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On a new goodness-of-fit test for multivariate normality with fixed
parameters based on the David-Hellwig test idea

Grzegorz Konczak'

Abstract

The article presents a proposal for a goodness-of-fit test for multivariate normality. The idea of
the test is based on the empty cells test, which is well known in the literature. In the empty cells
test, the area of the random variable's variability is divided into m disjoint cells. Assuming the
truth of hypothesis Hy, which proclaims the multivariate normality of the distribution with
given parameters, disjoint cells are arranged in such a way that random values with equal
probabilities are in each cell. Based on the n-element sample, the number of empty cells, i.e. the
cells without any elements from the sample, is determined. Crucial to the proposed procedure
is the division of the multidimensional area of variation into disjoint cells. The advantage of
this test is that it can be used for relatively small samples. In the article, a simulation comparison
of the proposed test's properties and the Kolmogorov-Smirnov test's multivariate version is
carried out.
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1. Introduction

Evaluating normality is essential for various statistical methods that rely on the
assumption of data being normally distributed. Normality assessments aim to ascertain
whether a data assemblage deviates markedly from the Gaussian distribution (Hernan-
dez, 2021). A variety of normality tests are employed in practice, with the most preva-
lently utilized being the Shapiro-Wilk test (Shapiro and Wilk, 1965), the Kolmogorov-
Smirnov test (Kolmogorov, 1933; Smirnov, 1939), the Lilliefors test (Lilliefors, 1967),
the Anderson-Darling test (Anderson and Darling, 1952), and the Jarque-Bera test
(Jarque and Bera, 1980). The normality tests mentioned above represent merely a small
component of such methodologies. Hernandez (2021) delineates a comparative
analysis of 55 normality assessments. This plethora of normality assessments arises
from the fact that deviations from normality can exhibit a wide variety.
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The evaluation of multivariate normality is considerably more complex. Multivar-
iate normality constitutes a vital presumption in numerous multivariate statistical anal-
yses, ensuring the integrity of methodologies such as MANOVA and PCA. Many sta-
tistical tests of multivariate normality have been documented in the literature. Tradi-
tional assessments for multivariate normality, such as those formulated by Mardia
(1975), concentrate on evaluating skewness and kurtosis within multivariate datasets.
These assessments have been foundational in discerning deviations from normality.
Mardia (1975) elaborates on various methodologies for assessing multivariate normal-
ity, underscoring significant advancements such as techniques based on Mahalanobis
angles and distances. Malkovich and Afifi (1973) discuss the generalization of univari-
ate skewness and kurtosis statistics, in conjunction with the W statistic by Shapiro and
Wilk, to evaluate multivariate normality using Roy's union-intersection principle.
Kankainen, Taskinen, and Oja (2007) introduced assessments for multivariate normal-
ity that extend classical univariate measures to a multivariate context. These assess-
ments are based on the Mahalanobis distance between multivariate location vector es-
timates and the distance between scatter matrix estimates. The authors developed an
asymptotic theory to provide approximate null distributions and assess the asymptotic
efficiencies of these assessments. These evaluations are particularly advantageous in
practical applications where data may not strictly conform to normality assumptions,
offering a reliable alternative to classical methodologies.

Liang and Yang (2022) proposed a novel assessment that amalgamates necessary-
only characterization and statistical representative points. They also present an illustra-
tive example, accentuating the assessment's supplementary function alongside existing
assessments in the literature. Mudholkar, McDermo, and Srivastava (2024) presented
a multivariate adaptation of the Lin and Mudholkar (1980) z-assessment for evaluating
univariate normality, offering an accessible methodology. The research contributes to
the understanding of multivariate normality evaluation and provides empirical refine-
ments for the Zp assessment. Székely and Rizzo (2013) examined the theory and appli-
cations of energy statistics, showing their efficacy in inference and multivariate analysis.
They discuss energy distance, a statistical distance that characterizes the equivalence of
distributions of random vectors, drawing an analogy to Newton's gravitational poten-
tial energy. Mardia (2024) discussed the statistical properties of multivariate distribu-
tions, mainly focusing on multivariate skewness and kurtosis measures. It presented
alternative forms of these measures and their applications in testing multivariate nor-
mality. The author derived exact moments and new approximations for the distribu-
tions of certain bilinear forms under multivariate normality. Additionally, the paper
examines the impact of non-normality on the size of normality theory tests for covari-

ance matrices.
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1.1. Types of departures from the multivariate normality

Deviations from multivariate normality can take various forms. There are some
typical departures from multivariate normality. Below, we present several typical
examples of departures from multivariate normality distribution (Domanski, 2009;
Domanski, 2011; Joenssen and Vogel, 2014; Ebner and Henze, 2020; Mardia, 2024):

e Uneven distribution of data in multidimensional space

When data comes from a mixture of normal distributions, clusters with distinct

locations and scales may occur. For example, a mixture of two normal distributions

may generate bimodal data, i.e. with two distinct maxima. Quantile-quantile plots

(qq-plot), probability plots, perspective plots, and contour plots can reveal such

uneven distributions.

e Deviations from linearity on diagnostic plots

On quantile-quantile and probability plots, deviations from linearity suggest

departures from normality. For instance, a curved shape on a gg-plot may show

skewness or kurtosis in the distribution.
e Non-zero values of multivariate measures of skewness and kurtosis

Multivariate measures of skewness b, and kurtosis b,, measure deviations from

symmetry and the shape of the normal distribution. Non-zero values of these

measures suggest departures from multivariate normality.
e Presence of outliers

Outliers can significantly affect the results of multivariate normality tests. For

example, on gg-plot, outliers often manifest as points far from the regression line.

Removing outliers may lead to changes in test results and better fit to the normal

distribution.

o Elliptical distributions

Elliptical distributions form a broader class of distributions to which the normal

distribution belongs. Multivariate normality tests may not be sensitive to deviations

from normality within this class.
e Non-normal marginal distributions

Therefore, it is essential to use multivariate normality tests, not just assessing the

normality of particular variables.

Outliers can significantly affect the results of multivariate normality tests, and their
removal can lead to a better fit for the normal distribution. It should be noted that even
if the multivariate distribution is not normal, individual marginal variables may show
a normal distribution.

There are many ways in which data can deviate from multivariate normality,
including the uneven distribution of data in multivariate space, deviations from
linearity in diagnostic charts, outliers, and elliptical distributions.
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1.2. Types of tests for multivariate normality

Numerous methodologies for testing multivariate normality represent
advancements in univariate normality testing. The majority of existing multivariate
probability tests can be classified into four distinct categories (Domanski and Pruska,
2000; Cramer and Howitt, 2004; Domanski, 2009):

1. Procedures predicated upon graphical representations and correlation metrics,
2. Goodness-of-fit assessment methodologies,

3. Tests formulated based on skewness and kurtosis statistics,

4. Consistent methodologies derived from the empirical characteristic function.

The first of these categories involves visual data analysis using graphs, such as
quantile-quantile charts (Royston, 1982). Perspective and contour charts can also be
used for two-dimensional data (Korkmaz, Goksuluk, and Zararsiz, 2014). These charts
allow one to assess whether the data follow the expected normal distribution (Koziol,
1993; Liang and Ng, 2009). For example, deviations from linearity in a qq-plot suggest
deviations from normality.

Generalized goodness-of-fit tests make it possible to compare the empirical distri-
bution of data with a theoretical normal distribution. Examples of such tests include
the extension of the Anderson-Darling test proposed by Hawkins (Domanski, 2011),
the Kolmogorov-Smirnov test (Kesemen et al., 2021), the Cramér-von Mises test
(Hernandez, 2021), and the chi-square test.

Tests based on measures of skewness and flattening use multivariate generaliza-
tions of skewness and flattening statistics to assess normality. Tests based on the
measures mentioned above include Mardia (Mardia, 1975; Domanski, 2009), the
Doornik and Hansen omnibus test (Doornik and Hansen, 2008), and tests based on
a multivariate version of the Shapiro-Wilk test (Domanski, Gadecki, and Wagner, 1989).

Procedures based on empirical characteristic functions use an empirical character-
istic function to compare the sample distribution with a normal distribution. An exam-
ple of such a test is the Henze-Zirkler test (Szekely and Rizzo, 2013).

Many multivariate normality tests are extensions of one-dimensional normality
tests. The appropriate test choice depends on the specifics of the research problem,
sample size, and expected deviations from normality (Joenssen and Vogel, 2014).

1.3. Testing multivariate normality

Multivariate normality tests allow us to assess whether a multivariate dataset
follows a multivariate normal distribution. The multivariate normal distribution is an
essential assumption in many statistical modeling and inference methods. Many
multivariate normality tests are available, each with its advantages and disadvantages.
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Researchers have extensively explored various statistical approaches to evaluate the
multivariate normality assumption due to its critical role in ensuring the validity of sta-
tistical inferences. The literature on multivariate normality tests encompasses a range
of methodologies developed to assess the assumption of normality in multivariate dis-
tributions. Traditional tests such as Mardia's test (Mardia, 1974) focus on multivariate
skewness and kurtosis, providing a measure that helps identify deviations from nor-
mality based on these higher moments. Henze-Zirkler's test (Henze and Zirkler, 1990)
employs statistics based on the Mahalanobis distance, offering robustness against sam-
ple size variations and good power against alternatives. The Royston test (Royston,
1983) for multivariate normality extends the Shapiro-Wilk test for univariate normal-
ity. It involves transforming the Shapiro-Wilk statistic into one that Royston claims to
be approximately chi-squared distributed with equivalent degrees of freedom, calcu-
lated based on the cumulative distribution function for the standard normal distribu-
tion. The test statistic combines the Shapiro-Wilk statistics for the separate variables.

The energy multivariate normality test (Székely and Rizzo, 2013, 2017; Mori,
Székely, and Rizzo, 2021) is a distance-based test that assesses multivariate normality
by comparing the energy of the observed data with the energy of data sampled from a
multivariate normal distribution. The energy of a dataset is a measure of dispersion or
spread, calculated based on the distances between observations in the dataset. This test
computes a test statistic based on the difference in energy between the observed data
and simulated multivariate normal data. Departures from multivariate normality are
detected if the observed energy significantly differs from the expected energy under the
null hypothesis.

Recent approaches include copulas and bootstrap methods, allowing for more flex-
ible testing in complex data structures. These modern techniques address the limita-
tions of classical tests, such as their sensitivity to outliers and dependency on large sam-
ple sizes. The literature also discusses the practical applications of these tests in fields
ranging from finance and economics to the biological sciences, where the correct iden-
tification of data normality significantly impacts the conclusions of empirical research.
Opverall, the evolution of multivariate normality tests reflects a broader trend toward
more computationally intensive and more accurate statistical methodologies in the face
of increasingly complex data.

Commonly employed methods include multivariate extensions of univariate nor-
mality, distance-based, and transformation-based tests. Multivariate normality tests
typically examine the distributional properties of multivariate data while considering
the interrelationships among variables. Among these, tests such as Mardia's, Henze-
Zirkler, and Royston's tests are widely used, leveraging sample moments and distribu-
tional properties to assess departures from multivariate normality. On the other hand,
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distance-based tests rely on measures of distances or dissimilarities between observa-
tions to evaluate deviations from multivariate normality. Examples include the Ma-
halanobis distance criterion and the correlation ratio criterion, which assess the ade-
quacy of the observed data distribution compared to the multivariate normal distribu-
tion.

Furthermore, transformation-based tests involve transforming multivariate data to
conform more closely to a multivariate normal distribution and assessing the goodness
of fit of the transformed data. Despite the availability of these diverse methodologies,
challenges persist in their application, including the sensitivity to sample size, dimen-
sionality, and underlying distributional characteristics. Additionally, the choice of
a proper test depends on the specific characteristics of the dataset and the research con-
text. As such, further research is warranted to develop robust and versatile methodolo-
gies for assessing multivariate normality across diverse research domains.

In statistical research, the inference of unknown population parameters is often
carried out based on random samples. In the case of characteristics measured on strong
scales (interval and ratio), samples of relatively small sizes are sufficient to carry out the
inference effectively.

The multivariate goodness-of-fit multivariate normality test is proposed in the pa-
per. The hypothesis regarding the distribution of the multivariate random variable will
be examined. The idea of this proposal is based on the empty cells test.

2. The proposal of a goodness-of-fit multivariate normality test based on
the idea of David-Hellwig empty cells

The empty cells test (David, 1950; Hellwig, 1965; Domanski, 2012) is one of the
goodness-of-fit tests. The hypothesis regarding the form of the distribution of random
variables can be assessed with this test. A random variable's entire area of variability is
divided into m cells, and the number of elements from the random sample in each cell
is counted. Then, the number of empty cells is counted. This number of empty cells is
compared to the critical value. Domanski and Pruska (2000) presented the interpolated
critical values for the empty cells test statistic.

Let us assume that an n-elements random sample was taken from the population.
We will test the hypothesis about the form of the distribution

Hy: F(x) = Fy(x)
against the alternative
Hy:F(x) # Fy(x)

where F, is the specified distribution.
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First, we divide the random variable's variability area X into m disconnected cells
M.i. It could be written as (Konczak, 2005, 2008):

X=UR M (1)
where X is the area of variability X of the random variable X, and
M;nM; =@, for,i,j € {1,2,...,m}i#jfori=1,2,...,m and

P(x€M) =, )

fori=1,2, ..., m, if the hypothesis H is true.
The test statistic in the empty cells test has the following form:
K, = card{j:m; = 0}
where m; means the number of elements from a random sample in j-th cell.

The critical area of the empty target test is right-sided.

Under the assumption of the truth of the hypothesis H, for a division into m
targets, the probability of k empty cells, when an n-element sample is taken, is expressed
by the following formula (Hellwig, 1965):

n

pem) = () Zre - (M) (1- 5 ()

and the cumulative probability function has the following form:
— n
Penm) = 2 () 2w - (M, 7) (1- ) )
For the assumed significance level a the rejection region could be denoted as:
K={k:k>K,,}

where K. are taken from tables (e.g. David (1950), Hellwig (1965), Domanski and
Pruska (2000).

Domanski (2011) points out the superiority of the power of the empty cells test over
the Shapiro-Wilk test in testing unidimensional normality for sample sizes of n<20.

The one-dimensional and multivariate normality tests presented above over-
whelmingly do not consider the case of known parameters. Among the few exceptions
is the Kolmogorov-Smirnov test, which checks for conformity to a distribution, partic-
ularly a normal distribution, with fixed parameters. There are few goodness-of-fit tests
for multivariate normality, and those that exist are highly constrained. McAssey (2013)
presented a multivariate goodness-of-fit test based on Mahalanobis distances. Some
tests are extremely complex to implement, so much so that they can handle only three
or four p-variates (Romeu and Ozturk, 1993). Hanusz, Tarasinska, and Zieliniski (2012)
modified the Shapiro-Wilk test for the case of normality with a known mean.

Let X = (X3, X3, -+, X) be the k-dimensional continuous vector random variable
with the cumulative distribution function F(x). Let xq,x,,-,x, where x; =
(i1, Xi2,+++, xix) for i = 1,2, -+, n, be an n-element sample.
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Let us consider the simple null hypothesis of multivariate normality denoted by the

form:
HO: Fp(x) = Fop(x)

where Fo, (x)~Ny(x; to,Zo), Mo and Ey are given vector of means and covariance
matrix,

against the alternative hypothesis
H 1=~ H, 0

Ly +20y

y+ay

Ly =20y
ix— 20 ix = Ox i Lix+Ox i+ 2

Figure 1. The idea of constructing cells for goodness-of-fit test for bivariate normality (m = 20)

For the application of the empty cells test for multivariate normality, it is necessary
to identify disjoint cells that satisfy conditions (1) and (2). The idea of cells construction
is based on using confidence ellipsoids and then dividing the created areas into 27
targets, where p is the dimension of the space. A visualization of how the area of
variation is divided into cells is shown only for a two-dimensional distribution (p = 2).
Figure 1 shows the idea of target construction for the case of a two-dimensional normal
distribution with a vector of expected values pg = (uy, tty) and a covariance matrix

2
o Ox O,
o= * X ZY . The division of the area of variation into m = 20 cells is shown.
O0x0y Oy
For the indicated cell design, the probabilities of observations occurring in all cells

under H, are the same.
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The p-dimensional ellipsoids are determined by:

(x — o) E5 M (x — o) < X§,1—a 5)

where
x € RP,
Ho - given vector of expected values,
X, - given covariance matrix (dimension pxp),
Xp1-q - quantile of the chi-squared distribution with p degrees of freedom at
confidence level 1 — a.

The division of the elliptic strip into 2P cells is determined by the eigenvectors of

the X, matrix.

Figure 2 shows the partitioning into m = 20 cells for a two-dimensional normal

distribution with an expectation vector gy = (0,0) and a covariance matrix Xy =

[017 0i7]. The figure shows n = 20 element random samples from a two-dimensional

normal distribution. In the general case, the number of cells m may differ from the
sample size n. If m # n, the critical values can be determined based on (3) and (4). In
the case of m = n, critical values can be obtained from Domanski and Pruska (2000).
The theoretical contour plot represent the bivariate normal distribution with
parameters pg and Zg. The empirical contour plots in Figure 2 show estimates from an
n =20 element sample of the density of the distribution. Two variants of expected values
of X and Y variables were considered:

a) p=(1,0)

b) n=(22)

4 4

Figure 2. Sample of n = 20 elements with empirical and theoretical, under Ho, contour plot
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For the sample size n = 20, the number of cells m = 20, and the significance level
a=0.05, the interpolated critical value in the empty cells test equals 9.96 (Domanski and
Pruska, 2000). This means that hypothesis Hy is rejected if the number of empty cells is
greater than or equal to 10. In both cases shown in Figure 2, the number of empty cells
is k=11 (left) and k = 15 (right). In both cases presented in Figure 2, the hypothesis Ho
should be rejected for the assumed significance level @ = 0.05.

3. The properties of the test - Monte Carlo study

The simulation analyses carried out evaluated the probability of rejecting the H,
hypothesis. The size and power of this test were analyzed. Simulation analyses were
conducted for a two-dimensional normal distribution. Two variants were considered:

a X, U W — 1.0 0.0

) Nz( y Ho» 20), heleuo = (0’0),2 — [

b X, U ) wW. - 1.0 0.7
) NZ( » Ho» 0)) here H.O = (0,0), }:0 = [

Random values were generated for variant (a) or (b) assuming changes in expected

values
6y = 0.0,0.1,...,1.5; 8, = 0.0,0.1, ...,1.5.

If 8y = 6y = 0.0, then the hypothesis Hy was true, otherwise Hy was false. The
estimated probabilities of rejecting Hy were obtained by a Monte Carlo study. The
sample sizes considered were n = 12, 20, and 28. In all considered cases, the number of
cells was set to m = n, and the number of simulations was established to N = 1,000. The
largest possible standard error when considering rejection proportions of multivariate

normality with 1,000 simulations is g5 = \/ﬁ(lN—ﬁ) = \/ 0'5;1);3'5) ~ 0.0158.

In generating random samples from a two-dimensional normal distribution, the
rmvnorm function from the mvtnorm package in R was used (mvtnorm 2025). The
function allows to generate random values from a multivariate normal distribution with
a given vector of expected values pu and covariance matrix X .

The probabilities of rejecting Hy were estimated for the multivariate Kolmogorov-
Smirnov test (KS) and the described proposal multivariate normality test (mvnDH).
Figure 3 shows the power function of the mvnDH test of concordance and the KS test
for a two-dimensional normal distribution for independent variables (variant a). The
presentation includes sample sizes of n = 12, 20, and 28. It is noticeable that the power
of both tests increases as the sample size increases. In all cases, the KS test features
a slightly higher power. Figure 4 shows the power function of the mvnDH concordance
test and the KS test for a two-dimensional normal distribution for the dependent
variables (variant b). The presentation includes sample sizes of n = 12, 20, and 28. It is
noticeable that the power of both tests increases as the sample size increases. For
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simultaneous increases in the expected values of both variables (X and Y), the
probability of rejecting the Hy hypothesis for the KS test is higher than for the mvnDH
test. However, when increasing the expected value of only one variable (X or Y), the
probability of rejecting the Hy hypothesis for the mvnDH test is greater than for the KS
test. Depending on the type of deviation from Hy, the effectiveness of the analyzed tests
is not the same.

DH KS
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. (0.1,0.2] . (0.3,0.4] . (0.5, 0.6] . (0.7, 0.8] (0.9, 1.0]

prob

Figure 3. Estimated probabilities of rejecting Ho for the case a) - independent variables
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Figure 4. Estimated probabilities of rejecting Ho for the case b) - dependent variables

4. Conclusions

In reality, many economic, social, or medical issues are complex and involve mul-
tiple dimensions. This article addresses the issue of statistical inference for multivariate
normality tests. A proposal for using the empty cells test to assess multivariate normal-
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ity is presented. The idea of this test is based on the concept of empty cells. In conduct-
ing an empty cells test, it is crucial to partition the area of variation into disjoint cells,
which is particularly significant in multivariate analysis. In the proposed testing proce-
dure, cells are defined by confidence ellipsoids and are further segmented along the
eigenvectors of the variance-covariance matrix. This division of the area of variation
ensures equal probabilities of observations in the cells under Ho. The proposed test val-
idates the conformity of the empirical distribution to a preset, precisely specified, mul-
tivariate normal distribution. Accordingly, it reacts not only to changes in the parame-
ters of the distribution, but also to deviations from normality, in particular to the
occurrence of a distribution type other than normal.

In simultaneous increases in the expected values of both variables (X and Y), the
probabilities of rejecting the H, hypothesis for the KS test are greater than those for the
mvnDH test. However, increasing the expected value of either variable (X or Y) en-
hances the likelihood of rejecting the Hy hypothesis in the mvnDH analysis compared
to the KS test. The performance of the analyzed tests is inconsistent, contingent upon
the form of deviation from H,. In some cases of deviation from multivariate normality,
the mvnDH test has greater power than the KS test. Due to the discrete nature of the
test statistic (number of empty cells), it is recommended that the researcher specify
a larger number of cells.

The advantage of the proposed mvnDH test is its intuitive idea and the possibility
of relatively easy programming of the relevant functions.
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