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Extropy and entropy estimation based on progressive
Type-I interval censoring
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Abstract

This paper proposes nonparametric estimates for the two information measures extropy and
entropy when a progressively Type-I interval censored data is available. Different nonpara-
metric approaches are used for deriving the estimates, including: moments of the empirical
cumulative distribution function and linear regression. The performance of the proposed
estimates is studied under various censoring schemes via simulation studies. Furthermore,
different real data sets are analyzed for illustrative purposes.The estimates based on linear

approximation J> and H, outperform the other estimate in the majority of studied cases.

Key words: entropy; extropy; mean square error; nonparametric statistics; Monte Carlo
simulation; Type-I interval censoring.

1. Introduction

[Shannon,1948] defined entropy of a random variable (r.v.) X whose probability density
function (pdf) f(x) and cumulative distribution function (cdf) F(x) as:

HX)=— | [x)log(f(x))dx (D
X
where Ry denotes the support of the r.v. X.

For more details on entropy the reader can see [Renyi, 1961], [Awad, 1987], [Tsallis, 1988],
[Rao et al.,2004] and [Kittaneh et al.,2016].

The differential extropy of X is defined by [Lad et al.,2015] as:

1) = =5 [ P @)

Important properties of the extropy measure have been discussed in the literature since
2015. See [Qiu,2017] and [Qiu and Jia,2018a], who studied properties of the residual ex-
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tropy and the extropy of ordered statistics as well as the extropy of record values; that is for
random variable X its residual extropy is defined as:

R O ) _ 1 )
I = =3 [ Rx =~ [ P (@dre=0 ©)
where, ( )
_ flxtt
filX) = F) ,x20,62>0 “4)

and F is the survival function of X.

[Ragab and Qiu,2019] studied properties of the extropy measure under ranked set sam-
pling. The problem of estimating the extropy based on complete sample data has recently
been considered by some authors, including: [Qiu and Jia,2018b] and [Noughabi and Jar-
rahiferiz, 2019]. [Hazeb et al.,2021a] and [Hazeb et al.,2021b] introduced nonparametric
estimates for extropy and entropy based on progressively Type-II censored data. However,
estimation of the extropy and entropy measures under progressively Type-I interval cen-
sored data have not been considered so far in the literature. Accordingly, our main objective
in this paper is to develop different methods for estimating the extropy and entropy measures
under the progressive Type-I censoring set-up.

Censoring schemes of statistical experiments arise naturally in survival, reliability and
medical studies. [Cohen,1963] introduced progressive Type-I censoring as an extension of
Type-I censoring, where in a progressively Type-I censored life test on n items, progressive
censoring is carried out at the prefixed censoring times #; < #; < ... < #. That is, at the
ith censoring time #;, R; items are randomly removed from the experiment, 1 <i<k—1,
with the restriction Ry + ...+ Ry <n—1, 1€ {0,1,...,n}. Then, at the k' censoring
time #, all remaining items are removed from the life test if there are any left. In many
practical situations lifetimes of units placed on a test are observed within intervals, where
this censoring scheme is called interval censoring.

[Aggarwala,2001] introduced progressive Type-I Interval censoring combining the two
concepts: progressive Type-I censoring and Interval censoring, then developed statistical
inference for the exponential distribution based on progressively type-I interval censored
data. Under progressive type-I interval censoring, observations are only known within two
consecutively pre-scheduled times, where items would be allowed to be withdrawn at pre-
scheduled time points. [Ng and Wang,2009] introduced the concept of progressive type-I
interval censoring using the Weibull distribution and compared many different estimation
methods for two parameters of the Weibull distribution via simulation. [Lio et al.,2011] pro-
posed parameter estimation for the generalized Rayleigh distribution under progressively
Type-I interval censored data. Parameters of the inverse Weibull distribution under pro-
gressive type-I Interval censoring were estimated by [Singh and Tripathi,2016]. Also [Du
et al.,2018] proposed Statistical Inference for the Entropy of the Log-Logistic Distribution
under Progressive Type-I Interval Censoring Schemes. Recently, [Al otaibi et al.,2021] in-
troduced Bayesian estimation for Dagum distribution based on progressive type -I Interval
censoring.
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The rest of the paper is organized as follows. Progressive Type-I interval censoring
scheme with its properties are discussed in Section 2. Nonparametric estimates for extropy
and entropy measures based on progressive Type-I interval censoring are developed in Sec-
tion 3. Simulation experiments as well as analyses of real life data are performed in Section
4. Finally, we end the the paper in Section 5 with a conclusion.

2. Progressive Type-I Interval Censoring

Several censoring schemes have been proposed in the literature for saving time and cost
of reliability experiments. Type I and type II censoring are probably the most commonly
used methods in this regard. In type I censoring, failure times are recorded up to a speci-
fied time point where failures occurring afterward this fixed time are not recorded. On the
other hand, in type II censoring a life test continues until a pre-specified number of failures
have been recorded. These two censoring methods share one common feature that live units
can be withdrawn only at the termination point of the test. In progressive censoring, items
put on a test can be withdrawn during life experimentation, hence this censoring scheme
is more flexible compared to the other two basic schemes. Progressive censoring has been
widely studied in lifetime analysis by various researchers. One may refer to [Balakrishnan
and Cramer ,2014] for an exhaustive list of references on this topic and also for a detailed
discussion on applications of progressive censoring in life testing experiments. Sometimes
it is difficult to record exact failure times of items under life testing due to lack of con-
tinuous monitoring of subjects or items under study. In such situations, observations are
often recorded in intervals and the corresponding censoring is referred to as the interval
censoring. [Aggarwala,2001] initially discussed progressive type I interval censoring in
the literature and studied an exponential distribution using this censoring. Since then this
censoring scheme has attracted attention among researchers. Progressive Type-I interval
censoring can be briefly described as follows: Suppose n identical items are placed simul-
taneously on life testing at time 7y = 0, where inspection is at m pre-fixed censoring times
t < B <....<ty, and where ,, is the scheduled time to terminate the experiment and m
is pre-fixed number of stops. For i = 1,2,...,m, let k; be the number of failures in the in-
terval (z;_1,4;]. Let S; be the number of the surviving items at #; and R; be the number of
removed items at ¢;. In this censoring scheme, k; and S; are random numbers while R; is the
number of remaining items, which is also a random number. At the 1* inspection time ?1,
we observe kj failures, then R; surviving items are randomly withdrawn from the remaining
items n — k. One can see that after this step, the number of remaining items is (n —k; —R}).
Now, after time #; and at the 2@ inspection time f,, we observe kj failures where R, items
are randomly removed from (n —k; —ky — R ) items. Lastly, at the m™h inspection time (the
last inspection time), we observe k;, failures and all remaining (n — Y/ | k; — Z;.":_]l R;) items
are immediately removed from the experiment. The observed progressive Type-I interval
censored data can be represented as: {(k;,R;,#;),i = 1,2,...,m}. The associated likelihood
function under the progressive type-I interval censoring is given by:

L(8) o< [ [IF (1:0) — F(15-1:0)][1 — F(1: 0)]. (5)
=1

1
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Note that R; should not be greater than S;,where the values of R; for i = 1,2,...,m are
determined based on pre-specified removal proportions qi,q2,.....,qx—1 and g, = 1, such
that R; = [S;q;], for i = 1,2,...,k — 1, where symbol [b] is the greatest integer less than or
equal to b. It can be easily seen thatn =Y7" | (R;+k;). If R; =0, fori =1,2,...,m — 1, then
Progressive type-I interval censoring reduces to the conventional type-I censoring.

Theorem 2.1. Let Uy = F(1;), i = 1,2,...,m denote a progressively Type-I interval cen-
soring sample obtained from the uniform (0, 1) distribution, assuming the sample size is n
with progressive Type-I interval censored data {(k;,R;,1;),i =1,2,....m}. Let

m
Uimn =1— H Vja
j=m—it1
where,
1-— Um:m:n 1— Umfl:m:n
Vi=———— Vo=—7——,... ., Viu=1—-Ulin, (6)
1- Um—l:m:n 1- Um—2:m:n
are all independent identically distributed (iid) r.v.’s. Then
d m m
ViSBeta|i+ Y ki+ Y Rjknmin1+1], i=1,2,...m. (7)
Jj=m—i+2 j=m—i+1

Proof. For simplicity, we denote Uy, by Us.

Since U; follows U (0, 1), then the pdf and cdf of U; are fy,(u) = 1 and Fy,(u) = u, for
0 <u < 1, respectively. So, using Eq.(5), the joint pdf of U; < U, < ... < U, is obtained as
follows:
m

fUl:m:nsUZ:m:na---7Um:m:n (ul SU2, .. um) o< H (ui — Ui )ki (1 — ui)Ri . (8)
i=1

Since U; = 1 —[I}L,,_;41 V), one can see that:

U = 1-Vy €))
U = 1-Viu1Vs
Us = 1-Vu 2V 1Va

U, = 1=-ViV,V...V,
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The Jacobian matrix of this transformation is given by the following lower triangular
matrix:

0 0 0 —1
d 0 0 —Vin —Vm—1
]: 7U:
v : : ’ :
..V, -Vinz..V,, -+ =ViV,. Vm Ve —ViVa..V,
Therefore,
J=|==U|= Vi, 10
=509 v (10)

Now, assuming Uy = 0, we have:

U —-Uy = 1-V, (11
Ur—U = Vu(1—Vp1)
U3 -U, = melvm (1 - meZ)

Upn—Uy1 = V2V3...Vm(17V1)

Now, in order to derive the joint pdf of Vi,V»,...,V,,, we simplify the terms of Eq.(8)
separately.

Using Eq.(10), the first term in Eq.(8) is simplified to:

(Ui = Ui-1)" =TT (1 = Vin—ig) HVm’,’jf b (12)

i=1

jamE

Using Eq.(9), the second term in Eq.(8) is simplified to:

):’”1
& 7H m/z-'rl (13)

:s

l

Accordingly, the joint pdf of Vi, ..., V,, is obtained as follows:

=

fVlsV27---7Vm (vl V2, ..,Vm) o<

i— i m:)nfi kj e Z‘4”'1:m7i Rj a i—
(1-Vi)km+ IH‘/, Jj +2 /H‘/, Jj +1 JH‘/I l. (14)
i=2 i=1 i=2

Il
—

. i—1 1 _irnkj
SlnceH;flzzvjf =T VJ and [, V; jem-i+2ki =1, - i
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Then, Eq.(14), can be simplified to:

U i1 T i kT Rt
fVl_,Vz,_,‘,Vm(Vl7V27--7Vm) o (1 *Vl‘)km—ﬂ lvi j 2% j +1 1Y (15)
i=1
where 0 < V; < 1.
By factorization theorem, we see that V1, V5, ..., V,, are independent and
d m m
Vi=Beta | i+ Z k]+ Z Rj7km7l'+l+1 5 izlaza"'7m'
Jj=m—i+2 Jj=m—i+1
L]
Corollary 2.2. As a result of Theorem (2.1), we find
m
E(Uimn)=1- [1 % (16)

Jj=m—i+1

where,
. m m
Y= i+ Yimiva ki T Xm—i1 R;
: Vit Y, i kiR,

3

m
such that y; =y if j < 1 and y; = Y if j > m provided that Z kj=0.
Jj=m+1

3. Nonparametric Extropy and Entropy Estimates

This section develops non-parametric estimates for the extropy and entropy measures
based on progressively Type-I interval censored samples. It is of importance here to men-
tion that for a random variable (r.v.) T, extropy and entropy measures J(7T') and H(T) are
expressed as:

Ltfd o N\
sy == [ (r) a7
and X i
H(T)=/O log (dpF (p))dp (18)

3.1. Moments Approximation Method

The first entropy and extropy estimate will be obtained by using the difference operator
that was proposed by Vasicek (1976) for estimating the entropy. This method is based on
the following fact:

iF—l( ) s ?wH—w:m:n - T}—w':m:n ’ (19)
F(E+w:m:n) _F(T;fwtm:n)
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where the window size w < m/2, also T = Ty = 0if i < 1, while T;.p., = Typepen if i > m.
Then 7o = 0 < Tiomen < Do < ... < Topmen are progressively Type-I interval censoring
times of size m, which are pre- ﬁxed In the interval [T;_;, T;), we observe a random number
of failures, say k;, then R; surviving units are immediately removed from the remaining
(=Y ki— z;; L R;) items.

Next, it can be seen that (17) is approximately equal to:

i o F(Ti+w:m:n) - F(Tifw:m:n)
2m i=1 Tivwmn — Timwmen .

J(T)~ - (20)

Notice that Uiy = F (Tipywumen) and Ui—yumen = F (Ti—yumm ), the moments-based es-
timate is proposed by replacing Uity and Uj_ .., by their moments, i.e. their expected
values E (Uit ) and E (Ui ), respectively, which are given in (16). Consequently, an
estimate of J(7) is

~ 1 HT:;n—(i—w)—&-l Yi— H;‘n:m—(i-&-w)-k—l Yi 1)
1= —5 .
2m i=1 Tivwmn — Ti—women

~

On the lines of Vasicek (1976), an estimate of the entropy is

q 1 2 Tivvwmn — Timyrmen
Zlog (Hm 1+w: —w: ) (22)
m—

m
zw+lyJ H]m l+w+lyl

Proposition 3.1.1. LetY =aT +b, a> 0. Then J," = %J]T and H," = log(a) +A"
Proof. The result follows since for all i, }/iY = }/iT. O

Proposition 3.1.2. Estimates J, and H, are consistent estimates for J and H respectively,
ie.

and

asn — oo, m— oo, and m/n — 0.

Proof. Since when m — n, the progressively Type-I interval censored sample becomes the
complete sample. Then the estimates, J; and H converge to the estimates proposed by [Qiu
and Jia,2018b] and [Vasicek,1976], which are consistent estimates of J and H. O

3.2. Linear Approximation Method

The second estimate for extropy J(7') in (2) is proposed following the steps of Correa
(1995) by noticing that the quantity:

F(E#w:m:n) _F(Tifw:m:n)
Ti+w:m:n - Tifw:m:n

) (23)
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represents the slope of a straight line joining the following two points
(Ti—w:m:mF(Ti—w:m:n)) and ( i+wim: n;F(T;'-‘rw:m:n)) .

This estimation approach is based on estimating the function F(7;) by a local linear
model on (T;— i, Tipwimen) by using 2w+ 1 ordered pairs:

F(Tj):Uj=a+ij+87j:i_Wa-~-ai+W~ (24)

On the other hand, slope in (23) can be approximated by b in (22), which can be esti-
mated by the least squares method using (2w + 1) ordered pairs as follows:

Sty _ EiEiw T = T)) Ujomn = Upi)
S% yid (Tj:m:n - T(i))z

j=i—w

b= ; (25)

where
_ 1 i+w 1 i+w

T(i) 2wl Z Timins and U() 2W+1 Z Ujimn-

Jj=i—w j=i—w

Now, by replacing Uj.,.., by its expected value, we get

” 1 i+w m
U(i>:2W+1'=1Z—w<1_ H '}’k)

J k=m—j+1

Consequently, a second estimate of J(T) using the slope b in Eq.(25) and replacing
F(Tjm:n) = Uj.m:n by its respective expected value in terms of y; in Eq.(21) is as follows:
N S | r
L& B (T — Ti) (FE 2t — I 128
2m i=1 Ly (Tj:m:n - T(i))2

Jj=i—w

(26)

S

Following the same argument proposed for J; in Eq.(26), we consider the slope of the
linear regression of 7' on F as follows:

STU j’iviv—w(Tj:m:n - T(i))(Uj:m:n _ U(i))
Ga B Ujmn — U

Jj=i—w

by = ; @7

Using Eq(18), Eq(19) and Eq(27), a second estimate for H(7') in (1) can be introduced

as
i+w m
i+w . 2 Zj:,;w Hk:mfj+l Y m
n 1 i log Zj:,;w(T]:m:n - T(i))(—sz - Hk:mfj+1 %) 28)
- i+w m
m ;= itw Dt w i % m 2
=1 j=i—w< 2w+1 B Hk:mfjJrl Yk)

Proposition 3.2.1. LetY =aT +b, a > 0. Then fzy = %J}T and Iffzy =log(a) +ﬁ2T.
Proof. The result follows since for all i, '}/iY = }/iT. O
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Proposition 3.2.2. Estimates J, and H» are consistent estimates for J and H respectively,

ie.

h L5,
and

H -5 H.

asn— oo, m— oo and m/n — 0.

Proof. Proof is obvious by [Correa,1995] and [Qiu and Jia,2018b] and so it is omitted. [

4. Simulation study and data analysis

Here, we perform an extensive simulation study to compare the act of the proposed ex-
tropy and entropy estimates. Moreover, a real data set is discussed for illustrative purposes.

4.1. Simulation study

In this subsection, we carry out a Monte Carlo simulation to analyze the behavior of our
proposed estimators of entropy and extropy. In order to perform the simulation process, we
consider different sample sizes, i.e. n = 10,20,30,50, 100 with different inspection times,
i1e. m=3,4,5. Next, we generate 1000 progressive type-I interval censoring data sets in
each experimentation case. Also, we work with different withdrawal (removal) schemes as
detailed in Table 1. We consider the uniform distribution U (0, 6) with 8 = 1, the exponential
distribution Exp(f) with B = 1 and normal distribution N(u,c) with g = 0,0 = 1, which
are commonly used.

Table 1: Progressive interval censoring schemes used in the Monte Carlo simulation study

Scheme No. m (t1,estm) (q1y-qm)

1 3 0.1,0.5,0.9 0.25,0.1,1

2 3 0.1,0.5,0.9 0.5,0.1,1

3 3 0.1,0.5,0.9 0,0.25,1

4 3 0.1,0.5,0.9 0.1,0.1,1

5 4 0.1,0.5,0.7,0.9 0,0,0.25,1

6 4 0.1,0.5,0.7,0.9 0,0.25,0.25,1

7 4 0.1,0.5,0.7,0.9 0.25,0,0, 1

8 4 0.1,0.5,0.7,0.9 0.2,0.2,0.2,1

9 5 0.1,0.3,0.5,0.7,0.9 0.25,0,0,0,1
10 5 0.1,0.3,0.5,0.7,0.9 0,0,0,0,1

11 5 0.1,0.3,0.5,0.7,0.9 0.25,0.25,0,0,1
12 5 0.1,0.3,0.5,0.7,0.9 0.1,0.1,0.2,0.2,1
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For each generated data set, we compute the average estimator and the corresponding
mean squared error (MSE) of the proposed entropy and extropy estimators over 1000 sim-
ulations. Simulation results are shown in Tables (2-10), where the bold type in these tables
indicates the estimator achieving the minimal MSE. Comments on simulation results are
provided after these tables. Here, we will detail the withdrawal schemes used through Ta-
bles 2 to 10.

For schemes 1, 2, 3 and 4, we specify three inspection (stopping) times at which surviv-
ing units are progressively removed at different proportions as detailed in Tables 2, 5 and 8.
In scheme 1, censoring by removal is heavier at the end of the first interval and lighter at the
end of the second interval. In scheme 2, the same censoring approach is applied but with
different proportions. In scheme 3, the reverse situation is applied, i.e. the censoring by
removal is lighter at the end of the first interval and heavier at the end of the second interval.
In scheme 4, equal (uniform) proportions are used.

Similarly, for schemes 5, 6, 7 and 8, we specify the proportions of the surviving units
to be removed at four inspection times as presented in Tables 3, 6 and 9. In scheme 5,
censoring by removal is lighter at the end of the first and second intervals and heavier at the
end of the third interval. In scheme 6, censoring by removal is lighter at the end of the first
interval and heavier at the end of the second and third intervals. In scheme 7, only left-most
and right-most removal is applied. In scheme 8, equal proportions (uniform) are used.

At last, for schemes 9, 10, 11 and 12, we specify the proportions of the surviving units
to be removed at five inspection times as shown in Tables 4, 7 and 10. In scheme 9, only
left-most and right-most removal is applied. In scheme 10, a conventional interval censor-
ing scheme is employed, i.e. all removal is carried out following the final time interval,
immediately prior to experiment termination. In scheme 11, censoring by removal is heav-
ier at the end of the first and second intervals and lighter at the end of the third and fourth
intervals. In scheme 12, censoring by removal is lighter at the end of the first and second
intervals and heavier at the end of the third and fourth intervals.
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Table 2: MSE:s of the estimates of extropy J(Y') and entropy H (Y) for uniform (0, 1) assum-
ingm=73

Scheme Number n 5 b Hi H,

1 10 0.0015 0.0098  0.0098 0.0160
20 0.0003 0.0066 0.0018 0.0050
30 0.0003 0.0054 0.0013 0.0040
50 0.0002 0.0046 0.0005 0.0025
100 0.0001  0.0038  0.0003 0.0015
2 10 0.0021 0.0087 0.0125 0.0214
20 0.0009 0.0050 0.0044 0.0088
30  0.0007 0.0036  0.0028 0.0051
50  0.0006 0.0025 0.0023 0.0033
100 0.0006 0.0015 0.0021 0.0013
3 10 0.0012 0.0100 0.0077 0.0144
20 0.0006 0.0074  0.0033 0.0084
30 0.0003 0.0062 0.0015 0.0055
50  0.0001 0.0053 0.0006 0.0039
100 0.0001 0.0047  0.0003 0.0031
4 10 0.0009 0.0115 0.0068 0.0099
20 0.0005 0.0088 0.0031 0.0066
30 0.0002 0.0074 0.0014 0.0039
50 0.0001 0.0066 0.0008 0.0031
100 0.0000 0.0057  0.0003 0.0020

Table 3: MSEs of the estimates of extropy J(Y) and entropy H(Y) for uniform (0, 1) distri-
bution assuming m = 4

Scheme Number n A b H, H,

5 10 0.0037 0.0076  0.0246  0.0281
20 0.0030 0.0065 0.0206 0.0235
30 0.0019 0.0048 0.0120 0.0143
50  0.0013 0.0038  0.0081 0.0098
100 0.0006 0.0027 0.0035 0.0048
6 10 0.0041 0.0077  0.0278 0.0311
20 0.0038 0.0068 0.0277  0.0302
30 0.0028 0.0054 0.0207 0.0226
50 0.0020 0.0042 0.0141 0.0154
100 0.0010 0.0028  0.0064 0.0075
7 10 0.0036 0.0070 0.0233 0.0271
20 0.0027 0.0051 0.0186 0.0210
30 0.0020 0.0038  0.0132 0.0151
50  0.0011 0.0023  0.0060 0.0071
100 0.0006 0.0012  0.0024  0.0027
8 10 0.0039 0.0072  0.0257  0.0295
20 0.0031 0.0057 0.0206 0.0234
30 0.0030 0.0052  0.0200 0.0221
50  0.0019 0.0034 0.0110 0.0120
100 0.0009 0.0020 0.0053 0.0059
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Table 4: MSEs of the estimates of extropy J(Y) and entropy H(Y) for uniform (0, 1) distri-
bution assuming m =5

Scheme Number n 5 b Hi H,

9 10 0.0039 0.0038 0.0145 0.0158
20  0.0038 0.0031 0.0136 0.0142
30  0.0037 0.0025 0.0123  0.0123
50  0.0030 0.0014 0.0063  0.0056
100 0.0026  0.0007 0.0042  0.0026
10 10 0.0038 0.0038 0.0155 0.0163
20 0.0030 0.0025 0.0101 0.0104
30 0.0028 0.0018 0.0075  0.0075
50  0.0023  0.0009 0.0035 0.0030
100 0.0021  0.0003 0.0023 0.0014
11 10 0.0045 0.0048 0.0178 0.0201
20  0.0042 0.0035 0.0155 0.0162
30 0.0040 0.0030 0.0145 0.0143
50  0.0036 0.0021 0.0107  0.0096
100 0.0030  0.0011 0.0075  0.0049
12 10 0.0043 0.0045 0.0183 0.0199
20 0.0036 0.0039 0.0175 0.0184
30 0.0029 0.0031 0.0134 0.0138
50  0.0024 0.0025 0.0118  0.0117
100 0.0015 0.0013 0.0057  0.0050

Table 5: MSEs of the estimates of extropy J(Y) and entropy H(Y) for exponential distribu-
tion with 0 = 1 assuming m =3

Scheme Number n A b H, H,

1 10 0.0247  0.0095 0.5494 0.4789
20 0.0220  0.0082  0.5288  0.4469
30 0.0204  0.0073 0.5154  0.4305
50  0.0181  0.0059 0.4977 0.4079
100 0.0163  0.0047 0.4853  0.3922
2 10 0.0262 0.0113  0.5742  0.4888
20  0.0241  0.0107 0.5411  0.4580
30  0.0221  0.0096 0.5206 0.4328
50  0.0195 0.0080 0.4973  0.4076
100 0.0178  0.0066  0.4892  0.3949
3 10 0.0209 0.0080 0.4945 0.4214
20 0.0187  0.0067 0.4817  0.4020
30 0.0176  0.0057 0.4805 0.3958
50  0.0166 0.0050 0.4744  0.3866
100 0.0146  0.0037 0.4614 0.3708
4 10 0.0228  0.0078  0.5300  0.4692
20  0.0193  0.0063 0.4963 0.4214
30 0.0189  0.0060 0.4995  0.4205
50  0.0176  0.0051  0.4928  0.4094
100 0.0160  0.0041  0.4841  0.3967
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Table 6: MSEs of the estimates of extropy J(Y) and entropy H(Y) for exponential distribu-

tion with O = 1 assuming m =4

Scheme Number n 5 5 H, H,
5 10 0.0169  0.0101 0.4120 0.3790
20 0.0122  0.0076 0.3306 0.3036
30 0.0096  0.0065 0.2832  0.2602
50 0.0071  0.0048 0.2488  0.2273
100 0.0040 0.0031 0.1767  0.1592
6 10 0.0211  0.0127 0.4892 0.4473
20 0.0139  0.0090 0.3453  0.3147
30 0.0120  0.0083 0.3106  0.2842
50 0.0083  0.0057 0.2547  0.2321
100  0.0049 0.0040 0.1823  0.1653
7 10 0.0194 0.0119 0.4544 0.4148
20 0.0144  0.0092 0.3654 0.3298
30 0.0122  0.0080 0.3303  0.2973
50 0.0093  0.0059 0.3006 0.2681
100 0.0064 0.0037 0.2589  0.2262
8 10 0.0191  0.0115 0.4568 0.4149
20 0.0147  0.0095 0.3602  0.3261
30 0.0125  0.0081 0.3317  0.2999
50 0.0096  0.0065 0.2888  0.2612
100 0.0059 0.0041 0.2182 0.1953

Table 7: MSEs of the estimates of extropy J(Y) and entropy H(Y) for exponential distribu-

tion with 0 = 1 assuming m =5

Scheme Number n J 1 f2 H 1 H,
9 10 0.0283  0.0180 0.5597  0.5208
20 0.0259  0.0170  0.5053  0.4699
30 0.0215  0.0139 04658 0.4303
50 0.0164  0.0101 04143 0.3791
100 0.0127  0.0073  0.3744  0.3391
10 10 0.0300 0.0189 0.5563  0.5235
20 0.0232  0.0144 04737 0.4436
30 0.0194  0.0117 04436 0.4132
50 0.0154  0.0090 0.3993  0.3695
100 0.0114  0.0058 0.3599  0.3289
11 10 0.0359  0.0238 0.6342  0.5922
20 0.0254  0.0171 0.4983  0.4576
30 0.0236  0.0158 0.4919  0.4500
50 0.0191 0.0126  0.4443  0.4039
100  0.0131 0.0081 0.3733  0.3347
12 10 0.0251 0.0159 0.4953  0.4621
20 0.0212  0.0137 0.4481 0.4146
30 0.0186  0.0121  0.4180 0.3857
50 0.0133  0.0088 0.3463  0.3189
100  0.0079  0.0048  0.2723  0.2477
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Table 8: MSEs of the estimates of extropy J(Y) and entropy H(Y) for normal distribution
with 4 = 0,0 = 1 assuming m =3

Scheme Number n Ji b H, H,

1 10 0.0845 0.0520 1.5360 1.4058
20  0.0821  0.0515  1.5007 1.3609
30 0.0796 0.0499 14879 1.3401
50 0.0771  0.0487  1.4700 1.3076
100 0.0754  0.0472  1.4700 1.3060
2 10 0.0867 0.0551 1.5636  1.4262
20 0.0832 0.0541 15046 1.3688
30  0.0815 0.0535 1.4869 1.3474
50  0.0801 0.0526 1.4803 1.3360
100 0.0762  0.0498 1.4576  1.3037
3 10 0.0800 0.0486 1.4779  1.3399
20 0.0768  0.0478  1.4434 1.2884
30 0.0755 0.0471 14392 1.2781
50  0.0735  0.0457 1.4330  1.2654
100 0.0717  0.0443  1.4324  1.2590
4 10  0.0825 0.0508 1.5122 1.3729
20  0.0804 0.0491 14912 1.3513
30 0.0786 0.0481 1.4801 1.3315
50  0.0763  0.0467 1.4733  1.3145
100 0.0742  0.0454 14634 1.2965

Table 9: MSEs of the estimates of extropy J(Y) and entropy H(Y) for normal distribution
with 4 =0,6 = 1 assuming m =4

Scheme Number n A b H, H,

5 10 0.0735 0.0555 1.4046 1.3288
20  0.0638 0.0482 1.2529 1.1836
30 0.0553  0.0411 1.1298  1.0654
50  0.0484  0.0352 1.0534  0.9925
100 0.0406  0.0284 0.9559  0.9005
6 10 0.0768 0.0586 1.4402 1.3612
20  0.0665 0.0507 1.2799 1.2066
30  0.0590 0.0445 1.1722 1.1058
50  0.0486 0.0358 1.0230  0.9669
100 0.0427  0.0304 0.9581  0.9077
7 10 0.0799 0.0615 1.4823 1.4038
20 0.0677  0.0521 1.3037  1.2296
30 0.0622 0.0477 1.2309 1.1578
50 0.0568 0.0431 1.1638  1.0907
100 0.0511 0.0380 1.1216  1.0472
8 10 0.0770 0.0589 1.4454 1.3674
20  0.0682 0.0525 13116 1.2354
30 0.0629 0.0484 1.2217 1.1512
50  0.0533 0.0402 1.0890 1.0263
100 0.0462  0.0337 1.0106  0.9537
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Table 10: MSEs of the estimates of extropy J(Y) and entropy H(Y) for normal distribution
with 4 =0,0 = 1 assuming m =5

Scheme Number n 5 b Hi H,

9 10 0.1021 0.0810 1.6604 1.5913
20  0.0925 0.0740 1.5344 1.4681
30 0.0848 0.0678 1.4609 1.3933
50  0.0787  0.0627 1.4157 1.3462
100 0.0716  0.0565 1.3670 1.2956
10 10 0.1002 0.0788 1.6234 1.5584
20 0.0863 0.0678 1.4751 1.4082
30  0.0806 0.0632 1.4172 1.3496
50 0.0743 0.0578 13672 1.2976
100 0.0686  0.0528 1.3462  1.2732
11 10 0.1047 0.0836 1.6928 1.6201
20 0.0944 0.0761 1.5693  1.4960
30 0.0871 0.0704 1.4807 1.4087
50  0.0791 0.0637 1.3985 1.3251
100 0.0690 0.0549 1.3175 1.2431
12 10 0.0990 0.0779 1.6263 1.5586
20  0.0833  0.0659 1.4533 1.3839
30  0.0773 0.0611 1.3866 1.3168
50  0.0656 0.0512 1.2499 1.1834
100 0.0554 0.0424 1.1382  1.0757

It can be seen from Tables 2-10 that the performance of the proposed estimates is af-
fected by the distribution of the sample under study. For uniform distribution, the obtained
simulation results are given in Tables 2-4. We observe that extropy estimates J; and J,
perform satisfactorily, as shown in Tables 2 and 3. Moreover, J; dominates J, under all
censoring schemes for all sample sizes. It is also obvious from Tables 2 and 3 that both
entropy estimates H, and H, perform well. Moreover, H, dominates H> under all censoring
schemes for all sample sizes. Table 4 shows that for scheme 9, J; and J, perform well and
J, dominates J; for all sample sizes; while for scheme 10 we see that the MSEs of J> are
always smaller than those of J; except when n = 10, where J; and J, are equal. As for
scheme 11, we see that MSEs of J, are always smaller than those of J except when n = 10.
On the other hand, in scheme 12, we see that MSEs off1 are always smaller than those of
f2 except when n = 100. Furthermore, from Table 4, we observe that for schemes 9 and 10,
estimates of H; and H, perform satisfactorily and we also see that MSEs of H; are always
smaller than those of H, except when n = 50 and n = 100 and they are equal when n = 30.
As for scheme 11, we see that MSEs of H, are always smaller than those of H; except when
n =10 and n = 20. On the other hand, in scheme 12 we see that MSEs of ﬁ] are always
smaller than those of H, except when n = 50 and n = 100.

For exponential distribution, results obtained are displayed in Tables 5-7. It is clear from
Tables 5, 6 and 7 that extropy estimates ./; and J, perform satisfactorily where J, dominates
f1 under all censoring schemes for all sample sizes. Moreover, it is clear from Tables 9,
11 and 13, entropy estimates H, and H, perform well where H, dominates H; under all
censoring schemes for all sample sizes.
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For normal distribution, the obtained results are arranged in Tables 8-10. We observe
that Jf, and J/ perform satisfactorily, as shown in Tables 8, 9 and 10, where J> dominates J;
under all censoring schemes for all sample sizes. It is also obvious from Tables 8§, 9 and 10
that both H; and H, estimators perform well, where H, dominates H under all censoring
schemes for all sample sizes.

As expected, MSE decreases as the sample size n increases. It is worthwhile to point
that the extropy and entropy estimates are affected by the sample size, censoring schemes
and the type of distribution of data. For example, we notice that the MSEs generated from
uniform distribution seems to outperform their parallel MSEs generated from Exponential
distribution under all censoring schemes and for all sample sizes.

4.2. Real data analysis

In this subsection, we present an example to show the behavior of the proposed entropy
and extropy estimates in real case. Here we consider the insulating fluid example from
[Nelson, 1982, P.105].

Example : The following data, represents failure times (in minutes) for an insulating fluid
between two electrodes, subject to a voltage of 34 kV.:

0.19, 0.78, 0.96, 1.31, 2.78, 3.16, 4.15, 4.67, 4.85, 6.50,
7.35, 8.01, 8.27, 12.06, 31.75, 32.52, 33.91, 36.71, 72.89.

It is well known that the exponential distribution, Exp(0) with pdf f(x) = 6 exp(—6x)is
appropriate fitting model for this dataset. The MLE of 6 based on the complete sample
is equal to 1/X which equals 0.0696. Therefore, assuming 6 = 0.0696, the extropy and
entropy of X in this case are obtained to be

6
J(X) =~ =~00174, and H(X)=1—log 6 = 3.6644,

respectively.

Next, we study the behavior of the proposed estimators based on the following progres-
sive Type-I Interval censoring schemes that are presented in Table 11. In this study, we
consider m =4 and w = 2.

Table 11: Progressive censoring schemes used in this real data example

Censoring (Tl,Tz,T3,T4) (q17q2,Q3,q4)
scheme No.

1 1,5,15,25 0.25,0,0.25, 1

2 2.5,5,10,35 0.1,0.2,0.3,1

3 1,6,18,30 0.05,0.05,0.05, 1
4 0.5,4,10,30 0,0,0, 1

5 0.9,4,12,40 0.3,0.2,0.1,1
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Continuing with the exploration of progressive Type-I Interval censoring under this life-
time model, the following censored data are observed according to the applied censoring
scheme on the insulation data. The generated censored data are summarized in Table 12.

Table 12: The observed censored data from this real data example

Scheme No. {k17k27k37k4} {Rl,R27R3,R4}
Scheme 1 {3,4,4,0} {4,0,1,3}
Scheme 2 {4,4,3,2} {2,2,1,1}
Scheme 3 {3,6,4,0} {1,0,0,5}
Scheme 4 {1,5,7,1} {0,0,0,5}
Scheme 5 {2,3,5,1} {5,2,0,1}

Results of estimation for the extropy and entropy measures using the proposed estimates
under the above censoring schemes are shown in Table 13.

Table 13: Extropy and entropy estimates for this real data example

Scheme Number Ji J H, H,
1 -0.0158 -0.0141 3.5088 3.5066
2 -0.0192 -0.0155 3.4825 3.5296
3 -0.0125 -0.0112 3.7624 3.7314
4 -0.0175 -0.0155 3.4866 3.4543
5 -0.0157 -0.0137 3.6187 3.6018

From Table 13, we can clearly see, for the real data set, that all estimates Ji, J», H and
H, provide close results to those obtained using the complete sample with slight differences.
The proposed extropy estimates J; and J, perform satisfactorily when comparing their val-
ues to J(X) = —0.0174. On the other hand, the estimates H; and H, perform well under all
suggested censoring schemes when comparing their values to H(X) = 3.6644. This con-
firms that these results are in agreement with what have been concluded from the simulation
studies.

5. Conclusions

In this paper, we have considered the estimation problem of the extropy and entropy
measures based on progressive Type-I interval censoring samples. Nonparametric-based
methods involving moments approximation and linear approximation have been proposed
for estimating the extropy and entropy measures. The performance of the proposed esti-
mates have been studied via simulation studies and real data sets considering various cen-
soring schemes and three probability distributions, namely uniform, exponential and normal
distributions. It has been observed that the proposed estimates of the extropy and entropy
measures are affected by the sample size, censoring schemes and the type of distribution
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of data. The Monte Carlo simulations show that both estimates perform well in terms of
the MSE. Yet, the estimates based on linear approximation J, and H, outperform the other
estimate in the majority of studied cases.
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