23.8 10.0 23.5 35.2 32.6 27.3 29.3 30.7 81.5 81.9 73.9 80.1 82.5

2-3 49.4 5.3 47.1 6.4 46.6 65.4 62.5 55.3 58.7 60.1 97.0 96.5 94.9 96.5 97.1
0.75 1-3 57.4 3.6 55.6 4.2 55.6 74.3 72.8 66.1 68.5 69.4 98.4 98.5 96.9 98.5 98.6

2-3 94.3 1.0 93.0 1.6 92.8 99.1 98.7 97.5 98.4 98.0 100 100 100 100 100
n = 50
0.00 1-3 26.7 25.9 26.9 25.9 26.1 39.1 36.0 32.7 33.8 35.0 90.3 90.1 87.5 89.3 90.8

2-3 24.6 23.8 24.5 23.4 23.9 38.4 35.9 32.7 33.1 34.3 89.2 89.0 87.7 88.9 89.9
0.25 1-3 25.3 19.9 25.6 21.1 25.5 39.7 38.7 31.4 35.2 36.8 91.8 91.1 89.8 91.4 92.0

2-3 41.8 18.1 40.4 17.5 40.7 57.9 56.5 52.8 54.3 56.3 98.0 98.1 96.9 97.9 98.1
0.50 1-3 41.1 18.3 40.7 18.8 41.5 59.7 57.5 53.3 55.1 56.9 96.8 96.6 95.9 96.4 97.0

2-3 76.3 9.7 74.4 10.3 74.7 91.5 90.8 86.5 89.2 89.0 99.9 99.9 99.9 99.9 99.9
0.75 1-3 86.0 8.9 84.1 9.4 85.0 96.9 96.7 94.8 96.5 95.6 100 100 100 100 100

2-3 100 4.5 99.9 5.0 99.8 100 100 100 100 100 100 100 100 100 100
n = 75
0.00 1-3 49.3 47.5 48.7 47.6 48.4 73.1 70.8 68.9 69.1 70.6 99.3 99.1 99.4 99.0 99.3

2-3 50.4 49.6 48.1 48.4 48.5 72.9 72.2 68.5 68.1 67.8 99.4 99.4 99.4 99.5 99.5
0.25 1-3 55.1 48.2 54.5 48.3 54.2 77.4 77.1 73.2 75.2 75.7 99.8 99.7 99.6 99.6 99.8

2-3 75.1 44.2 74.2 43.5 73.4 92.7 91.9 89.5 90.6 89.9 100 100 100 100 100
0.50 1-3 78.6 43.4 77.1 45.0 78.5 93.4 94.1 91.8 92.7 93.0 99.9 99.9 99.9 99.9 99.9

2-3 98.1 37.4 97.5 38.4 97.7 99.6 99.6 99.5 99.6 99.6 100 100 100 100 100
0.75 1-3 99.4 36.4 99.5 36.5 99.4 100 99.9 99.9 99.9 99.9 100 100 100 100 100

2-3 100 31.5 100 33.0 100 100 100 100 100 100 100 100 100 100 100
n = 100
0.00 1-3 75.9 78.0 75.8 77.2 75.4 92.9 93.5 92.2 92.0 92.1 100 100 100 100 100

2-3 77.1 76.9 75.3 75.9 74.6 93.8 93.1 92.1 91.4 92.6 100 100 100 100 100
0.25 1-3 80.9 74.9 79.8 75.2 79.4 95.5 95.6 94.0 94.6 94.5 100 100 100 100 100

2-3 94.5 73.8 94.2 73.8 94.4 99.5 99.7 99.6 99.6 99.7 100 100 100 100 100
0.50 1-3 96.3 76.6 96.1 77.0 95.7 100 99.9 99.9 99.7 100 100 100 100 100 100

2-3 100 76.9 100 74.6 100 100 100 100 100 100 100 100 100 100 100
0.75 1-3 100 75.4 100 74.2 100 100 100 100 100 100 100 100 100 100 100

2-3 100 73.9 100 74.8 100 100 100 100 100 100 100 100 100 100 100
lognormal
n = 35
0.00 1-3 64.5 66.7 61.0 64.5 60.7 63.2 62.8 53.7 57.3 59.0 78.6 79.2 69.0 73.6 78.7

2-3 65.6 64.5 62.1 63.2 62.0 64.1 63.1 55.3 58.1 59.3 80.1 80.0 70.2 74.7 79.8
0.25 1-3 68.5 63.5 63.8 60.1 63.1 67.0 66.8 56.6 59.4 61.2 82.9 82.5 72.5 77.9 83.8

2-3 83.7 62.1 79.8 61.0 79.6 82.9 82.4 75.4 77.9 79.2 92.2 92.4 86.2 89.7 92.3
0.50 1-3 83.3 61.9 80.5 60.6 80.2 82.4 80.7 75.2 78.2 79.0 91.4 91.4 85.5 89.1 91.6

2-3 98.1 58.6 97.6 57.1 97.5 97.8 98.3 95.5 97.0 97.2 99.3 99.2 98.6 99.1 99.2
0.75 1-3 99.4 58.1 98.7 55.3 98.8 99.5 98.9 97.9 98.9 98.9 99.6 99.7 99.1 99.4 99.7

2-3 100 50.9 100 50.4 100 100 100 100 100 100 100 100 100 100 100
n = 50
0.00 1-3 88.8 90.2 87.5 88.2 87.9 88.8 89.1 85.9 86.7 87.3 95.6 95.7 94.3 95.0 95.4

2-3 88.2 89.5 87.4 88.3 87.7 88.5 88.0 85.0 85.3 86.3 95.6 95.8 94.8 94.9 95.7
0.25 1-3 92.2 88.8 90.8 88.1 90.3 92.4 91.3 88.4 88.7 90.1 97.1 96.6 95.5 96.3 96.9

2-3 97.7 89.0 96.9 87.9 97.1 97.2 97.0 95.4 96.2 96.0 99.0 99.1 98.3 98.8 98.7
0.50 1-3 97.5 88.6 96.4 86.9 96.7 97.8 97.7 95.3 96.5 96.5 99.4 99.6 99.0 99.4 99.4

2-3 99.9 87.6 99.9 87.6 99.9 99.9 100 100 99.9 99.9 100 100 100 100 100
0.75 1-3 100 88.5 100 87.4 100 100 100 100 100 100 100 100 100 100 100

2-3 100 90.1 100 89.8 100 100 100 100 100 100 100 100 100 100 100

5. Real data application

In this section, we present an illustrative real data example and a simulation study based
on a diffusion tensor imaging (DTI) data set. This example shows the practical application
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Table 5: Empirical powers (as percentages) of all post hoc tests obtained in selected cases
in model M5 under lognormal distribution.

Cn(3) Dn(3) En(3)
ρ Comp P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

n = 35
0.00 1-3 100 100 99.8 100 99.7 99.9 99.8 98.4 99.4 99.6 89.9 90.0 84.1 87.7 91.3

2-3 99.9 100 99.7 99.8 99.7 99.8 99.8 98.9 98.8 99.2 89.4 89.5 82.9 86.6 89.6
0.25 1-3 99.9 100 99.8 99.9 99.9 99.9 99.9 99.4 99.7 99.6 92.6 92.4 87.8 91.0 93.5

2-3 100 100 100 99.9 100 100 100 100 100 100 98.2 97.7 96.7 97.4 97.9
0.50 1-3 100 99.9 100 99.8 100 100 100 100 100 100 97.9 98.1 95.8 97.6 98.6

2-3 100 100 100 100 100 100 100 100 100 100 99.9 99.9 99.8 99.8 99.9
0.75 1-3 100 100 100 99.9 100 100 100 100 100 100 100 100 99.9 100 100

2-3 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100

of the tests considered.

5.1. Analysis of DTI data set

The DTI data were collected at Johns Hopkins University and the Kennedy Krieger
Institute, and they are available in the R package refund (Goldsmith et al., 2022). The DTI
is a magnetic resonance imaging technique providing different measures of water diffusivity
along brain white matter tracts. It is used in diseases affecting the brain white matter tissue,
such as multiple sclerosis (MS). In the experiment, DTI brain scans were recorded for MS
patients at several visits (from 2 to 8). The aim was to assess the effect of neurodegeneration
on disability. The DTI was used to determine the fractional anisotropy (FA) tract profiles
for the corpus callosum.

We first delete incomplete data in the DTI data set. For illustrative purposes, we then
select the observations for n = 17 patients (subjects) with ℓ = 4 successive visits (objects).
Since the trajectories for the FA profiles are given at 93 design time points for each patient
and each visit, we treat these data as functional data on [1,93]. They are presented in
Figure 2. It is of interest to check whether the FA profiles change significantly at different
visits. Thus, we would like to test the equality of mean functions of the FA at different
visits. First, we test the global null hypothesis (3). The sample mean functions and the
pointwise test statistics (4) and (5) are also depicted in Figure 2. We observe that larger
(respectively lower) values of these statistics correspond to larger (respectively smaller)
differences between the sample mean functions. For the global null hypothesis (3), the p-
values of the P2 and B2 C17(4) tests and the B1 D17(4) test are 0.346, 0.285 and 0.001
respectively, while the p-values of the remaining tests considered in Section 3 are equal to
zero. The inadequate p-values of the P2 and B2 C17(4) tests can be explained by the fact
that these tests may be extremely conservative, which was observed in the simulation study
based on the DTI data set presented in the next section (see also Section 4). The other tests
reject the null hypothesis, indicating significant differences in the mean functions of the
FA at different visits. From Figure 2, it seems that the values of mean functions increase
at subsequent visits. Since most of the tests rejected the global null hypothesis, we know
that there are significant differences between visits, but we do not know where exactly they
occur. Thus, we perform tests for pairwise comparisons. We use Tukey’s contrasts (Tukey,
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Figure 2: Trajectories for the FA profiles at four visits (top panels); sample mean functions
of the FA at different visits and pointwise test statistics (bottom panels).

Table 6: P-values (as percentages) of all tests for pairwise comparisons for the DTI data set.
C17(4) D17(4) E17(4)

Comp P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

1-2 6.0 100 6.6 100 5.4 8.4 29.4 19.2 24.0 10.8 20.4 15.6 43.8 9.6 13.8
1-3 30.0 100 34.8 100 33.0 32.4 31.2 48.6 39.6 36.6 2.4 1.2 30.0 1.8 6.0
1-4 0.0 19.2 0.0 15.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 1.2 0.0 0.0
2-3 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
2-4 1.2 100 0.0 100 0.0 1.2 0.0 2.4 2.4 0.6 0.6 0.6 17.4 0.6 0.0
3-4 6.0 100 3.6 100 3.0 8.4 8.4 12.6 10.2 7.8 28.2 19.2 64.2 24.6 33.6

1953), i.e. 1 vs. 2, 1 vs. 3, 1 vs. 4, 2 vs. 3, 2 vs. 4, and 3 vs. 4, where 1, 2, 3, and 4 are
the numbers of the visits. Based on the procedure presented in Section 3.3, for each pair of
visits, we apply the tests proposed in Section 3.2, and correct the obtained p-values using the
Bonferroni method. The corrected p-values are given in Table 6. Most of the tests (except
the conservative ones) detect significant differences between visits 1 and 4 and between
visits 2 and 4. Thus, it seems that the FA profiles for the last visit have much greater values
than those for the first two visits. For the other comparisons, there are almost no significant
differences. The rejections of equality of mean functions for 1 vs. 3 and 3 vs. 4 follow from
the larger power of the corresponding tests (Section 5.2). The above observations seem to
be in line with the expectation that the disease progresses over time.
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5.2. Simulation study based on DTI data set

To check the correctness of the above results for the DTI data set, we conduct an ad-
ditional simulation study based on these data. To mimic the observation given in the data
example, we generated the simulation data in the following way:

• we used ℓ= 4 repeated samples with n = 17 functional observations at 93 design time
points;

• the covariance function γ(s, t), s, t ∈ [0, ℓ] was equal to the sample covariance func-
tion (6) for the given data set;

• for checking the type I error control, in each group, the mean function was equal to
the sample mean function for the pooled sample of ℓ · n = 4 · 17 = 68 observations
collected from four original samples;

• for the power study, the mean function in the i-th repeated sample was equal to the
sample mean function for the i-th sample from the data set, i = 1, . . . , ℓ.

For given ℓ and n, the 93-dimensional data were generated from the normal (N), Student
(t5), and chi-square (χ2

10) distributions having expected value and covariance matrix equal
to the above sample mean functions and sample covariance function respectively. Thus, we
consider symmetric, heavily tailed, and skewed distributions.

For the global null hypothesis (Table 7), we observe that the P2 and B2 C17(4) tests
are extremely conservative, which was also noted in Section 4 for larger correlation. This
conservativeness results in significant loss of power for these tests – the largest empirical
power among them is 20.8%, while the other tests have power equal to 100% or slightly
smaller. These facts explain the testing results for the global null hypothesis in Section 5.1.
Note, however, that some of the tests do not control the type I error level, namely P1 C17(4);
P1 D17(4); P1, P2, and B2 E17(4). This is due to a smaller number of observations
(n = 17) and four groups (ℓ= 4).

Let us now turn to the pairwise comparisons (Table 7). All tests control the FWER at
level 5%, but the following tests have a conservative character: P2 and B2 C17(4); P2, B1,
and B2 D17(4); B1 E17(4). Once again, the first two of these are extremely conservative.
This usually results in a lower power compared with the other tests. These observations are
consequences of applying the tests to just two groups and using the Bonferroni correction.
For the power study, we consider six cases corresponding to the six pairwise comparisons.
The empirical power varies for different comparisons. The largest powers appear for 1-4
and 2-4, which explains the detection of significant differences for these comparisons in the
analysis of the DTI data set (Section 5.1). On the other hand, for 2-3, all tests have a smaller
power, which is a result of the fact that visits 2 and 3 have the most similar FA profiles. For
1-3 and 3-4, the P1, P2, and B2 E17(4) tests and the B1 and B3 C17(4) tests respectively
have the largest power; this explains the rejections of equality of mean functions in these
cases noted in Section 5.1.

6. Conclusions and future work

We have considered one-way repeated measures ANOVA for functional data, which
aims to find significant differences in mean functions representing successive experimental
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Table 7: Empirical sizes, FWER and powers (as percentages) of all tests for the global null
hypothesis (3) and the pairwise comparisons obtained in the simulation study based on the
DTI data set.

C17(4) D17(4) E17(4)
P1 P2 B1 B2 B3 P1 P2 B1 B2 B3 P1 P2 B1 B2 B3

Global null hypothesis
Empirical sizes
N 9.1 0.0 4.2 0.0 3.8 8.9 5.6 2.4 4.5 3.3 9.1 12.0 2.1 9.0 4.1
t5 10.9 0.0 3.4 0.0 3.5 11.3 6.1 1.9 5.0 3.2 11.2 13.5 2.1 9.1 3.7
χ2

10 9.6 0.0 4.9 0.0 4.3 9.8 6.1 2.9 5.4 3.7 8.6 10.7 3.1 8.3 4.2
Empirical powers
N 100 8.1 100 11.4 100 100 100 99.9 100 100 100 100 100 100 100
t5 99.8 17.8 99.2 20.8 99.0 100 99.8 97.5 99.7 99.1 100 100 98.6 100 99.9
χ2

10 100 8.4 100 11.1 99.9 100 100 99.8 99.9 99.9 100 100 99.9 100 100

Pairwise comparisons
Empirical FWER
N 4.7 0.0 6.1 0.0 5.2 3.7 1.6 2.3 1.3 4.4 3.8 5.8 0.6 4.8 4.3
t5 4.7 0.0 4.5 0.0 4.5 4.2 1.2 1.0 1.4 3.5 4.0 5.2 0.3 3.2 2.6
χ2

10 4.2 0.0 5.3 0.0 5.1 2.8 0.7 1.5 0.8 3.9 4.2 6.6 0.5 4.7 4.5
Empirical powers
N
1-2 55.4 0.0 55.3 0.0 53.7 59.0 37.0 36.8 33.1 53.3 56.2 63.5 18.7 59.8 57.6
1-3 30.4 0.0 31.4 0.1 30.5 33.6 23.3 19.3 19.9 30.6 69.3 74.7 35.5 69.7 72.2
1-4 100 20.7 100 28.5 100 100 99.9 99.9 99.9 100 100 100 97.8 100 100
2-3 3.5 0.0 4.0 0.0 3.8 3.5 1.1 1.2 1.1 3.4 9.9 12.6 1.4 11.6 10.3
2-4 90.6 0.8 92.4 1.1 91.4 92.6 85.0 82.5 82.6 90.8 96.9 98.0 73.2 97.4 97.7
3-4 59.3 0.0 67.4 0.0 66.9 57.0 48.4 48.7 46.9 60.5 56.6 62.8 21.2 56.9 56.6
t5
1-2 64.6 0.0 54.8 0.0 56.3 71.2 47.4 42.0 42.7 60.7 75.4 78.4 23.9 71.7 71.2
1-3 38.4 0.2 34.2 0.3 34.0 48.6 33.7 25.0 27.1 39.3 80.7 82.7 44.1 77.0 79.2
1-4 99.0 33.4 98.4 35.8 98.7 100 99.7 98.3 99.2 99.8 99.9 99.9 94.4 99.9 99.9
2-3 5.2 0.0 3.9 0.0 3.4 5.7 2.2 1.4 2.0 3.6 19.9 23.4 3.6 18.1 16.4
2-4 92.7 1.5 88.7 2.8 90.8 95.0 89.8 83.9 87.3 91.8 98.4 99.2 74.1 97.1 97.6
3-4 64.5 0.2 68.5 0.7 68.4 65.4 59.4 52.9 55.6 64.6 70.6 74.1 26.1 67.0 66.3
χ2

10
1-2 58.5 0.0 58.2 0.0 57.1 62.1 37.6 40.3 34.2 55.1 58.6 67.6 19.3 63.0 60.9
1-3 32.2 0.1 34.2 0.2 32.4 39.1 26.5 20.9 22.1 35.3 73.6 77.7 38.4 73.7 74.7
1-4 100 20.2 100 28.8 100 100 99.8 99.9 99.9 100 100 100 97.7 100 99.9
2-3 4.3 0.0 4.6 0.0 4.6 4.4 2.1 1.8 1.7 4.0 12.5 16.0 2.6 14.0 12.8
2-4 93.4 0.8 93.8 1.0 93.9 94.7 89.2 85.4 86.4 93.6 98.4 98.9 77.5 98.0 98.4
3-4 58.5 0.0 68.7 0.1 67.5 56.4 50.4 49.5 47.8 60.5 58.2 64.4 22.6 60.1 58.9

conditions applied to the same subjects. Despite the evident interest in this analysis, it is
rarely considered in the literature. We have investigated tests for any number of repeated
samples, not just two as in most previous studies. Moreover, the procedures take into ac-
count both mean and variance, which usually results in more powerful tests. In addition
to the procedures for testing the global null hypothesis, we also propose a simple post hoc
method, which is of great interest since practitioners usually wish to know in which cases
the significant differences appear, not just that such differences exist. To approximate the
null distribution of test statistics, two permutation and three bootstrap methods were used.
These are distribution-free and have achieved promising levels of performance in previous
studies. However, for the present problem, they do not perform equally well, and it is not
easy to suggest the best test for each case. The simulation results nevertheless indicated that
the parametric bootstrap En(ℓ) test seems to have very good properties in terms of type I
error level control and power. This test also usually performs much better than those based



STATISTICS IN TRANSITION new series, June 2024 203

on the test statistic of Martínez-Camblor and Corral (2011). Nevertheless, the choice of the
best test for a given practical problem can be assisted by a simulation study based on avail-
able data, as we showed in Section 5, where we applied the tests to an important medical
problem. Our methods are implemented in the R package rmfanova, available on CRAN.

There are many possible directions for future work. One is to extend the methodology to
more complicated designs than the one-way classification. A second direction is the devel-
opment of more sophisticated post hoc tests, which may be more powerful than our simple
procedure. Moreover, from practical point of view, the present problem with different num-
ber of repeated measurements for patients is interesting and warranted. Perhaps, it will be
possible to solve this problem by adopting an approach similar to Amro et al. (2021).
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