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Abstract 

In this article, new ratio regression type estimators with imputation have been proposed as 
means to overcome the problem of missing data relating to a studied variable in a sample 
survey. It has been shown that the suggested estimators are more efficient than the mean 
method of imputation, the ratio method of imputation, the regression method of 
imputation, and the estimators given by Singh and Horn (2000), Singh and Deo (2003), 
Singh (2009), Diana and Perri (2010) and Gira (2015). The biases and their mean square 
errors of the suggested estimators are derived. A comparative study is conducted using real 
and simulated data. The results are found to be encouraging showing improvement of all the 
methods discussed in this article. 

Key words: imputation methods, Bias, Mean square error (MSE), Efficiency, Ratio-
Regression type estimators. 

1.  Introduction 

Missing data or missing values occur when no data value is stored for a variable in 
an observation. Even in a well-designed and controlled study, missing data occurs in 
almost all research. Missing data is commonly described as major issue in most 
scientific research domains that may originate from such a mishandling sample, 
measurement error, non-response or deleted aberrant value. To get precise estimates of 
population parameters we seek information on every selected unit of the sample. 
Imputation means replacing a missing value with other value based on a reasonable 
estimate. Information on the related auxiliary variable is generally used to recreate the 

                                                           
1 Department of Statistics, St. John’s College Agra, Dr. B.R. Ambedkar University, Agra (U.P.), India. E-mail: 

prachigarg2093@gmail.com. ORCID: https://orcid.org/0009-0001-8809-4464. 
2 Department of Statistics, St. John’s College Agra, Dr. B.R. Ambedkar University, Agra (U.P.), India. E-mail: 

drnamita.sjc@gmail.com. ORCID: https://orcid.org/0000-0001-8695-9148. 
3  Shaheed Mahendra Karma Vishwavidyalaya, Bastar, Chhattisgarh, India. E-mail: mksriv@gmail.com. ORCID: 

https://orcid.org/0000-0002-8256-1439. 

© P. Garg, N. Srivastava, M. K. Srivastava. Article available under the CC BY-SA 4.0 licence  



178                                          P. Garg, N. Srivastava, M. K. Srivastava: Ratio regression type estimators… 

 

 

missing values for completing datasets. Incomplete data is usually categorized into 
three different response mechanisms: Missing Completely At Random (MCAR); 
Missing At Random (MAR); and Missing Not At Random (MNAR or NMAR) (Little 
& Rubin,2002). In Missing Completely at Random (MCAR) missing data is randomly 
distributed across the variable and unrelated to other variables. In Missing at Random 
(MAR) the missing observations are not randomly distributed but they are accounted 
for by other observed variables. In Missing Not at Random (MNAR) category, the 
missing data systematically differ from the observed values. In the present article we are 
assuming MCAR response mechanism of missing data. 

Auxiliary information is important for a survey practitioner as it is utilized to 
improve the performance of the methods in finite sample survey. At the estimation 
stage the auxiliary information is utilized for suggesting imputation methods which 
results in ratio, product and regression estimators. Many imputation methods have 
been proposed utilizing the auxiliary information. Several researchers (Lee, Rancourt, 
and Sarndal 1994,1995; Singh and Horn 2000; Singh et. al; Diana and Perri 2010; 
Pandey, Thakur, and Yadav 2015; Singh et. al. 2016; Bhushan and Pandey 2018; Prasad 
2017, 2018, 2019; Singh and Khalid 2019; K Chodjuntug and N Lawson (2022)[4]; K 
Chodjuntug and N Lawson (2022)[5]; N Lawson (2023) [12]; N Lawson (2023) [13]; N 
Thongsak and N Lawson (2023) [14] etc.) among others assumed MCAR mechanism 
to develop several imputation methods and resultant estimators to estimate population 
mean in the case of missing data problems. The imputation methods proposed by Singh 
and Horn (2000), Singh and Deo (2003), Singh (2009), Diana and Perri (2010), and Gira 
(2015) result in different estimators, but they all lead to the same Mean Squared Error 
(MSE) formula, which are same as regression method of imputation. Therefore, in this 
paper we compared and simulated our estimator with the mean, ratio and regression 
estimators after proposing the new imputation strategy and the resulting estimator. The 
proposed estimators come out to be more efficient than the usual mean, ratio and 
regression (Diana & Perri’s regression) method for handling  missing observations to 
estimate the population mean. 

This article proposes three ratio-regression type imputation methods to inadequate 
the annoyance outcome of nonresponse in survey sampling. The resulting classes of 
point estimators that can be used to estimate the population mean have been discussed 
in detail. The bias and Mean Square Error (MSE) properties of the proposed estimators 
have been derived. An empirical study was conducted to assess their performance  
in comparison with existing estimators, and the findings have been presented. These 
are designed as follows.. In Section 2,the sample structure and notations are considered 
and in Section 3, we have reviewed several imputation techniques of finite population 
mean under non-response that are available in the literature suggested by various 
authors. In Section 4, construction of the suggested alternative method of imputation 
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is carried out and the bias mean square error equations for this estimator is obtained. 
In Section 5, we have proposed a new method of imputation and obtained their bias 
mean square error equations for this estimator.  In Section 6, we have conducted 
efficiency comparison of alternative method of imputation. In Section 7, we do 
computational study by using real and artificial populations, respectively. Section 8 
summaries the main findings and conclusions. 

2.  Sample Structure and Notations: 

Consider a finite population U = {𝑈ଵ,𝑈ଶ, … . . ,𝑈ே} of size N for which a random 
sample s = {𝑢ଵ,𝑢ଶ, … . . ,𝑢ேሽ of size n under simple random sampling without 
replacement scheme is drawn to estimate the population mean 𝑌ത ൌ ଵ

ே
∑ 𝑦௜
ே
௜ୀଵ  of the 

study variable y. Let 𝑦௜ and 𝑥௜  be the values of the study variable 𝑦 and auxiliary variable  
𝑥 , respectively for the 𝑖௧௛ unit of a finite population of size N. The information on 𝑥 
can be available on the entire population through knowledge of 𝑥௜ , ∀ i𝜖U, or its 
population mean 𝑋ത ൌ ଵ

ே
∑ 𝑥௜
ே
௜ୀଵ . Let s be a simple random sample without replacement 

(SRSWOR) of size 𝑛 ሺ𝑛 ൏ 𝑁) drawn from U to estimate Ȳ. Let r be the number of 
responding units out of sampled n units. Let the set of responding units be denoted by 
R and that of non-responding (n-r) units be denoted by 𝑅஼ . For every unit, 𝑖 𝜖 𝑅 the 
value 𝑦௜  is observed. However, for the units, 𝑖𝜖𝑅஼ , the 𝑦௜ values are missing and 
imputed values are derived. Imputation is performed by employing the auxiliary 
variable 𝑥 where values are believed to be known for each sampled unit i𝜖s.  

The structure of the general method of imputation in the case of complete dataset 
under nonresponse is defined as: 

𝑦.௜= ൜
𝑦௜                      𝑖𝑓       𝑖𝜖𝑅
𝑦ො௜                      𝑖𝑓       𝑖𝜖𝑅௖ 

where 𝑦ො௜ is the imputed value for the 𝑖௧௛ non-responding unit. Using the above data, 
we get the following form of the general point estimator of the population mean (Yഥሻ   

                        𝑦ത௦ ൌ
ଵ

௡
∑ 𝑦.௜௜ఢ௦೙ ൌ

ଵ

௡
ሾ∑ 𝑦.௜௜ఢோ ൅ ∑ 𝑦.௜௜ఢோ೎ ሿ ൌ

ଵ

௡
ሾ∑ 𝑦௜௜ఢோ ൅ ∑ 𝑦ො௜௜ఢோ೎ ሿ. 

Here, 𝑦ො௜ takes a different value for a different imputation method. 

The following notations have been adopted for further use: 
𝑋ത,𝑌ത  : The population mean of the auxiliary variable 𝑥 and study variable 𝑦  

    respectively, 
𝑦ത௥:  Sample mean of responding units, 
𝑥̅௡: Sample mean of all units, 
𝑥̅௥: Sample mean of responding units, 
𝜌௬௫ =  ௌ೤ೣ

ௌ೤ௌೣ
: The correlation coefficient between the variables 𝑦 and 𝑥, 
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𝑆௬௫ ൌ
ଵ

ேିଵ
∑ ሺ𝑦௜ െ 𝑌തሻሺ𝑥௜ െ 𝑋തሻே
௜ୀଵ : The covariance between 𝑦 and 𝑥, 

𝑆௬ଶ ൌ
ଵ

ேିଵ
∑ ሺ𝑦௜ െ 𝑌തሻଶே
௜ୀଵ : The population mean square of 𝑦, 

𝑆௫ଶ ൌ
ଵ

ேିଵ
∑ ሺ𝑥௜ െ 𝑋തሻଶே
௜ୀଵ  : The population mean square of 𝑥, 

𝐶௬ୀ
 ௌ೤
௒ത

 & 𝐶௫ୀ
 ௌೣ
௑ത

: The coefficients of variation of 𝑦 and 𝑥, respectively, 

we define, 
𝑦ത௥ ൌ 𝑌ത  ሺ1 ൅ 𝜀௢ሻ, 𝑥̅௥ ൌ 𝑋ത ሺ1 ൅ 𝛿௢ሻ,   𝑥̅௡ ൌ 𝑋ത ሺ1 ൅ 𝜂௢ሻ 

using the above notation, we have 

E (𝜀௢ሻ ൌ 𝐸ሺ𝛿௢ሻ ൌ 𝐸ሺ𝜂௢ሻ ൌ 0 
and,      

 E(𝜀௢ଶሻ ൌ  ቀଵ
௥
െ

ଵ

ே
ቁ 𝐶௬ଶ,  E(𝛿௢ଶሻ ൌ  ቀଵ

௥
െ

ଵ

ே
ቁ 𝐶௫ଶ,  E(𝜀௢𝛿௢ሻ ൌ ቀ

ଵ

௥
െ

ଵ

ே
ቁ 𝜌௫௬𝐶௫𝐶௬, 

 E(𝜂௢ଶሻ ൌ  ቀଵ
௡
െ

ଵ

ே
ቁ 𝐶௫ଶ,E(𝛿௢𝜂௢ሻ ൌ  ቀ

ଵ

௡
െ

ଵ

ே
ቁ 𝐶௫ଶ,E(𝜀௢𝜂௢ሻ ൌ ቀ

ଵ

௡
െ

ଵ

ே
ቁ 𝜌௫௬𝐶௫𝐶௬. 

3.  Review of Some existing estimators: 

In this section, we discuss some of the classical and existing imputation methods 
for estimating the population mean in sample surveys. 

3.1. Mean method of imputation: 

In the mean method of imputation the form of data by Lee, Rancourt and Sarndal 
(1994) is treated as 

𝑦௜,௠ ൌ ൜
𝑦௜                           𝑖𝑓           𝑖𝜖𝑅
𝑦ത௥                           𝑖𝑓          𝑖𝜖𝑅௖                                         (3.1) 

The mean estimator under the new data (3.1) is given by 

𝑦ത௠ ൌ
ଵ

௥
∑ 𝑦௜௜ఢோ ൌ  𝑦ത௥                                                    (3.2) 

The variance of the response sample mean  𝑦ത௠ is given by 

       𝑉 ሺ 𝑦ത௠ሻ  ൌ  𝑉 ሺ 𝑦ത௥ሻ  ൌ  ቀ
ଵ

௥
െ

ଵ

௡
ቁ𝑌തଶ𝐶௬ଶ                                         (3.3) 

3.2. Ratio method of imputation: 

The ratio method of imputation, based on information from the auxiliary variable 
𝑥, was proposed by Lee, Rancourt, and Särndal (1994). Under this method, the imputed 
data are adjusted using the known relationship between the study variable and the 
auxiliary variable. 

𝑦௜,ோ ൌ ൜
  𝑦௜                      𝑖𝑓       𝑖𝜖𝑅   
𝑏෠𝑥௜                     𝑖𝑓       𝑖𝜖𝑅௖

                                            (3.4) 

where 𝑏෠ ൌ   
∑ ௬೔ ೔ ച ೃ

∑ ௫೔೔ചೃ
.  
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The ratio estimator in the case of imputation method (3.4), is defined as 
 𝑡ோ ൌ 𝑦ത௥ ቀ

௫̅೙
௫̅ೝ
ቁ ൌ 𝑦തோ஺்                                                 (3.5) 

The bias and mean square error of the estimator 𝑡ோ are obtained under MCAR 
response mechanism up to the first order approximation, and are given by 

𝐵ሺ𝑡ோሻ ൌ ቀ
ଵ

௥
െ

ଵ

௡
ቁ 𝑌ത  C௫ሺ𝐶௫ െ 𝜌𝐶௬ሻ                                             (3.6) 

and                  MSE ሺ 𝑦തோ஺்ሻ  ൌ 𝑉ሺ 𝑦ത௥ሻ ൅  ቀ
ଵ

௥
െ

ଵ

௡
ቁ 𝑌തଶC𝒙ሺ𝐶௫ െ 2 𝜌𝐶௬ሻ                        (3.7) 

The ratio method of imputation is better to choose over the mean method of 
imputation whenever (𝜌𝐶௬/𝐶௫ሻ>1 / 2. 

3.3. Regression method of imputation:  

In this method, the data after imputation becomes 

𝑦௜,ோாீ ൌ ൜
  𝑦௜                                𝑖𝑓       𝑖𝜖𝑅 
𝑎 ൅ 𝑏௬௫𝑥௜                   𝑖𝑓       𝑖𝜖𝑅௖                               (3.8) 

where, 𝑎 ൌ  𝑦ത௥ െ 𝑏௬௫  𝑥̅௥  and  𝑏௬௫ ൌ
ௌ೤ೣ
ௌೣ
మ  

The point estimator of population mean Yഥ 
𝑦തோாீ ൌ  𝑦ത௥ ൅ 𝑏௬௫ሺ𝑥̅௡ െ  𝑥̅௥ሻ                                             (3.9) 

The bias and mean square error of the estimator 𝑦തோாீ  are obtained under MCAR 
response mechanism up to the first order approximation, and are given by 

𝐵ሺ𝑦തோாீሻ ൌ
ఘ೤ೣ஼೤
஼ೣ௑ത

 ቀ
ଵ

௥
െ

ଵ

௡
ቁYഥ ቀ

ఓయబబ
ఓమబబ

െ
ఓమభబ
ఓభభబ

ቁ                                (3.10) 
where, 𝜇௔௕௖ ൌ ∑ ሺ𝑥௜ െ 𝑋തሻ௔ே

௜ୀଵ ሺ𝑦௜ െ 𝑌തሻ௕ሺ𝑧௜ െ 𝑍̅ሻ௖ 
Mሺ𝑦തோாீሻ ൌ ቀ

ଵ

௡
െ

ଵ

ே
ቁ 𝑆௬ଶ ൅ ቀ

ଵ

௥
െ

ଵ

௡
ቁ 𝑆௬ଶ𝜌௬௫ଶ                              (3.11) 

3.4. Singh and Horn (2000) Estimator 

Singh and Horn (2000) introduced this method, the data after imputation becomes 

𝑦.௜ ൌ ቊ
ሺ𝛼𝑛 𝑟⁄ ሻ𝑦௜ ൅ ሺ1 െ 𝛼ሻ𝑏෠𝑥௜                   𝑖𝑓       𝑖𝜖𝑅 
ሺ1 െ 𝛼ሻ𝑏෠𝑥௜                                           𝑖𝑓       𝑖𝜖𝑅௖

                             (3.12) 

The point estimator of population mean is given as 

     𝑦ത௖௢௠௣ ൌ ቂαyത୰ ൅ ሺ1 െ αሻyത୰
୶ത౤
୶ത౨
ቃ                                           (3.13) 

where 𝛼 is an appropriate constant with optimum value 𝛼∗ ൌ 1 െ 𝜌௬௫ ቀ
஼೤
஼ೣ
ቁ: The bias 

of the estimator 𝑦ത௖௢௠௣  is given by  
𝐵ሺ𝑦ത஼ைெ௉ሻ ൌ  ሺ1 െ αሻ ቀ

ଵ

௥
െ

ଵ

௡
ቁYഥ C𝒙൫𝐶௫ െ 𝜌௬௫ 𝐶௬൯                      (3.14) 

using 𝛼∗ we get the minimum MSE of 𝑦ത௖௢௠௣ as 
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      M୫୧୬ሺyതେ୓୑୔ሻ ൌ  MSEሺ𝑦തோ஺்ሻ െ ቀ
ଵ

௥
െ

ଵ

௡
ቁYഥଶሺ𝐶௫  െ 𝜌௬௫ 𝐶௬ሻ ଶ         (3.15) 

3.5. Singh and Deo (2003) Estimator: 

Singh and Deo (2003), using power transformation, this method gives the following 
form of the data after imputation  

𝑦.௜ ൌ ൝
  𝑦௜                                                𝑖𝑓       𝑖𝜖𝑅  

yത୰ ቂn ቀ
௫̅೙
௫̅ೝ
ቁ
஑
െ r ቃ

௫೔
∑ ௫೔౟ಣ౎ౙ

          𝑖𝑓       𝑖𝜖𝑅௖
                          (3.16) 

The resultant estimator of the population mean is given as 

 𝑦തௌ஽ ൌ yത୰ ቀ
୶ത౤
୶ത౨
ቁ
஑

                                                        (3.17) 

where 𝛼 is a suitably chosen constant and the optimum value 𝛼  is 𝛼∗=𝜌௬௫ ቀ
஼೤
஼ೣ
ቁ  

The bias of the estimator (𝑦തௌ஽) obtained by Singh and Deo is given by 

𝐵ሺ𝑦തௌ஽ሻ ൌ ቀ
ଵ

௥
െ

ଵ

௡
ቁ  Yഥ ቀ

ஒሺஒିଵሻ

ଶ
C୶ଶ െ 𝜌௬௫ 𝐶௬𝐶௫ቁ                            (3.18) 

using optimum value  𝛼∗, the minimum MSE of   𝑦തௌ஽ is given 

  MSE୫୧୬ሺyതୗୈሻ ൌ  MSEሺ𝑦തோ஺்ሻ െ ቀ
ଵ

௥
െ

ଵ

௡
ቁ S୶ଶ ቀ

ௌ೤ೣ
ୗ౮
మ െ

ଢ଼ഥ

ଡ଼ഥ
ቁ
𝟐

                      (3.19) 

3.6. Singh (2009) Estimator: 

This method of imputation is an alternative technique to estimate population mean  
Yഥ in the presence of non-response. The study variate after imputation takes the 
following form 

𝑦.௜ ൌ ൝
  𝑦௜                                                            𝑖𝑓       𝑖𝜖𝑅

𝑦ത௥ ቂ
ሺ௡ି௥ሻ௫̅೙ାఈ௥ሺ௫̅೙ି௫̅ೝሻ

ఈ௫̅ೝା ሺଵିఈሻ௫̅೙
ቃ

௫೔
∑ ௫೔೔ചೃ೎

             𝑖𝑓       𝑖𝜖𝑅௖                     (3.20)   

The point estimator of population mean as following 
𝑦ത௦௜௡௚௛  ൌ  

௬തೝ௫̅೙
ఈ௫̅ೝା ሺଵିఈሻ௫̅೙

                                                    (3.21) 
where 𝛼 is an appropriate constant with optimum value 𝛼∗ =𝜌௬௫ 

The bias of the estimator (𝑦ത௦௜௡௚௛) is given as 

𝐵൫𝑦ത௦௜௡௚௛൯ ൌ Yഥ ቂቀ
ଵ

௡
െ

ଵ

ே
ቁ 𝜌௬௫ 𝐶௬𝐶௫ ൅ 𝛼ଶ ቀ

ଵ

௥
െ

ଵ

௡
ቁ 𝑐௫ଶ ൅ ሺ1 െ 𝛼ሻଶ ቀ

ଵ

௡
െ

ଵ

ே
ቁ 𝑐௫ଶ െ

𝛼 ቄቀ
ଵ

௥
െ

ଵ

௡
ቁ 𝜌௬௫ 𝐶௬𝐶௫ ൅ ቀ

ଵ

௡
െ

ଵ

ே
ቁ 𝑐௫ଶቅ ൅ 2𝛼ሺ𝛼 െ 1ሻ ቀ

ଵ

௡
െ

ଵ

ே
ቁ 𝑐௫ଶ െ ሺ1 െ 𝛼ሻ ቀ

ଵ

௡
െ

  
ଵ

ே
ቁ ൫𝜌௬௫ 𝐶௬𝐶௫ ൅ 𝑐௫ଶ൯ቃ                       (3.22) 

using optimum value of 𝛼 is  𝛼∗, the minimum MSE of   𝑦തௌ௜௡௚௛ is given     

MSE୫୧୬൫yതୗ୧୬୥୦൯ ൌ  MSEሺ𝑦തோ஺்ሻ െ ቀ
ଵ

௥
െ

ଵ

௡
ቁ S୶ଶ ቀ

ௌ೤ೣ
ୗ౮
మ െ

ଢ଼ഥ

ଡ଼ഥ
ቁ
𝟐

                      (3.23) 
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3.7. Diana and Perri (2010) Estimators 

Diana and Perri (2010) propounded three regression-type imputation methods for 
missing data as     

            𝑦௜,஽௉ଵ ൌ ቊ
 ௡ ௬೔
௥
൅  𝑏ሺXഥ െ   𝑥௜ ሻ        𝑖𝑓       𝑖𝜖𝑅

 𝑏ሺXഥ െ   𝑥௜ ሻ              𝑖𝑓       𝑖𝜖𝑅௖
                                   (3.24) 

𝑦௜,஽௉ଶ ൌ ቐ

 ௡ ௬೔
௥
െ b 

 ௡ ௫೔
௥

       𝑖𝑓       𝑖𝜖𝑅

 𝑏 
௡ଡ଼ഥ

௡ି௥
             𝑖𝑓       𝑖𝜖𝑅௖

                                              (3.25) 

   𝑦௜,஽௉ଷ ൌ ൝

 ௡ ௬೔
௥
െ b 

 ௡ ௫೔
௥

       𝑖𝑓       𝑖𝜖𝑅

 𝑏 
௡௫̅೙
௡ି௥

             𝑖𝑓       𝑖𝜖𝑅௖
                                              (3.26) 

The subsequent estimators under the imputation methods are respectively, given as  
                     𝑦ത஽௉ଵ ൌ  𝑦ഥ௥ ൅ 𝑏ሺXഥ െ 𝑥̅௡ሻ                                                    (3.27) 

𝑦ത஽௉ଶ ൌ  𝑦ഥ௥ ൅ 𝑏ሺXഥ െ 𝑥̅௥ሻ                                                     (3.28) 
          𝑦ത஽௉ଷ ൌ   𝑦ഥ௥ ൅ 𝑏ሺ𝑥̅௡ െ 𝑥̅௥ሻ                                                  (3.29) 

and  
          MSEሺ𝑦ത஽௉ଵሻ ൌ 𝑆௬ଶ ቂቀ

ଵ

௡
െ

ଵ

ே
ቁ ሺ1 െ 𝜌௬௫ ሻ ଶ ൅ ቀ

ଵ

௥
െ

ଵ

௡
ቁቃ                       (3.30) 

          MSEሺ𝑦ത஽௉ଶሻ  ൌ 𝑆௬ଶ ቀ
ଵ

௥
െ

ଵ

ே
ቁ ሺ1 െ 𝜌௬௫ ሻ ଶ                                            (3.31) 

          MSEሺ𝑦ത஽௉ଷሻ ൌ 𝑆௬ଶ ቂቀ
ଵ

௡
െ

ଵ

ே
ቁ ൅ ቀ

ଵ

௥
െ

ଵ

௡
ቁ ሺ1 െ 𝜌௬௫ ሻ ଶቃ                       (3.32) 

3.8. Gira (2015) Estimator 

Gira (2015) proposed a ratio type imputation procedure where the study variate 
after imputation becomes 

𝑦.௜ ൌ ൝
𝑦௜                                               𝑖𝑓       𝑖𝜖𝑅

𝑦ത௥ ቂ𝑛 ቀ
ఈି௫̅ೝ
ఈି௫̅೙

ቁቃ
௫೔

∑ ௫೔೔ചೃ೎
              𝑖𝑓       𝑖𝜖𝑅௖                            (3.33) 

where 𝛼 is a suitably chosen constant, such that the MSE of the resultant estimator is 
minimum. Note that if 𝛼 ൌ 0 then  yതୋ୧୰ୟ ൌ yതୖୟ୲୧୭. The resultant estimator is obtained 
as 

𝑦തீ௜௥௔ ൌ 𝑦ത௥
ఈି௫̅ೝ
ఈି௫̅೙

                                                       (3.34) 

The bias of the above estimator is 

𝐵ሺ𝑦തீ௜௥௔ሻ ൌ െ
௑ത௒ത

ఈି௑ത
ቀ
ଵ

௥
െ

ଵ

௡
ቁ 𝜌௬௫ 𝐶௬𝐶௫                                    (3.35) 

Using the optimum value of 𝛼 ൌ 𝑋തሼ𝐶௫൫𝜌௬௫ 𝐶௬൯
ିଵ
െ 1ሽ and the optimum MSE 

of   𝑦തீ௜௥௔ as follows. 

       Mሺyതୋ୧୰ୟሻ ൌ  Vሺyത୫ሻ െ ቀ
ଵ

௥
െ

ଵ

௡
ቁYഥଶC୷ଶ𝜌௬௫ଶ                                    (3.36) 
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4.  An Alternative Method of Imputation 

The estimators rely on three different ratio-regression type methods of imputation 
as follows. 

Case I: Auxiliary information on X is completely available, i.e., 𝑋ത is known and 
corresponding estimates 𝑥̅௡ are used in the imputation technique 

       𝑦.௜ଵ     ൌ ቐ

𝑦௜                                                                                   𝑖𝑓       𝑖𝜖𝑅
𝑛𝑦ത௥
𝑛 െ 𝑟

ቈቊ2 െ ൬
 𝑥̅௡
𝑋ത

 ൰
௞

ቋ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௡ሻ െ 𝑟቉               𝑖𝑓       𝑖𝜖𝑅௖ 
   

The resultant estimator of population mean 𝑌ത is given as 

𝑦 ഥ௄஻ଵ ൌ 𝑦ത௥ ቊ2 െ ൬
 𝑥̅௡
𝑋ത

 ൰
௞

ቋ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௡ሻ                                     ሺ4.1ሻ 

Case II: Auxiliary information on X is completely available i.e., 𝑋ത is known and 
corresponding estimates  𝑥̅௥ are used in the imputation technique. 

         𝑦.௜ଶ ൌ ቐ  

 𝑦௜                                                                                       𝑖𝑓      𝑖𝜖𝑅
𝑛𝑦ത௥
𝑛 െ 𝑟

    ቈቊ2 െ ൬
 𝑥̅௥
𝑋ത

 ൰
௞

ቋ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௥ሻ െ r቉            𝑖𝑓       𝑖𝜖𝑅௖ 
     

The resultant estimator of population mean 𝑌ത is given as 

           𝑦ത௄஻ଶ ൌ 𝑦ത௥ ൜2 െ ቀ
 ௫̅ೝ
௑ത

 ቁ
௞
ൠ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௥ሻ                                       (4.2) 

Case III: Auxiliary information on X is not available at population level, i.e., 𝑋ത is not 
known and we use corresponding estimates 𝑥̅௡ , 𝑥̅௥ is used in the imputation technique. 

 𝑦.௜ଷ ൌ ቐ

𝑦௜                                                                                              𝑖𝑓       𝑖𝜖𝑅
𝑛𝑦ത௥
𝑛 െ 𝑟

ቈቊ2 െ ൬
 𝑥̅௥
 𝑥̅௡

 ൰
௞

ቋ ൅ 𝛽ଵሺ𝑥̅௡ െ 𝑥̅௥ሻ െ 𝑟቉                  𝑖𝑓       𝑖𝜖𝑅௖ 
               

The resultant estimator of population mean 𝑌ത  is given as 

 𝑦ത௄஻ଷ ൌ 𝑦ത௥ ൜2 െ ቀ
 ௫̅ೝ
 ௫̅೙

 ቁ
௞
ൠ ൅ 𝛽ଵሺ𝑥̅௡ െ 𝑥̅௥ሻ                                                  (4.3) 

Therefore, the expression of Bias and Mean Squared Error (MSE) of proposed 
estimator (𝑦 ഥ௄஻୧,ሺ௜ୀଵ,ଶ&ଷሻ  discussed as follows. 
 
Theorem (4.1): The bias of the proposed ratio regression type estimators 𝑦തெ௜, 𝑖 ൌ
1,2 𝑎𝑛𝑑 3 is given by: 

 Bias ሺ𝑦ത௄஻௜ሻ ൌ 𝑌ത𝑓௜𝐶௫ଶ
௞

ଶ
ቂ1 െ 𝑘 െ 2𝜌௫௬

஼೤
஼ೣ
ቃ                               (4.4)  

where 𝑘 ൌ ఘೣ೤ௌ೤ିఉభௌೣ
ோௌೣ
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and 𝑓ଵ ൌ 𝑓௡, 𝑓ଶ ൌ 𝑓௥ , 𝑓ଷ ൌ 𝑓௥௡. 

Proof : Proof is given in Appendix-1. 

Theorem (4.2): The minimum mean square error of the proposed estimators 𝑇௄஻೔ , 
 𝑖 ൌ 1,2,3 is given by 

           𝑀𝑆𝐸ሺ𝑇௄஻௜ሻ ൌ  ቂ𝑓௥𝑆௬ଶ ൅ 𝑓௜ ቀ
𝑆௫ଶሺ𝑘𝑅 ൅ 𝛽ଵሻଶ െ 2𝜌௫௬𝑆௫𝑆௬ሺ𝑘𝑅 ൅ 𝛽ଵሻ

                                           
ቁቃ       

                     i ൌ  1,2,3 … … ..                                                                                       ሺ4.5ሻ 
For the optimum value k given by 

𝑘 ൌ
𝜌௫௬𝑆௬ െ 𝛽ଵ𝑆௫

𝑅𝑆௫
 

where, 

                                                      𝑅 ൌ
௒ത

௑ത
  , 𝛽ଵ ൌ

ௌೣమ

ௌೣௌ೤
   and  

                                           𝑓௡ ൌ ቀ
ଵ

௡
െ

ଵ

ே
ቁ , 𝑓௥ ൌ ቀ

ଵ

௥
െ

ଵ

ே
ቁ    &   𝑓௥௡ ൌ ቀ

ଵ

௥
െ

ଵ

௡
ቁ. 

The minimum MSE of the proposed estimator is given by 

Min MSEሺ𝑦ത௄஻௜ሻ ൌ 𝑆௬ଶൣ𝑓௥ െ 𝑓௜ ∗ 𝜌௫௬ଶ൧. 

Proof : Proof is given in Appendix-1. 

5. A New Method of Imputation     

The estimators rely on three different ratio-regression type methods of imputation 
as follows. 

Case I: Auxiliary information on X is completely available, i.e., 𝑋ത is known and 
corresponding estimates 𝑥̅௡ are used in the imputation technique. 

𝑦.௜ଵ ൌ

⎩
⎨

⎧
𝑦௜                                                                                                         𝑖𝑓       𝑖𝜖𝑅

1
𝑛 െ 𝑟

቎ቈ𝑛𝛾ଵ𝑦ത௥ ቊ2 െ ൬
 𝑥̅௡
𝑋ത

 ൰
௞

ቋ቉ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௡ሻ െ 𝑦ത௥ 𝑟቏               𝑖𝑓       𝑖𝜖𝑅௖ 
    

The resultant estimator of population mean 𝑌ത is given as 

𝑦ത௄ேଵ ൌ ൤𝛾ଵ𝑦ത௥ ൜2 െ ቀ
 ௫̅೙
௑ത

 ቁ
௞
ൠ൨ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௡ሻ                                  (5.1) 

Case II: Auxiliary information on X is completely available i.e., 𝑋ത is known and 
corresponding estimates 𝑥̅௥ are used in the imputation technique. 

𝑦.௜ଶ ൌ ቐ  

 𝑦௜                                                                                                   𝑖𝑓        𝑖𝜖𝑅
1

𝑛 െ 𝑟
    ቈ𝑛𝛾ଵ𝑦ത௥ ቊ2 െ ൬

 𝑥̅௥
𝑋ത

 ൰
௞

ቋ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௥ሻ െ 𝑦ത௥ r቉            𝑖𝑓       𝑖𝜖𝑅௖ 
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The resultant estimator of population mean 𝑌ത is given as 

𝑦ത௄ேଶ ൌ ൤𝛾ଵ𝑦ത௥ ൜2 െ ቀ
 ௫̅ೝ
௑ത

 ቁ
௞
ൠ൨ ൅ 𝛽ଵሺ𝑋ത െ 𝑥̅௥ሻ                                  (5.2) 

Case III: Auxiliary information on X is not available at the population level, i.e., 𝑋ത is 
not known and we use corresponding estimates 𝑥̅௡ , 𝑥̅௥ in the imputation technique. 

𝑦.௜ଷ ൌ ቐ

𝑦௜                                                                                                   𝑖𝑓         𝑖𝜖𝑅
1

𝑛 െ 𝑟
ቈ𝑛𝛾ଵ𝑦ത௥ ቊ2 െ ൬

 𝑥̅௥
 𝑥̅௡

 ൰
௞

ቋ ൅ 𝛽ଵሺ𝑥̅௡ െ 𝑥̅௥ሻ െ 𝑦ത௥𝑟቉              𝑖𝑓       𝑖𝜖𝑅௖ 
               

The resultant estimator of population mean 𝑌ത is given as 

   𝑦ത௄ேଷ ൌ ൤𝛾ଵ𝑦ത௥ ൜2 െ ቀ
 ௫̅ೝ
 ௫̅೙

 ቁ
௞
ൠ൨ ൅ 𝛽ଵሺ𝑥̅௡ െ 𝑥̅௥ሻ                                      (5.3) 

Therefore, under the above situations, the properties of imputation methods 
discussed are as follow. 

Theorem (5.1): The bias of the proposed ratio regression type estimators 𝑦ത௄ே௜, 𝑖 ൌ
1,2 𝑎𝑛𝑑 3 is given by: 

  Bias ሺ𝑦ത௄ே௜ሻ  ൌ   ቂሺ𝛾ଵ െ 1ሻ െ 𝑘𝑓௜ ቄ𝐶௬ଶ െ  
ሺ௞ିଵሻ

ଶ
 𝐶௫ଶቅቃ                   (5.4) 

where 𝑘 ൌ ఘೣ೤ௌ೤ିఉభௌೣ
ோௌೣ

           
and 𝑓ଵ ൌ 𝑓௡, 𝑓ଶ ൌ 𝑓௥ , 𝑓ଷ ൌ 𝑓௥௡. 
Proof: Proof is given in Appendix-2. 

Theorem (5.2): The minimum mean square error of the proposed ratio regression type 
estimators  𝑦ത௄ே௜  𝑖 ൌ 1,2 and 3 is given by 

MSE ሺ𝑦ത௄ே௜ሻ  ൌ  𝑌ഥ ଶሺ𝛾ଵଶ𝐴௜ െ 2𝛾ଵ𝐵௜ ൅ 𝐶௜ሻ            i ൌ 1,2,3 … … ..         (5.5) 

For the optimum value k given by 

𝑘 ൌ
𝜌௫௬𝑆௬ െ 𝛽ଵ𝑆௫

𝑅𝑆௫
 

where, 𝐴௜ ൌ 1 ൅ 𝑓௥𝐶௬ଶ ൅ 𝑓௜ሺ𝑘𝐶௫ଶ െ 4𝑘𝜌௫௬𝐶௫𝐶௬ሻ 

𝐵௜ ൌ 1 െ 𝑓௜ሺ𝑘𝜌௫௬𝐶௫𝐶௬ െ 𝑘𝛽ଵ
𝑋ത

𝑌ത
𝐶௫ଶ ൅ 𝛽ଵ

𝑋ത

𝑌ത
𝜌௫௬𝐶௫𝐶௬ െ

𝑘ሺ𝑘 െ 1ሻ

2
𝐶௫ଶሻ 

𝐶௜ ൌ  1 ൅ 𝛽ଵ
ଶ 𝑋ത

ଶ

𝑌തଶ
𝑓௜𝐶௫ଶ 

and  𝛾ଵ௢௣௧ ൌ
஻೔
஺೔

   
The minimum MSE of the proposed estimator is given by 

𝑀𝑖𝑛 𝑀𝑆𝐸ሺ𝑦ത௄ே௜ሻ ൌ  𝑌ഥ ଶ ቆ𝐶௜ െ
𝐵௜
ଶ

𝐴௜
ቇ. 

Proof: Proof is given in Appendix-2. 
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6. Efficiency Comparison 

The following conditions are derived for the theoretical comparison of the Mean 
Squared Error (MSE) of the proposed estimator with other existing estimators. 

Strartegy I: 
Vሺyത୰ሻ െ MSEሺyത୏୆ଵሻ  ൌ ቀ

ଵ

୬
െ

ଵ

୒
ቁ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୖ୉ୋሻ െ MSEሺyത୏୆ଵሻ  ൌ ൬
2
n
െ

1
r
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୈ୔ଵሻ െ MSEሺyത୏୆ଵሻ  ൌ  0 

MSEሺyതୈ୔ଶሻ െ MSEሺyത୏୆ଵሻ  ൌ  ൬
1
n
െ

1
r
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୈ୔ଷሻ െ MSEሺyത୏୆ଵሻ  ൌ ቀ
ଶ

୬
െ

ଵ

୰
െ

ଵ

୒
ቁ ρ୶୷ଶ S୷ଶ ൒ 0  

MSEሺyതୋ୍ୖ୅ሻ െ MSEሺyത୏୆ଵሻ  ൌ ൬
2
n
െ

1
r
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

Strategy II: 
Vሺyത୰ሻ െ MSEሺyത୏୆ଶሻ  ൌ  ቀ

ଵ

୰
െ

ଵ

୒
ቁ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୖ୉ୋሻ െ MSEሺyത୏୆ଶሻ ൌ ൬
1
n
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୈ୔ଵሻ െ MSEሺyത୏୆ଶሻ  ൌ ൬
1
r
െ

1
n
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୈ୔ଶሻ െ MSEሺyത୏୆ଶሻ  ൌ 0 

MSEሺyതୈ୔ଷሻ െ MSEሺyത୏୆ଶሻ  ൌ  ൬
1
n
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୋ୍ୖ୅ሻ െ MSEሺyത୏୆ଶሻ  ൌ ൬
1
n
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

Strategy III: 
Vሺyത୰ሻ െ MSEሺyത୏୆ଷሻ  ൌ  ቀ

ଵ

୰
െ

ଵ

୬
ቁ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୖ୉ୋሻ െ MSEሺyത୏୆ଷሻ ൌ 0 

MSEሺyതୈ୔ଵሻ െ MSEሺyത୏୆ଷሻ  ൌ  ൬
1
r
൅

1
𝑁
െ

2
n
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୈ୔ଶሻ െ MSEሺyത୏୆ଷሻ  ൌ ൬
1
N
െ

1
n
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyതୈ୔ଷሻ െ MSEሺyത୏୆ଷሻ ൌ 0 
MSEሺyതୋ୍ୖ୅ሻ െ MSEሺyത୏୆ଷሻ  ൌ  0 

Comparing the proposed estimators, even if they involve different source of 
information, after simple algebra we note that: 

MSEሺyത௄஻ଵሻ െ MSEሺyത୏୆ଶሻ  ൌ  ൬
1
r
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyത௄஻ଷሻ െ MSEሺyത୏୆ଶሻ  ൌ ൬
1
n
െ

1
N
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

MSEሺyത௄஻ଵሻ െ MSEሺyത୏୆ଷሻ  ൌ ൬
1
r
൅

1
N
െ

2
𝑛
൰ ρ୶୷ଶ S୷ଶ ൒ 0 

This means that yത௄஻ଶ is always more efficient than both yത௄஻ଵ and yത௄஻ଷ, whereas 
yത௄஻ଷ performs better than yത௄஻ଵ if the condition 𝒓 ൏ 𝒏𝑵

𝟐𝑵ି𝒏
 is satisfied. The results are 
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valuable because they highlight the role of the auxiliary information in improving the 
estimates and afford sampling practitioners a useful indication on a profitable collec-
tion of auxiliary information in the case of missing data. The choice among competing 
estimators can be certainly facilitated by awareness of the information at hand. 

7.  Computational Study 

We have divided the computations into two categories, namely, with real data and 
artifically generated data.  

7.1.  Empirical study using real data 

In this section, an empirical study is performed in the presence of auxiliary variable 
where the performance of the proposed methods of imputation is compared with 
competing methods based on MSE and PRE. This study is carried out on six real data 
sets. We have computed and reported MSEs and percentage relative efficiency (PREs) 
of the proposed imputation methods with respect to the conventional methods to 
compare the proposed imputation methods with that of the existing imputation 
method that utilizes auxiliary information. 

𝑃𝑅𝐸ሺ𝑦ത௄஻௜ , 𝑦ത௥ሻ ൌ
𝑀𝑆𝐸ሺ𝑦ത௥ሻ

𝑀𝑆𝐸ሺ𝑦ത௄஻௜ሻ
ൈ 100     𝑎𝑛𝑑     𝑃𝑅𝐸ሺ𝑦ത௄ே௜ , 𝑦ത௥ሻ ൌ

𝑀𝑆𝐸ሺ𝑦ത௥ሻ

𝑀𝑆𝐸ሺ𝑦ത௄ே௜ሻ
ൈ 100 

Six different real data sets have been considered in the present empirical study. Data 
set 1 is taken from, Kadilar & Cingi (2008) with details on 𝑦 as the level of apple 
production, and 𝑥 as the number of apple trees.Data set 2 is taken from Diana & Perri 
(2010) with information on the Survey of Households Income and Wealth conducted 
by the Bank of Italy for the year 2002, 𝑦 as the household’s net disposable income, 𝑥 as 
the number of household income earners. Data set 3 is taken from Source: [7] Page 228. 
The source of data set 4 is Singh (2009). The data set 5 is taken from Srivastava et. al. 
(1989) pp. 3922): y of weight of children, 𝑥 as the skull circumference of children. Data 
set 6 is taken from ICMR, Department of Pediatrics, BHU, during 1983-84 of school 
children with study variable 𝑦 as height (in kg) of the children, 𝑥, variable related to 
weight. The required values of the parameters for all six data sets are given in table 1.  

Table 1:  Population Parameters of Six Different Real Population. 

Parameter Population 1 Population 2 Population 3 Population 4 Population 5 Population 6 
𝑁 19 8011 80 3055 82 95 
𝑛 10 400 20 611 43 35 
𝑟 8 250 16 520 25 10 
𝑌ത 575 28229.43 51.8264 308582.4 11.90 115.9526 
𝑋ത 13573.68 1.69 2.8513 56.5 39.80 19.4968 
𝑆௬ 858.36 22216.56 18.3569 425312.8 0.5792685 5.966921 
𝑆௑ 12945.38 0.78 2.7041 72.3 0.8581212 3.27346 
𝜌௫௬ 0.88 0.46 0.9150 0.677 0.009 0.713 
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These population have varying amount of correlation between study variate(𝑦) and 
auxiliary variate(𝑥) as shown in the table 1. 

Table 2:  Mean Square Errors of the Existing and Suggested Estimators 

  

Case I 

Estimator Population 1 Population 2 Population 3 Population  4 Population 5 
Population 

6 
𝑦ത௥ 53319.74 191268.93 16.85 288655815.71 0.00932998 3.185634 

𝑦തோ஺்ଵ 47051.53 1683371.53 76.31 290511133.40 0.01066795 3.471515 
𝑦തோாீଵ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 
𝑦തௌுଵ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 
𝑦തௌ஽ଵ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 

𝑦തௌூேீுଵ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 
𝑦ത஽௉ଵ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 
𝑦തீூோ஺ଵ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 

𝑦ത௄஻ଵሺ௣௥௢௣௢௦௘ௗሻ 45934.86 1664625.61 14.17 238539244.96 0.00929992 3.095766 

𝑦ത௄ேଵሺ௣௥௢௣௢௦௘ௗሻ 28448.79 1209049.49 8.84 190771840.36 0.00890512 2.949472 

Case II 

   𝑦ത௥ 53319.74 191268.93 16.85 288655815.71 0.009329982 3.185634 
 𝑦തோ஺்ଶ 43743.31 1538549.33 96.14 290916984.15 0.01269343 4.603127 
 𝑦തோாீଶ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 
𝑦തௌுଶ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 
𝑦തௌ஽ଶ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 

𝑦തௌூேீுଶ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 
 𝑦ത஽௉ଶ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 
𝑦തீூோ஺ଶ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 

𝑦ത௄஻ଶሺ௣௥௢௣௢௦௘ௗሻ 42037.28 1507964.74   13.28 227576245.10 0.00925441 2.74004 

𝑦ത௄ேଶሺ௣௥௢௣௢௦௘ௗሻ 18811.33 767278.91 6.20 169535367.50 0.008266157 2.017615 

Case III 

   𝑦ത௥ 53319.74 191268.93 16.85 288655815.71 0.009329982 3.185634 
𝑦തோ஺்ଷ 50011.52 1767867.72 36.67 289061666.45 0.01135546 4.317246 
𝑦തோாீଷ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 
𝑦തௌுଷ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 
𝑦തௌ஽ଷ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 

𝑦തௌூேீுଷ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 
𝑦ത஽௉ଷ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 
𝑦തீூோ஺ଷ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 

𝑦ത௄஻ଷሺ௣௥௢௣௢௦௘ௗሻ 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908 

𝑦ത௄ேଷሺ௣௥௢௣௢௦௘ௗሻ 36826.3 1466695.66 14.11 266571886.52 0.008688242 2.253037 
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Table 3:  Percentage Relative Efficiency of the Considered Estimators under Six Different populations 

Case I 

Estimator Population 1 Population 2 Population 3 Population 4 Population 5 Population 6 

 𝑦ത௥ 100 100 100 100 100 100 

𝑦തோ஺்ଵ 152.7992 113.6226 22.07836 99.36136 87.45805 91.76495 

𝑦തோாீଵ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

𝑦തௌுଵ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

𝑦തௌ஽ଵ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

𝑦തௌூேீுଵ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

 𝑦ത஽௉ଵ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

𝑦തீூோ஺ଵ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

𝑦ത௄஻ଵሺ௣௥௢௣௢௦௘ௗሻ 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029 

𝑦ത௄ேଵሺ௣௥௢௣௢௦௘ௗሻ 216.947 158.1978 190.683 151.3094 104.7709 108.0069 

Case II 

𝑦ത௥ 100 100 100 100 100 100 

𝑦തோாீଶ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

𝑦തௌுଶ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

𝑦തௌ஽ଶ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

𝑦തௌூேீுଶ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

 𝑦ത஽௉ଶ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

𝑦തீூோ஺ଶ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

𝑦ത௄஻ଶሺ௣௥௢௣௢௦௘ௗሻ 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697 

𝑦ത௄ேଶሺ௣௥௢௣௢௦௘ௗሻ 435.1715 249.2822 271.9538 170.2629 112.8697 157.8911 

Case III 

 𝑦ത௥ 100 100 100 100 100 100 

𝑦തோ஺்ଷ 122.305 108.1919 45.94658 99.8596 82.16294 73.78856 

𝑦തோாீଷ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

𝑦തௌுଷ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

𝑦തௌ஽ଷ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

𝑦തௌூேீுଷ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

 𝑦ത஽௉ଷ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

𝑦തீூோ஺ଷ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

𝑦ത௄஻ଷሺ௣௥௢௣௢௦௘ௗሻ 122.76 108.9213 105.5855 103.9479 100.4902 112.5702 

𝑦ത௄ேଷሺ௣௥௢௣௢௦௘ௗሻ 152.4202 130.4081 119.4088 108.2844 107.3863 141.3929 
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7.2. Artificial population  

The artificial population has been generated as described below 
Population1. A population of size 𝑁 ൌ  500 with one study variable 𝑦 and one 
auxiliary variable 𝑥 is generated from the bivariate normal distribution where study 
variable 𝑦 is correlated with auxiliary variables with various amount of 𝜌௬௫  ൌ
 0.6, 0.7, 0.8 and 0.9. The  variables ሺ𝑦, 𝑥ሻ are generated using MVNORM package in R 
software. A sample of size 𝑛 ൌ 50 is drawn from the population, with the number of 
responding units assumed to be 𝑟 ൌ 30. 
Population 2. An artificial population is generated of size 𝑁 ൌ  200 which involves 
one study variable 𝑦 and auxiliary variable 𝑥. Study variable 𝑦 is correlated with 
auxiliary variables with various amount of 𝜌௬௫  ൌ  0.6, 0.7, 0.8 and 0.9 The variables 
ሺ𝑦, 𝑥ሻ is generated using MVNORM package in R software. From this population we 
draw sample of size 𝑛 ൌ  26, responding units are 𝑟 ൌ  21.  
The percentage relative efficiencies (PRE) of the proposed estimators are computed 
through 50,000 repeated samples of size 𝑛 as per imputation technique. In which we (i) 
draw a random sample of size 𝑛 from population size 𝑁, (ii) from each selected sample 
ሺ𝑛 െ 𝑟ሻ units are dropped randomly, and (iii) the estimators and their MSE’s are 
calculated for each sample and then averaged over all 50,000 samples . 
The mean square error and percent relative efficiencies  are given by 

𝑀𝑆𝐸ሺ𝑇௝ሻ ൌ
1

50000
෍ ൫𝑇௝ሺ𝑠௜ሻ െ 𝑌ത൯

ଶ
ହ଴଴଴଴

௜ୀଵ

      𝑗 ൌ 0, 1 ,2, 3 

𝑃𝑅𝐸ሺ𝑇௝ሻ ൌ
𝑀𝑆𝐸ሺ𝑇଴ሻ
𝑀𝑆𝐸ሺ𝑇௝ሻ

ൈ 100      𝑗 ൌ 1, 2, 3 

based on 50,000 repeated samples. 

Table 4: Mean square error and percentage relative efficiency based on  

Population 1 (Artificially generated normal population) 

(N=500, n=50, r=30) 

Correlation 0.9 0.8 0.7 0.6 

Estimator MSE PRE MSE PRE MSE PRE MSE PRE 

Mean per 
unit(𝑦ത௥) 3.1962 100 3.0434 100 3.23365 100 2.62266 100 
Ratio method 
(𝑦തோ஺்) 2.3856 133.978 2.4749 122.973 2.83633 114.008 2.34778 111.7081 
Regression 
Method 
(𝑦തோாீ) 2.2519 141.9321 2.4259 125.455 2.85815 113.138 2.35706 111.2686 
Proposed 
imputation 
ሺ𝑦ത௄ே௜ሻ   2.1520 148.5223 2.2456 135.529 2.44280 132.375 2.13541 122.8176 
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Table 4: Mean square error and percentage relative efficiency based on (cont.) 

Population 2 (Artificially generated normal population) 

(N=200, n=26, r=21) 

Correlation 0.9 0.8 0.7 0.6 

Estimator MSE PRE MSE PRE MSE PRE MSE PRE 

Mean per 
unit(𝑦ത௥) 4.7080 100 4.5813 100 4.5712 100 4.0428 100 
Ratio method 
(𝑦തோ஺்) 4.1007 114.810 4.1094 111.484 4.1587 109.9177 3.8485 105.049 
Regression 
Method 
(𝑦തோாீ) 4.0259 116.943 4.0721 112.504 4.1552 110.0103 3.8514 104.972 
Proposed 
imputation 
ሺ𝑦ത௄ே௜ሻ   3.7094 126.921 3.5807 127.944 3.7578 121.6439 3.4201 118.208 

8.  Interpretations of the Computational Results 

In this article, it is clear that MSE of the proposed alternative estimator is more 
efficient than the mean estimator. In addition, the proposed estimator is always more 
efficient than the usual ratio estimator. We note that the proposed method is free from 
the assumptions of a model for the ratio method of imputation. In addition, MSE is 
similar to the other mentioned estimators MSE (𝑦തௌுሻ = MSE (𝑦തௌ஽ሻ = MSE (𝑦തௌ௜௡௚௛ሻ = 
MSE(𝑦ത஽௉௜ሻ = MSE(𝑦തீூோ஺ሻ = MSE(  𝑦ത௄஻௜ሻ. A new method of imputation is introduced 
that remains more efficient than conventional and existing imputation methods in the 
presence of auxiliary variables. The following interpretations are made based on 
empirical results summarized in Table 3. 
1. We introduce an alternative method of imputation and the resultant estimator 

in the presence of non-response. The performance of the proposed estimator is 
justified theoretically and numerically. Table 2 & 3 expressed that the relative 
efficiency  of the proposed estimator (𝒚ഥ𝑲𝑩𝟏,𝒚ഥ𝑲𝑩𝟐 𝑎𝑛𝑑 𝒚ഥ𝑲𝑩𝟑ሻ performs better than 
the mean and the ratio estimators and is equivalent to other mentioned estimators. 

2. For all the populations 1 to 6, Table 2 & 3 exhibit the superiority of the proposed 
imputation method (𝒚ഥ𝑲𝑵𝟏,𝒚ഥ𝑲𝑵𝟐 𝑎𝑛𝑑 𝒚ഥ𝑲𝑵𝟑ሻ over the mean and ratio type 
imputation method. Also, the proposed method of imputation 
(𝒚ഥ𝑲𝑵𝟏,𝒚ഥ𝑲𝑵𝟐 𝑎𝑛𝑑 𝒀ഥ𝑲𝑵𝟑ሻ  is superior to the Diana and Perri regression type 
imputation  method and the proposed alternative method (𝒚ഥ𝑴𝟏,𝒚ഥ𝑴𝟐 𝑎𝑛𝑑 𝒚ഥ𝑴𝟑ሻ  of 
imputation. 

3. The proposed new imputation method (𝒚ഥ𝑲𝑵𝟏,𝒚ഥ𝑲𝑵𝟐 𝑎𝑛𝑑 𝒚ഥ𝑲𝑵𝟑ሻ, in all the 
populations 1 to 6, as shown in Table 2 & 3, has achieved considerable gain  
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in performance over the conventional imputation method for all the three cases, 
namely 𝑦ത௄ேଵ is considerably better than 𝑦തௌுሺIሻ, 𝑦തௌ஽ሺIሻ, and 𝑦ത஽௉ሺIሻ, in case I. 
Similarly, 𝑦ത௄ேଶ is considerably superior to  𝑦തௌுሺIIሻ, 𝑦തௌ஽ሺIIሻ, and 𝑦ത஽௉ሺIIሻ,  
imputation methods in case II and 𝑦ത௄ேଷ is considerably superior to 𝑦തௌுሺIIIሻ, 
𝑦തௌ஽ሺIIIሻ, and  𝑦ത஽௉ሺIIIሻ,  in case III. 

4. It is important to note that Table 2 & 3 exhibit that the proposed imputation method 
(𝒚ഥ𝑲𝑵𝟏,𝒚ഥ𝑲𝑵𝟐 𝑎𝑛𝑑 𝒚ഥ𝑲𝑵𝟑ሻ when applied to six real data sets, and compared with 
conventional and recent imputation methods, attains considerable gain in efficiency 
over competing for imputation methods for the case II, and gives better results over 
other cases, namely,  case I and case III. 

5. This empirical study confirms the superiority of the proposed imputation method 
over Diana & Perri’s (2010) imputation method and other landmark imputation 
methods that use auxiliary information.  

It can be noted that the proposed method of imputation (𝒚ഥ𝑲𝑵𝟏,𝒚ഥ𝑲𝑵𝟐 𝑎𝑛𝑑 𝒚ഥ𝑲𝑵𝟑ሻ  
is easy to use and rewarding in terms of efficiency and deals with the problem of non-
response. Survey practitioners can use the proposed imputation method to deal with 
the problem of nonresponse and get a high gain in efficiency when one has access to 
auxiliary information. 
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Appendix-1  

Proof: proof of theorem 4.1(Bias of the proposed estimator). The line of proof here is 
worked out for the estimator defined under case 1, The estimator 𝑦ത௄ேଵ can be written 
be as follows. 

  𝑦ത௄ேଵ ൌ 𝑌തሺ1 ൅ 𝜀௢ሻሾ2 െ ሺ1 ൅ 𝜂௢ሻ௄ሿ െ 𝛽ଵ𝑋ത𝜂௢ 
            = 𝑌തሺ1 ൅ 𝜀௢ሻ ቂ2 െ ሺ1 ൅ 𝐾𝜂௢ ൅

௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ ൅ ⋯ሻቃ െ 𝛽ଵ𝑋ത𝜂௢ 

            = 𝑌തሺ1 ൅ 𝜀௢ሻ ቀ1 െ 𝐾𝜂௢ െ
௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ ൅ ⋯ቁ െ 𝛽ଵ𝑋ത𝜂௢                (A) 

            = 𝑌ത ቀ1 ൅ 𝜀௢ െ 𝐾𝜂௢ െ 𝐾𝜀௢𝜂௢ െ
௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ െ 𝛽ଵ

௑ത

௒ത
𝜂௢ ൅ 𝑂ሺ𝜀௢ଶሻቁ 

Neglecting the higher order of approximation, the bias 
𝐵ሺ𝑦ത௄ேଵሻ ൌ  𝐸ሺ𝑦ത௄ேଵ െ 𝑌തሻ 

    =  𝑌ത𝐸 ቀ𝜀௢ െ 𝐾𝜂௢ െ 𝐾𝜀௢𝜂௢ െ
௄ሺ௄ିଵሻ

ଶ
𝜂௢ଶ  െ 𝛽ଵ

௑ത

௒ത
𝜂௢ቁ            (B) 

Taking the expectations of (B), we get (4.4) for i ൌ 1, which prove theorem (4.1). 

The derivation of other estimators 𝑦ത௄ே௜ ሺ𝑖 ൌ 2 & 3ሻ can be carried out in a similar 
way. 

Proof: proof of theorem 4.2 

The MSE of 𝑦തெଵ can be found up to the first order of approximation by rewriting 
as follow: 
𝑀𝑆𝐸 ሺ𝑦ത௄ேଵሻ  ൌ  𝐸ሺ𝑦ത௄ேଵ െ 𝑌തሻ ଶ 

                = 𝑌തଶ𝐸 ቂ𝜀௢ െ 𝐾𝜂௢ െ 𝐾𝜀௢𝜂௢ െ
௄ሺ௄ିଵሻ

ଶ
𝜂௢ଶ  െ 𝛽ଵ

௑ത

௒ത
𝜂௢ቃ

ଶ
                           

 ൌ  𝑌ഥ ଶ𝐸 ቂ𝜀௢ଶ ൅ 𝐾ଶ𝜂௢ଶ ൅ 𝛽ଵ
ଶ ௑ത

మ

௒തమ
𝜂௢ଶ െ 2𝐾𝜀௢𝜂௢ ൅ 2𝐾𝛽ଵ

௑ത

௒ത
𝜂௢ଶ െ 2𝛽ଵ

௑ത

௒ത
𝜀௢𝜂௢ቃ 

 =ቂቀଵ
௥
െ

ଵ

ே
ቁ 𝑆௬ଶ ൅ ቀ

ଵ

௡
െ

ଵ

ே
ቁ ቀ𝑆௫

ଶሺ𝐾𝑅 ൅ 𝛽ଵሻଶ െ 2𝜌௫௬𝑆௫𝑆௬ሺ𝐾𝑅 ൅ 𝛽ଵሻ
                                           

ቁቃ   …..(C) 

where, R = 
௒ത

௑ത
 

Differentiating equation (C) with respect to K and equating to zero, we get 

𝐾 ൌ
𝜌௫௬𝑆௬ െ 𝛽ଵ𝑆௫

𝑅𝑆௫
ൌ 𝐾ሺ𝑜𝑝𝑡𝑖𝑚𝑢𝑚ሻ 

then substitute the value of optimum 𝐾 in equation (4.8), thus the resulting minimum 
mean square error of 𝑦തெଵ is given by 

Min MSEሺ𝑦ത௄ேଵሻ ൌ 𝑆௬ଶൣ𝑓௥ െ 𝑓௡ ∗ 𝜌௫௬ଶ൧ 
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Appendix-2 

Proof: Proof of theorem 5.1 

The estimator 𝑦ത௄஻ଵ can be written be as follows. 
 
  𝑦ത௄஻ଵ ൌ 𝛾ଵ𝑌തሺ1 ൅ 𝜀௢ሻሾ2 െ ሺ1 ൅ 𝜂௢ሻ௄ሿ െ 𝛽ଵ𝑋ത𝜂௢ 
            = 𝛾ଵ𝑌തሺ1 ൅ 𝜀௢ሻ ቂ2 െ ሺ1 ൅ 𝐾𝜂௢ ൅

௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ ൅ ⋯ ሻቃ െ 𝛽ଵ𝑋ത𝜂௢ 

             ൌ 𝛾ଵ𝑌തሺ1 ൅ 𝜀௢ሻ ቀ1 െ 𝐾𝜂௢ െ
௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ ൅ ⋯ቁ െ 𝛽ଵ𝑋ത𝜂௢                (D) 

             ൌ 𝑌ത ቀ𝛾ଵ ൅ 𝛾ଵ𝜀௢ െ 𝛾ଵ𝐾𝜂௢ െ 𝛾ଵ𝐾𝜀௢𝜂௢ െ 𝛾ଵ
௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ െ 𝛽ଵ

௑ത

௒ത
𝜂௢ ൅ 𝑂ሺ𝜀௢ଶሻቁ 

Neglecting the higher order of approximation, the bias 
 𝐵ሺ𝑦ത௄஻ଵሻ ൌ  ሺ𝑦ത௄஻ଵ െ 𝑌തሻ 

         =  𝑌ത𝐸 ቀ𝛾ଵ ൅ 𝛾ଵ𝜀௢ െ 𝛾ଵ𝐾𝜂௢ െ 𝛾ଵ𝐾𝜀௢𝜂௢ െ 𝛾ଵ
௄ሺ௄ିଵሻ

ଶ
 𝜂௢ଶ െ 𝛽ଵ

௑ത

௒ത
𝜂௢ െ 1ቁ     (E) 

Taking the expectations of (E), we get the (5.4) for 𝑖 ൌ 1, which proves theorem 
(5.1) 

The derivation of other estimators 𝑦ത௄஻௜ ሺ𝑖 ൌ 2 & 3ሻ can be carried out in a similar 
way  

 
Theorem (5.2): The minimum mean square error of the proposed ratio regression type 
estimators 𝑦ത௄஻ଵ up to the first order approximation is given by 

 MinMSE ሺyത୏୆ଵሻ ൌ Yഥଶ ቂCଵ െ ቀ
୆భ
మ

୅భ
ቁቃ                               (5.7) 

For the optimum value K given by 

𝐾 ൌ
𝜌௫௬𝑆௬ െ 𝛽ଵ𝑆௫

𝑅𝑆௫
 

Proof: The MSE of 𝑦തெଵଵ can be found up to the first order of approximation by 
rewriting as follows: 

𝑀𝑆𝐸 ሺ𝑦ത௄஻ଵሻ ൌ 𝐸ሺ𝑦ത௄஻ଵ െ 𝑌തሻ ଶ 

    = 𝑌തଶ𝐸 ቂ𝛾ଵ െ 𝛾ଵ𝐾𝜂௢ െ 𝛾ଵ
௄ሺ௄ିଵሻ

ଶ
𝜂௢ଶ ൅ 𝛾ଵ𝜀௢ െ 𝛾ଵ𝐾𝜀௢𝜂௢ െ 𝛽ଵ

௑ത

௒ത
𝜂௢ െ 1ቃ

ଶ
 

 

    ൌ  𝑌ഥ2
𝐸 ൤1 ൅ 𝛾1

2൫1൅𝜀𝑜
2 ൅ 𝐾𝜂𝑜

2 െ 4𝐾𝜀𝑜𝜂𝑜൯ െ 2𝛾1 ቀ1 െ 𝐾𝜀𝑜𝜂𝑜 െ 𝐾𝛽1
𝑋ഥ

𝑌ത
𝜂𝑜

2 െ

                                                                                       
𝐾ሺ𝐾െ1ሻ

2
𝜂𝑜

2 ൅ 𝛽1
𝑋ഥ

𝑌ത
𝜀𝑜𝜂𝑜ቁ ൅ 𝛽1

2 𝑋ഥ2

𝑌ത2 𝜂𝑜
2൨ 

 

 ൌ  𝑌ഥ ଶ ൥
1 ൅ 𝛾ଵଶ൛1 ൅ 𝑓௥𝐶௬ଶ ൅ 𝑓௡൫𝐾𝐶௫ଶ െ 4𝐾𝜌௫௬𝐶௫𝐶௬൯ൟ െ 2𝛾ଵ

ቄ1 െ 𝑓௡ ቀ𝐾𝜌௫௬𝐶௫𝐶௬ െ 𝐾𝛽ଵ
௑ത

௒ത
𝐶௫ଶ ൅ 𝛽ଵ

௑ത

௒ത
𝜌௫௬𝐶௫𝐶௬ െ

௄ሺ௄ିଵሻ

ଶ
𝐶௫ଶቁቅ ൅ 𝛽ଵ

ଶ ௑ത
మ

௒തమ
𝑓௡𝐶௫ଶ

൩ . . ሺ𝐹ሻ 
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Differentiate equation (F) with respect to K when 𝛾ଵequating to 1, we get 

 𝐾 ൌ
𝜌௫௬𝑆௬ െ 𝛽ଵ𝑆௫

𝑅𝑆௫
 

For optimum value of 𝛾ଵ differentiating the equation(G) with respect to and 
equating to zero, we get  𝛾ଵ௢௣௧ ൌ

஻భ
஺భ

 

Substituting the optimum value of 𝛾ଵ௢௣௧ in equation (G), we get minimum MSE  

Min. MSEሺ𝑦ത௄ଵሻ ൌ  𝑌ഥ ଶ   ቆ𝐶ଵ െ
𝐵ଵ
ଶ

𝐴ଵ
ቇ 

we get the (5.7) for 𝑖 ൌ 1 that prove theorem (5.2) 

The derivation of other estimators 𝑇௄஻௜ ሺ௜ୀଶ & ଷሻ can be drive on similar lines. 

In general, we have 

𝑀𝑆𝐸 ሺ𝑦ത௄஻௜ሻ ൌ  𝑌ഥ ଶሺ𝛾ଵ
ଶ𝐴௜ െ 2𝛾ଵ𝐵௜ ൅ 𝐶௜ሻ 


