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Ratio regression type estimators of the population mean for
missing data in sample surveys
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Abstract

In this article, new ratio regression type estimators with imputation have been proposed as
means to overcome the problem of missing data relating to a studied variable in a sample
survey. It has been shown that the suggested estimators are more efficient than the mean
method of imputation, the ratio method of imputation, the regression method of
imputation, and the estimators given by Singh and Horn (2000), Singh and Deo (2003),
Singh (2009), Diana and Perri (2010) and Gira (2015). The biases and their mean square
errors of the suggested estimators are derived. A comparative study is conducted using real
and simulated data. The results are found to be encouraging showing improvement of all the
methods discussed in this article.

Key words: imputation methods, Bias, Mean square error (MSE), Efficiency, Ratio-
Regression type estimators.

1. Introduction

Missing data or missing values occur when no data value is stored for a variable in
an observation. Even in a well-designed and controlled study, missing data occurs in
almost all research. Missing data is commonly described as major issue in most
scientific research domains that may originate from such a mishandling sample,
measurement error, non-response or deleted aberrant value. To get precise estimates of
population parameters we seek information on every selected unit of the sample.
Imputation means replacing a missing value with other value based on a reasonable
estimate. Information on the related auxiliary variable is generally used to recreate the
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missing values for completing datasets. Incomplete data is usually categorized into
three different response mechanisms: Missing Completely At Random (MCAR);
Missing At Random (MAR); and Missing Not At Random (MNAR or NMAR) (Little
& Rubin,2002). In Missing Completely at Random (MCAR) missing data is randomly
distributed across the variable and unrelated to other variables. In Missing at Random
(MAR) the missing observations are not randomly distributed but they are accounted
for by other observed variables. In Missing Not at Random (MNAR) category, the
missing data systematically differ from the observed values. In the present article we are
assuming MCAR response mechanism of missing data.

Auxiliary information is important for a survey practitioner as it is utilized to
improve the performance of the methods in finite sample survey. At the estimation
stage the auxiliary information is utilized for suggesting imputation methods which
results in ratio, product and regression estimators. Many imputation methods have
been proposed utilizing the auxiliary information. Several researchers (Lee, Rancourt,
and Sarndal 1994,1995; Singh and Horn 2000; Singh et. al; Diana and Perri 2010;
Pandey, Thakur, and Yadav 2015; Singh et. al. 2016; Bhushan and Pandey 2018; Prasad
2017, 2018, 2019; Singh and Khalid 2019; K Chodjuntug and N Lawson (2022)[4]; K
Chodjuntug and N Lawson (2022)[5]; N Lawson (2023) [12]; N Lawson (2023) [13]; N
Thongsak and N Lawson (2023) [14] etc.) among others assumed MCAR mechanism
to develop several imputation methods and resultant estimators to estimate population
mean in the case of missing data problems. The imputation methods proposed by Singh
and Horn (2000), Singh and Deo (2003), Singh (2009), Diana and Perri (2010), and Gira
(2015) result in different estimators, but they all lead to the same Mean Squared Error
(MSE) formula, which are same as regression method of imputation. Therefore, in this
paper we compared and simulated our estimator with the mean, ratio and regression
estimators after proposing the new imputation strategy and the resulting estimator. The
proposed estimators come out to be more efficient than the usual mean, ratio and
regression (Diana & Perri’s regression) method for handling missing observations to
estimate the population mean.

This article proposes three ratio-regression type imputation methods to inadequate
the annoyance outcome of nonresponse in survey sampling. The resulting classes of
point estimators that can be used to estimate the population mean have been discussed
in detail. The bias and Mean Square Error (MSE) properties of the proposed estimators
have been derived. An empirical study was conducted to assess their performance
in comparison with existing estimators, and the findings have been presented. These
are designed as follows.. In Section 2,the sample structure and notations are considered
and in Section 3, we have reviewed several imputation techniques of finite population
mean under non-response that are available in the literature suggested by various
authors. In Section 4, construction of the suggested alternative method of imputation
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is carried out and the bias mean square error equations for this estimator is obtained.
In Section 5, we have proposed a new method of imputation and obtained their bias
mean square error equations for this estimator. In Section 6, we have conducted
efficiency comparison of alternative method of imputation. In Section 7, we do
computational study by using real and artificial populations, respectively. Section 8
summaries the main findings and conclusions.

2. Sample Structure and Notations:

Consider a finite population U = {U;, Uy, ....., Uy} of size N for which a random
sample s = {uq,u,,....,uy} of size n under simple random sampling without
replacement scheme is drawn to estimate the population mean Y = %Zﬁ\’:l y; of the
study variable y. Let y; and x; be the values of the study variable y and auxiliary variable
x , respectively for the i" unit of a finite population of size N. The information on x
can be available on the entire population through knowledge of x;, V ieU, or its
population mean X = %Z?’:l X;. Let s be a simple random sample without replacement
(SRSWOR) of sizen (n < N) drawn from U to estimate Y. Let r be the number of
responding units out of sampled n units. Let the set of responding units be denoted by
R and that of non-responding (n-r) units be denoted by R. For every unit, i € R the
value y; is observed. However, for the units, ieR, the y; values are missing and
imputed values are derived. Imputation is performed by employing the auxiliary
variable x where values are believed to be known for each sampled unit ies.

The structure of the general method of imputation in the case of complete dataset

under nonresponse is defined as:
_(¥ if  ieR
Yi= {5;1 if ieR¢
where 9; is the imputed value for the i*" non-responding unit. Using the above data,
we get the following form of the general point estimator of the population mean (Y)

_ 1 1 1 -
Vs = ;Ziesn Yi=, [XierYi + Xiere Vil = - [XierYi + Xiere Vil
Here, 9; takes a different value for a different imputation method.

The following notations have been adopted for further use:

X,Y : The population mean of the auxiliary variable x and study variable y
respectively,

¥r: Sample mean of responding units,

X,: Sample mean of all units,

X,: Sample mean of responding units,

Syx .
Sy Sy’

Pyx = The correlation coefficient between the variables y and x,
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=L N .(yi = Y)(x; — X): The covariance between y and x,

yx o N-1
SZ= ﬁ}:’i\’zl(yi — Y)?2: The population mean square of y,
1

Sz = =) N (x; — X)? : The population mean square of x,

S S . - .
C,- = & C,— == The coefficients of variation of y and x, respectively,
Y=y X

we define,

j_/r=?(1+€o), JE7":)?(:l+6c7): fn=)?(1+770)

using the above notation, we have

E(g)=E(,) =EMm,) =0

and,

Ee2) = (5-3)C2 B0 = (F-5) CB BEobo) = (3= 7) Py CeCy

‘

E(T’g) = (% - %) Cf,E((soflo) = (% - %) CJ?’E(EOWO) = (% - %) pxnyCy-

3. Review of Some existing estimators:

In this section, we discuss some of the classical and existing imputation methods
for estimating the population mean in sample surveys.

3.1. Mean method of imputation:

In the mean method of imputation the form of data by Lee, Rancourt and Sarndal
(1994) is treated as

(¥ if ieR
Yim = {}_/T lf ieR¢ (31)
The mean estimator under the new data (3.1) is given by
_ 1 _
Ym = ;ZieR Yi= Yr (3.2)
The variance of the response sample mean Y, is given by
_ _ 1 1N\ o
V() = V() = ((-3)7¢ (3.3)

3.2. Ratio method of imputation:

The ratio method of imputation, based on information from the auxiliary variable

x, was proposed by Lee, Rancourt, and Sarndal (1994). Under this method, the imputed

data are adjusted using the known relationship between the study variable and the
auxiliary variable.

Vi if ieR

o=17 34

ViR { bx; if ieR® (34)

YierYi

where b = .
YieRXi
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The ratio estimator in the case of imputation method (3.4), is defined as
_ (% _
tR = Yr (xfr) = Yrar (3.5)
The bias and mean square error of the estimator ty are obtained under MCAR

response mechanism up to the first order approximation, and are given by
1

1 -
B(tr) = (3= ) 7 Cx(Cy = pCy) (3.6)
_ _ 1 1\ o
and MSE (Frar) = V() + (3 =) 72Co(Cy — 2 pCy) (37)
The ratio method of imputation is better to choose over the mean method of
imputation whenever (pC,, /Cy)>1/2.

3.3. Regression method of imputation;

In this method, the data after imputation becomes

(Vi if ieR
YiREG = {a + by if  ieR* (3.8)
where, a = ¥, — by, X, and by, = ?—Zx
The point estimator of population mean Y
YreGc = Yr T byx(fn - %) (3.9)

The bias and mean square error of the estimator Y are obtained under MCAR
response mechanism up to the first order approximation, and are given by

v _ Pyxly (1 1\ (Haoo _ K210
B(YREG) B CxX (T n)Y(Mzoo M110) (3'10)

where, fape = NiL1(x; — X)* (v; = V)P (2, — 2)°
_ 11 101
M(Free) = (;_ﬁ) 53% + (;—;) Sfpjz,x (3.11)

3.4. Singh and Horn (2000) Estimator

Singh and Horn (2000) introduced this method, the data after imputation becomes

_ { (an/T)y; + (1 — a)bx; if ieR

(1 — a)bx; if  ieR¢ (3.12)

R

The point estimator of population mean is given as
ycomp = [(X}_’r +(1- a)}_’r ;_:] (3.13)
where a is an appropriate constant with optimum value a* =1 — p,,, (i—y) The bias

of the estimator ¥4, is given by

_ 1 1\o
BGioomp) = (1= @) (= 3) ¥ Cul(Cx — pyx Cy) (3.14)
using a” we get the minimum MSE of ¥4, as
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mln(YCOMP) - MSE(YRAT) (_ - _) Y? (C ~ Pyx Cy) 2 (3'15)

3.5. Singh and Deo (2003) Estimator:

Singh and Deo (2003), using power transformation, this method gives the following
form of the data after imputation

Vi if ieR
M) g e O
The resultant estimator of the population mean is given as
yso =7 (%) (3.17)
where a is a suitably chosen constant and the optimum value a is a*=p,,, (E—Z)
The bias of the estimator (Ysp) obtained by Singh and Deo is given by
BGso) = (3 —7) Y(EER 2 - pye ) (3.18)
using optimum value a”, the minimum MSE of ygp is given
SEmin(Fsp) = MSEQpar) — (3 — 1) 82 (% - 0" (3.19)

3.6. Singh (2009) Estimator:

This method of imputation is an alternative technique to estimate population mean
Y in the presence of non-response. The study variate after imputation takes the
following form
Vi if ieR
Yi=13= [(n—r)fn+ar(fn—fr)] . . be
r axy+ (1—(1)9?71 ZisRC Xi lf lER

(3.20)

The point estimator of population mean as following
= _ Yrin
Ysingh = at+ (1-a)%, (3.21)
where a is an appropriate constant with optimum value a* =p,,,

The bias of the estimator (Vgipngn) is given as

B(singn) = Y [(3=3) pya GG+ a® (3 -3) 2+ (- a)? (3= 2) & -
(-2 pye o+ (2= 1) et} 4 2ata- D (E-2) 2 - (1 - ) (-
)(pyxc Cx +Cx)] (3.22)

using optimum value of @ is a”, the minimum MSE of Yg;y g5, is given

2
SEmin(Tsingh) = MSEGrar) — (F - =) 8% (% —3) (3.23)

n
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3.7. Diana and Perri (2010) Estimators

Diana and Perri (2010) propounded three regression-type imputation methods for
missing data as

nyi v . .
—+ b(X— x; i ieR
Yipp1 :{ ro_ ( o) f (3.24)
b(X— x;) if ieR‘
2Y_p 5 if eR
o2 =3 ax (3.25)
Yi,pp2 p % i icR® .
n-r
2A_p 22 if  ieR
j = 3 (3.26)
yl,DP3 b % lf leRC
The subsequent estimators under the imputation methods are respectively, given as
Yop1 = Yr + b(_X - Xp) (3.27)
Ypp2 = Yr + (X —%;) (3.28)
Ypps = Yr +b(X, — %) (3.29)
and
_ 1 1 11
MSEGiper) = S2[(G—7) (1 =Py ) 2+ (5 —3)] (3.30)
_ 1 1
MSE(prz) =53 (=) (1 = pyx) 2 (3.31)
_ 101 101
MSEGes) = 53 [(7 = 5) + (7 =) (1 = pw) 7] (3.32)

3.8. Gira (2015) Estimator

Gira (2015) proposed a ratio type imputation procedure where the study variate
after imputation becomes
Vi if ieR
Vi=19= a—x, x; . . e
n — i ieR
yr [ ( )] ZisRC Xi f

a—Xy

(3.33)

where « is a suitably chosen constant, such that the MSE of the resultant estimator is
minimum. Note that if @ = 0 then ¥gira = VRatio- The resultant estimator is obtained

as
Veira = Vr ok (3.34)

The bias of the above estimator is
B(eira) = — e (2= 2) pyx €y (3.35)

Using the optimum value of @ = X {Cx(pyx Cy)_1 — 1} and the optimum MSE
of ¥Ygira as follows.

— — 1 N\
MFgira) = V@m) — (; - ;) Y2C5pjx (3.36)
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4. An Alternative Method of Imputation

The estimators rely on three different ratio-regression type methods of imputation
as follows.

Case I: Auxiliary information on X is completely available, i.e., X is known and
corresponding estimates X, are used in the imputation technique

Ny if ieR
_ — = k
Yio =9 [{2 — (%) } + X —x,) — r] if ieR¢

n—r

The resultant estimator of population mean Y is given as
N
— — xn v —
7 o1 =yr{2—(7) }+ﬁ1(x—xn> (4.1)

Case II: Auxiliary information on X is completely available i.e., X is known and
corresponding estimates X, are used in the imputation technique.

y; if iR
_ — = k
Viz = nn_ilrr [{2 — (%) } +p5X—x)— r] if ieR¢

The resultant estimator of population mean Y is given as
_\k _ ~
Ykp2 = Yr {2 - (%) } +p(X — %) (4.2)

Case III: Auxiliary information on X is not available at population level, i.e., X is not
known and we use corresponding estimates X, , X, is used in the imputation technique.

Vi if ieR
- =\ k
Yiz =4y Wr _<ﬁ) - -y , . be
e [{2 x } + B, (x, — x,) r] if ieR
The resultant estimator of population mean Y is given as
: \k
Fiws = {2 = (2 ) 1+ aGn - 2 (43)

Therefore, the expression of Bias and Mean Squared Error (MSE) of proposed
estimator (¥ ggi (i=1,283) discussed as follows.

Theorem (4.1): The bias of the proposed ratio regression type estimators yy;, i =
1,2 and 3 is given by:
o > K c
Bias (Jso) = ViCE 5|1~ k = 2psy 2] (44)

nysy_Blsx
RS,

where k =
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and fi = fo. o = fro f3 = frn-
Proof : Proof is given in Appendix-1.
Theorem (4.2): The minimum mean square error of the proposed estimators Ty,
i = 1,2,3 is given by
2 2 _
MSE(TKBi) = [frs}% + fl (Sx (kR + ﬁl) prnySy(kR + ﬁl))]

i=123..... (4.5)
For the optimum value k given by
_ pxySy - ﬁle
RS,

k

where,

S%
R=<-,B = and
X SxSy

101 101 101
=3 h=G-3) & fm=(-2)
The minimum MSE of the proposed estimator is given by
Min MSE(Vks:) = Sy [fr = fi * pxy*].

Proof: Proof is given in Appendix-1.

| =i

5. A New Method of Imputation

The estimators rely on three different ratio-regression type methods of imputation
as follows.

Case I: Auxiliary information on X is completely available, i.e., X is known and
corresponding estimates X, are used in the imputation technique.

(Vi if ieR

Via = {V‘ = Hnm {2 (2 )k}] +BR =)~ 5,7 if  ieR*

The resultant estimator of population mean Y is given as
_ _ % \K =
Ykn1 = [Yﬂ’r {2 - (7) }] + p1(X — %) (5.1)

Case II: Auxiliary information on X is completely available i.e., X is known and
corresponding estimates X, are used in the imputation technique.
Vi if ieR

=1 1 T\ _
Yiz — [nylyr {2 - (;T) }+ pi(X —x.) — ¥, 1‘] if  ieR°

n
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The resultant estimator of population mean Y is given as

Yknz2 = [Vﬂ_’r {2 - (% )k}] + B, (X — %) (5.2)

Case III: Auxiliary information on X is not available at the population level, i.e., X is
not known and we use corresponding estimates X, , X,- in the imputation technique.

Vi if ieR
N
Vi3 = 1 _ X _ _ _ i .
o R AT IV R
The resultant estimator of population mean Y is given as
s \k
Yknz = [Vﬂ_’r {2 - (;CTZ) }] + p1(%n — %) (5.3)

Therefore, under the above situations, the properties of imputation methods
discussed are as follow.

Theorem (5.1): The bias of the proposed ratio regression type estimators ygy;, i =
1,2 and 3 is given by:
; s (k-1)
Bias (Jw) = [0 — D —kfi {¢F - 57 c2}] (54)
nysy_Blsx
RSy

and fi = fo. f2 = frs 3 = frm-
Proof: Proof is given in Appendix-2.

where k =

Theorem (5.2): The minimum mean square error of the proposed ratio regression type
estimators Vgy; I = 1,2 and 3 is given by

For the optimum value k given by

k= pxySy - ﬁlsx
RS,
where, 4; =1 + ﬂC; +fl-(kC,§ — 4kpxnyCy)
X X k(k —1)
Bi=1- fi(kpxnyCy - kﬁl?@? + By 7pxnyCy - TC;?)

72
Ci=1+p¢ ﬁficf
Bi
and Yiopt = A_L

The minimum MSE of the proposed estimator is given by
- B?

Min MSE (Jxni) = Y2 (Ci - A—l>

i

Proof: Proof is given in Appendix-2.
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6. Efficiency Comparison

The following conditions are derived for the theoretical comparison of the Mean
Squared Error (MSE) of the proposed estimator with other existing estimators.

Strartegy I:
V(¥,) = MSE(§kp1) = (= —=)p2,S2 >0
(Yr) (YKBl) N pxy y =

_ T 21
MSEFreq) ~ MSEGksn) = (- -1 - )P
MSE(ypp1) — MSE(¥kp1) =

1 1
MSE(Fop) ~ MSEGks:) = (=) oS3 2 0

7 - 2
MSE(¥pp3) — MSE(¥kp1) = (- it ﬁ) p,Z(ySSZ, >0

n r

_ _ 2 1 1y, .,
MSE(Forea) ~ MSEGks:) = (5=~ = 37 ) oS3 = 0

|
=]

Strategy I1:

— — 1 1
V() — MSE(Fks2) = (3= 3)p%yS3 >0

_ 1 1
MSE(Fre) — MSEGks2) = (5 =) P35 2 0

1 1
MSE(Tpp1) — MSEGiknz) = (£ =) 035 = 0
MSE(¥pp2) — MSE(Ykp2) = 0 L1
MSE(Fops) — MSEGks2) = (=) P35 2 0
_ _ 1 1\, ,
MSEFaira) — MSEGiksz) = (- =) PS5 = 0

Strategy II1:
V() — MSE(kes) = (5—3) pEyS3 2 0

r n

MSE(Yrec) — MSE(Ykgs) = 0
MSE(Fopr) ~ MSEGkss) = (- +3 — =

1
MSEFop) ~ MSEGss) = (5 = 1) P35 = 0

MSE(¥pp3) — MSE(¥kg3) = 0
MSE(Ygira) — MSE(¥kg3) = 0

Comparing the proposed estimators, even if they involve different source of

information, after simple algebra we note that:

_ _ 1 1
MSE(is1) — MSEGks) = (=) 0S5 2 0

1 1
MSE(Fiss) ~ MSEGisa) = (5 =) P35 = 0

_ _ 1.1 2\, .,
MSE(Ykg1) — MSE(Ykp3) = (F + N~ E) PxySy = 0

This means that ¥xp, is always more efficient than both ¥xp1 and ¥gp3, whereas
Vkp3 performs better than Vg, if the condition r < % is satisfied. The results are
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valuable because they highlight the role of the auxiliary information in improving the
estimates and afford sampling practitioners a useful indication on a profitable collec-
tion of auxiliary information in the case of missing data. The choice among competing
estimators can be certainly facilitated by awareness of the information at hand.

7. Computational Study

We have divided the computations into two categories, namely, with real data and
artifically generated data.

7.1. Empirical study using real data

In this section, an empirical study is performed in the presence of auxiliary variable
where the performance of the proposed methods of imputation is compared with
competing methods based on MSE and PRE. This study is carried out on six real data
sets. We have computed and reported MSEs and percentage relative efficiency (PREs)
of the proposed imputation methods with respect to the conventional methods to
compare the proposed imputation methods with that of the existing imputation
method that utilizes auxiliary information.

_ MSEG) _ MSEGr)
 MSE (¥g:)  MSE(¥kni)

Six different real data sets have been considered in the present empirical study. Data
set 1 is taken from, Kadilar & Cingi (2008) with details on y as the level of apple
production, and x as the number of apple trees.Data set 2 is taken from Diana & Perri
(2010) with information on the Survey of Households Income and Wealth conducted
by the Bank of Italy for the year 2002, y as the household’s net disposable income, x as
the number of household income earners. Data set 3 is taken from Source: [7] Page 228.
The source of data set 4 is Singh (2009). The data set 5 is taken from Srivastava et. al.
(1989) pp. 3922): y of weight of children, x as the skull circumference of children. Data
set 6 is taken from ICMR, Department of Pediatrics, BHU, during 1983-84 of school
children with study variable y as height (in kg) of the children, x, variable related to
weight. The required values of the parameters for all six data sets are given in table 1.

PRE (i, ¥) x100 and PRE(Fni 7)) x 100

Table 1: Population Parameters of Six Different Real Population.

Parameter | Population1 | Population2 | Population3 | Population4 | Population5 | Population 6
N 19 8011 80 3055 82 95

n 10 400 20 611 43 35

r 8 250 16 520 25 10

Y 575 28229.43 51.8264 308582.4 11.90 115.9526

X 13573.68 1.69 2.8513 56.5 39.80 19.4968

Sy 858.36 22216.56 18.3569 425312.8 0.5792685 5.966921

Sx 12945.38 0.78 2.7041 72.3 0.8581212 3.27346
Pxy 0.88 0.46 0.9150 0.677 0.009 0.713
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These population have varying amount of correlation between study variate(y) and

auxiliary variate(x) as shown in the table 1.

Table 2: Mean Square Errors of the Existing and Suggested Estimators

Case I
Estimator Population 1 | Population 2 | Population 3 | Population 4 Population 5 Popuéation
Vr 53319.74 191268.93 16.85 | 288655815.71 0.00932998 3.185634
Vrar1 47051.53 1683371.53 76.31 290511133.40 0.01066795 3.471515
YRrEG1 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
Vsu1 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
Ysp1 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
VSINGH1 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
Ypp1 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
YVeira1 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
YkB1(proposed) 45934.86 1664625.61 14.17 | 238539244.96 0.00929992 3.095766
YKN1(proposed) 28448.79 1209049.49 8.84 190771840.36 0.00890512 2.949472

Case II
Vr 53319.74 191268.93 16.85 288655815.71 0.009329982 3.185634
Yrar2 43743.31 1538549.33 96.14 | 290916984.15 0.01269343 4.603127
YVREG2 42037.28 1507964.74 13.28 227576245.10 0.00925441 2.74004
Vsu2 42037.28 1507964.74 13.28 | 227576245.10 0.00925441 2.74004
Ysp2 42037.28 1507964.74 13.28 227576245.10 0.00925441 2.74004
VsINGH2 42037.28 1507964.74 13.28 | 227576245.10 0.00925441 2.74004
Ypp2 42037.28 1507964.74 13.28 227576245.10 0.00925441 2.74004
YVeiraz 42037.28 1507964.74 13.28 | 227576245.10 0.00925441 2.74004
YkB2(proposed) 42037.28 1507964.74 13.28 | 227576245.10 0.00925441 2.74004
Ykn2(proposed) 18811.33 767278.91 6.20 169535367.50 0.008266157 2.017615

Case III
Vr 53319.74 191268.93 16.85 | 288655815.71 0.009329982 3.185634
YVRaT3 50011.52 1767867.72 36.67 289061666.45 0.01135546 4.317246
YRrEG3 49422.17 1756029.05 15.96 | 277692815.85 0.009284472 2.829908
Vsu3 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908
Vsp3 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908
YVsinGH3 49422.17 1756029.05 15.96 | 277692815.85 0.009284472 2.829908
Ypp3 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908
Y6iras 49422.17 1756029.05 15.96 | 277692815.85 0.009284472 2.829908
YkB3(proposed) 49422.17 1756029.05 15.96 277692815.85 0.009284472 2.829908
YkN3(proposed) 36826.3 1466695.66 14.11 266571886.52 0.008688242 2.253037
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Table 3: Percentage Relative Efficiency of the Considered Estimators under Six Different populations

Case I
Estimator Population 1 |Population 2 |Population 3 |Population4 |Population 5 |Population 6
Vr 100 100 100 100 100 100
YVRaT1 152.7992 113.6226 22.07836 99.36136 87.45805 91.76495
YREG1 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
Vsu1 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
Ysp1 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
VsinGH1 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
Yppr1 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
Yeira1 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
Fxp1(proposed) 154.1536 114.9021 118.8637 121.0098 100.3233 102.9029
VN1 (proposed) 216.947 158.1978 190.683 151.3094 104.7709 108.0069

Case II
¥r 100 100 100 100 100 100
YREG2 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
Vsu2 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
Vsp2 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
VsinGH2 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
Ybp2 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
YV6iraz 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
Fxp2(proposed) 215.8442 126.8392 126.8391 126.8392 100.8166 112.8697
Vinz(proposed) 435.1715 249.2822 271.9538 170.2629 112.8697 157.8911

Case III
Vr 100 100 100 100 100 100
YVRaT3 122.305 108.1919 45.94658 99.8596 82.16294 73.78856
YRrEG3 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
Vsu3 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
Vsp3 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
VsinGH3 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
Ypp3 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
YVGira3 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
Fxp3(proposed) 122.76 108.9213 105.5855 103.9479 100.4902 112.5702
VN3 proposed) 152.4202 130.4081 119.4088 108.2844 107.3863 141.3929
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7.2. Artificial population

The artificial population has been generated as described below

Populationl. A population of size N = 500 with one study variable y and one
auxiliary variable x is generated from the bivariate normal distribution where study
variable y is correlated with auxiliary variables with various amount of p,, =
0.6,0.7,0.8 and 0.9. The variables (), x) are generated using MVNORM package in R
software. A sample of size n = 50 is drawn from the population, with the number of
responding units assumed to be r = 30.

Population 2. An artificial population is generated of size N = 200 which involves
one study variable y and auxiliary variable x. Study variable y is correlated with
auxiliary variables with various amount of pyx = 0.6,0.7,0.8 and 0.9 The variables
(y, x) is generated using MVNORM package in R software. From this population we
draw sample of sizen = 26, responding units arer = 21.

The percentage relative efficiencies (PRE) of the proposed estimators are computed
through 50,000 repeated samples of size n as per imputation technique. In which we (i)
draw a random sample of size n from population size N, (ii) from each selected sample
(n — ) units are dropped randomly, and (iii) the estimators and their MSE’s are
calculated for each sample and then averaged over all 50,000 samples .

The mean square error and percent relative efficiencies are given by
50000

MSE(T}) = ﬁ Z (Ti(s)-7)° j=0,1,23
MSE(T,) .
PRE(T)) = VSE(T) ™ 100 j=1,23
based on 50,000 repeated samples.

Table 4: Mean square error and percentage relative efficiency based on

Population 1 (Artificially generated normal population)

(N=500, n=50, r=30)

Correlation 0.9 0.8 0.7 0.6

Estimator MSE PRE MSE PRE MSE PRE MSE PRE

Mean per
unit(y;,) 3.1962 100 3.0434 100 | 3.23365 100 2.62266 100
Ratio method
(Yrar) 2.3856 133.978 2.4749 122.973 | 2.83633 114.008 2.34778 | 111.7081

Regression
Method
(Vrec) 2.2519 | 141.9321 | 2.4259 | 125455 | 2.85815 | 113.138 | 2.35706 | 111.2686

Proposed
imputation
(D) 2.1520 | 148.5223 2.2456 135.529 | 2.44280 132.375 2.13541 | 122.8176
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Table 4: Mean square error and percentage relative efficiency based on (cont.)

Population 2 (Artificially generated normal population)

(N=200, n=26, r=21)

Correlation 0.9 0.8 0.7 0.6

Estimator MSE PRE MSE PRE MSE PRE MSE PRE

Mean per
unit(y;,) 4.7080 100 4.5813 100 4.5712 100 4.0428 100
Ratio method
(Yrar) 4.1007 114.810 4.1094 111.484 4.1587 | 109.9177 3.8485 105.049

Regression
Method
(Vrec) 4.0259 116.943 | 4.0721 | 112.504 4.1552 | 110.0103 3.8514 | 104.972

Proposed
imputation
(D) 3.7094 126.921 3.5807 127.944 3.7578 | 121.6439 3.4201 118.208

8. Interpretations of the Computational Results

In this article, it is clear that MSE of the proposed alternative estimator is more
efficient than the mean estimator. In addition, the proposed estimator is always more
efficient than the usual ratio estimator. We note that the proposed method is free from
the assumptions of a model for the ratio method of imputation. In addition, MSE is
similar to the other mentioned estimators MSE (¥sy) = MSE (¥sp) = MSE (¥singn) =
MSE(¥ppi) = MSE(¥1ra) = MSE( ¥kpi). A new method of imputation is introduced
that remains more efficient than conventional and existing imputation methods in the
presence of auxiliary variables. The following interpretations are made based on
empirical results summarized in Table 3.

1. We introduce an alternative method of imputation and the resultant estimator
in the presence of non-response. The performance of the proposed estimator is
justified theoretically and numerically. Table 2 & 3 expressed that the relative
efficiency of the proposed estimator (Yggq, Yxp2 and Ygp3) performs better than
the mean and the ratio estimators and is equivalent to other mentioned estimators.

2. For all the populations 1 to 6, Table 2 & 3 exhibit the superiority of the proposed
imputation method (Ygn1, Ykn2 and Ygn3) over the mean and ratio type
imputation method. Also, the proposed method of imputation
(¥kn1, Yz and Ygy3) is superior to the Diana and Perri regression type
imputation method and the proposed alternative method (Y1, ¥y2 and ¥y3) of
imputation.

3. The proposed new imputation method (Vgn1,¥gnz and Yiy3), in all the
populations 1 to 6, as shown in Table 2 & 3, has achieved considerable gain
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in performance over the conventional imputation method for all the three cases,
namely Vgpyq is considerably better than ysy (1), ysp (1), and ypp(I), in case L
Similarly, ¥gy, is considerably superior to  ysy(1I), ysp(II), and ypp(1D),
imputation methods in case II and yky3 is considerably superior to ygy(III),
¥sp(111), and ypp(111), in case III.

4. Ttisimportant to note that Table 2 & 3 exhibit that the proposed imputation method
(¥kn1, Yknz and Ygn3) when applied to six real data sets, and compared with
conventional and recent imputation methods, attains considerable gain in efficiency
over competing for imputation methods for the case II, and gives better results over
other cases, namely, case I and case III.

5. This empirical study confirms the superiority of the proposed imputation method
over Diana & Perri’s (2010) imputation method and other landmark imputation
methods that use auxiliary information.

It can be noted that the proposed method of imputation (¥gn1, Va2 and Ygn3z)
is easy to use and rewarding in terms of efficiency and deals with the problem of non-
response. Survey practitioners can use the proposed imputation method to deal with
the problem of nonresponse and get a high gain in efficiency when one has access to
auxiliary information.
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Appendix-1

Proof: proof of theorem 4.1(Bias of the proposed estimator). The line of proof here is
worked out for the estimator defined under case 1, The estimator Yy, can be written
be as follows.

Ven: = YA+ €,)[2 — (1 +n,)X] = B1Xn,
=V(1+6)[2— (1+Kn, + £E2
=V(1+e,) (1-Kny = XE2R 2 40 ) - i, (A)
_ K(K 1
:Y(1+80_Kn Kgono 5 7]5 B ? +0(£§))

ng +-)| - B,

Neglecting the higher order of approximation, the bias
B(kn1) = E(Gkn1 — )
=YE (50 —Kno — Keon, — K(K K 2 — B Yno) (B)

Taking the expectations of (B), we get (4.4) for i = 1, which prove theorem (4.1).
The derivation of other estimators ygy; (i = 2 & 3) can be carried out in a similar
way.
Proof: proof of theorem 4.2

The MSE of ¥4 can be found up to the first order of approximation by rewriting
as follow:

MSE (ygn1) = E@gn1 —Y) 2 ]
K(K-1)
=V2E [e, — Kn, — Ksono Dz gy,
X
= V2E[e2 + K23 + B2 5on% — 2Keon, + 2KBy 202 — 28, Eeon, |
“[(2-LYs2 4 (L L) (STKR + B1)? — 2pxySxSy(KR + B1)
(=23 (o) (ROR B 2SS 048D

r

Y
where, R = 7

Differentiating equation (C) with respect to K and equating to zero, we get
Sy — B1S
% = K(optimum)

then substitute the value of optimum K in equation (4.8), thus the resulting minimum

K =

mean square error of y, is given by

Min MSE(Fgn1) = S2[fr = fr * Pry?]
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Appendix-2

Proof: Proof of theorem 5.1

The estimator ygg, can be written be as follows.

Vg1 = V1Y (1 4+ €,)[2 = (1 4+ 1,)¥] = 681)??0
S K(K-1 S
=y V(1 +6,) [2— (1+Kn, + 0%+ )| = BuX,

> K(K-1 =
=11V (1 +,) (1= Knp == 52 + ) = B Xn, (D)
— K(K 1) 2
=Y (yl + ¥V1€0 — V1Ko — V1K oMo — 7]0 B1 Yno + 0(‘90))
Neglecting the higher order of approximation, the bias
B(kp1) = (Vkp1 —Y)
=YE (V1 V18 — V1Ko = V1Keon, =11

K(K-1)

X
—Bin,—1) (B)
Taking the expectations of (E), we get the (5.4) for i = 1, which proves theorem
(5.1)

The derivation of other estimators ¥gg; (i = 2 & 3) can be carried out in a similar

way

Theorem (5.2): The minimum mean square error of the proposed ratio regression type
estimators ¥y p, up to the first order approximation is given by

. - T B2
MinMSE (Fg:) = Y2 [C; — (A—)] (5.7)
For the optimum value K given by
Sy — B1iS
K = Pxyoy Bl x
RS,

Proof: The MSE of ¥y, can be found up to the first order of approximation by
rewriting as follows:

MSE ()_’KB1) = E(Ykp1 — Y) 2

770 + V1€o — VlKeono ﬂl Y - 1]

I|><:|

=V2E |11 — 1Ko — 115

_, X
= YE [1 + v, 2(1+ed + Kn2 — 4Kegn,) — 2y, (1 = Kegn, — KB, 2n% —

K(K=1) X 2 X
T’Ii + ﬁﬁr‘?ono) + B ;TIE]
14+ v:2{1+ f,C2 + f(KCZ — 4Kpyy C,Cy)} — 214

=Y2 X X K(K 1) < (F)
[{1 - fn (prnyCy - KBI?CJ? + ﬁl ?pxycxcy )} + .81 72 fn x
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Differentiate equation (F) with respect to K when y; equating to 1, we get

_ pxySy - ﬁl'sx

K
RS,

For optimum value of y; differentiating the equation(G) with respect to and
equating to zero, we get Vyop¢ = j_l
1

Substituting the optimum value of y4,,, in equation (G), we get minimum MSE

. _ - B}
Min. MSE(yKl) = Y2 Cl - A_
1

we get the (5.7) for i = 1 that prove theorem (5.2)
The derivation of other estimators Typ; ;=7 & 3) can be drive on similar lines.

In general, we have

MSE (Yggi) = Y2(yfA; — 2v1B; + C)



