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Alternative approach to moments of order statistics from
one-parameter Weibull distribution
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ABSTRACT

The Weibull distribution is used to describe various observed failures of phenomena and
widely used in survival analysis and reliability theory. Sometimes it is very difficult to com-
pute moments of such distributions due to various reasons for e.g. analytical issues, multi
parameter cases etc. This study presents the computation of the moments and the expected
value of the product of order statistics in the sample from the one-parameter Weibull dis-
tribution. An alternative approach in connection to survival function is used to obtain these
moments and expected values. In addition the characteristic function of the above distribu-
tion is also obtained in the form of gamma functions. Further an illustration is shown to
find the first two moments and expected value of the product of order statistics by using this
approach.
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1. Introduction

Order statistics deals with the properties and applications of ordered random variables. The
concept of order statistics is widely used and play a very important role particularly in life
testing experiments, in a variety of practical situations where some of the observations in
the sample are censored. Since these experiments may take a long time to complete, usually
it is desirable to stop after the first r failure out of n items under the test. The observations
are basically the times of r failures, unlike most situations, and are obtained in order by the
method of experimentation. Using the obtained data we can estimate the required parameter
of interest such as true mean lifetime.

Other occurrences arise in the reliability theory and survival analysis where, a system
of n components is called r out of n system if at least r components occur. For components
with independent lifetime distributions F1,F2, ...,Fn the time to failure of the system is seen
to be the (n−r+1)th order statistics from the set of underlying heterogeneous distributions
F1,F2, ...,Fn. Several studies reveal the use of it in the characterization problems, linear
estimation, detection of outliers, study of system reliability, survival analysis, life testing,
data compression, among others (Arnold and Balakrishnan, 1989; Balakrishnan and Cohen,
1991). Lieblein (1953) derived a formula for variance and covariance of order statistics in
sample from the extreme-value distribution (asymptotic distribution of the largest value) in
terms of a certain tabulated functions. Balakrishnan and his co-author (1986) have looked
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into the order statistics from various types of generalized logistic population. The theory of
order statistics is available in the excellent book by David and Nagaraja (2003).

The order statistics from the Weibull distribution is considered in the present study. The
Weibull distribution is widely used in reliability and survival analysis due to its versatility.
This distribution is used to model the variety of life behaviours depending on the values
of the parameters. This paper is not concerned with the properties of this distribution, a
detailed account on the estimation of parameter and applications of this distribution can
be seen from many studies and available researches, e.g. the books written by Prabhakar
Murthy et al. (2004) and Rinne (2008). Let us consider the random samples of size n from
the Weibull distribution with probability density function (pdf),

f (x) = γx(γ−1)e−xγ

, x ≥ 0, γ > 0 (1)

The corresponding cumulative distribution function (cdf) and survival function (sf) are
F(x) = 1− e−xγ

and S(x) = e−xγ

respectively. This distribution has been applied exten-
sively, mainly by Weibull (Weibull, 1939a; Weibull, 1939b; Weibull, 1951; Weibull, 1952)
and will be referred to by his name. Lieblein (1955), in his later paper, derived first two
moments of order statistics in terms of incomplete beta and gamma function for the Weibull
distribution. Sometimes the derivation is not simple and the obtained expressions are not
in a very analytical form. We derive higher order moments of order statistics in the sample
from one-parameter Weibull distribution using an alternative expectation formula and also
their joint and characteristic functions.

2. Moments of order statistics

Let n values from one-parameter Weibull distribution after ordering in size are denoted by

x1,x2, ...,xn, x1 ≤ x2 ≤ ...≤ xn

where, xr,r = 1,2, ...,n is called the rth order statistics and we seek the moments of these
order statistics. The probability density function of the rth order statistics is given by

p(x) =
n!

(r−1)!(n− r)!
[F(x)]r−1[1−F(x)]n−r f (x), −∞ < x < ∞ (2)

where, x = xr. Using (1)

p(x) =
n!

(r−1)!(n− r)!
γxγ−1(1− e−xγ

)(r−1)e−xγ (n−r+1), x ≥ 0 (3)

Now, from (3) survival function of rth order statistics is

S(x) =
n!

(r−1)!(n− r)!

r−1

∑
u=0

(−1)u r−1Cu e−xγ (n−r+u+1)/(n− r+u+1) (4)

Litkowiecr
Pływające pole tekstowe



STATISTICS IN TRANSITION new series, March 2020 171

The joint pdf of rth and sth order statistics xr, xs, is

p(x,y) =
n!

(r−1)!(s− r−1)!(n− s)!
[F(x)]r−1[F(y)−F(x)]s−r−1[1−F(y)]n−s

f (x) f (y), −∞ < x ≤ y < ∞

(5)

where x = xr,y = xs,r < s,r,s = 1,2, ...,n. From d.f. (1) we obtain

p(x,y) =
n! γ2 xγ−1yγ−1

(r−1)!(s− r−1)!(n− s)!
(1− e−xγ

)r−1(e−xγ − e−yγ

)s−r−1

e−xγ

e−yγ (n−s+1)
(6)

Now, joint survival function of rth and sth order statistics is

S(x,y) = P(X ≥ x,Y ≥ y)

S(x,y) =
n!

(r−1)!(s− r−1)!(n− s)!

r−1

∑
u=0

s−r−1

∑
v=0

(−1)u+v r−1Cu
s−r−1Cv

e−xγ (s−r−v+u) e−yγ (n−s+v+1)/[(s− r− v+u)(n− s+ v+1)]

(7)

The joint pdf and survival function of xr1 ,xr2 , ...,xrk order statistics are given below in (8)
and (9) respectively.

p(xr1 ,xr2 , ...,xrk) =
n! γk (xγ−1

r1 xγ−1
r2 ... xγ−1

rk )

(r1 −1)!(r2 − r1 −1)!...(n− rk)!
(1− e−xγ

r1 )r1−1

(e−xγ
r1 − e−xγ

r2 )r2−r1−1(e−xγ
r2 − e−xγ

r3 )r3−r2−1...

e−x
γ(n−rk)
rk e−(xγ

r1+xγ
r2+...+xγ

rk )

(8)

S(xr1 ,xr2 , ...,xrk) = P(X1 ≥ xr1 , ...,Xk ≥ xrk)

So,

S(xr1 ,xr2 , ...,xrk) =
n!

(r1 −1)!(r2 − r1 −1)!...(n− rk)!

r1−1

∑
u1=0

r2−r1−1

∑
u2=0

...
rk−1−rk−2−1

∑
uk−1=0

(−1)u1+u2+...+uk−1 r1−1Cu1
r2−r1−1Cu2 ...

rk−1−rk−2−1Cuk−1

e−xγ
r1 (r2−r1−u2+u1)...e−xγ

rk−2 (rk−1−rk−2−uk−1+uk−2)e−xγ
rk−1 (uk−1+1)e−xγ

rk (n−rk+1)

(r2 − r1 −u2 +u1)...(rk−1 − rk−2 −uk−1 +uk−2)(uk−1 +1)(n− rk +1)

(9)

where r1,r2, ...,rk = 1,2, ...,n, such that r1 < r2 < ... < rk. This note utilizes survival func-
tion to find the moments of order statistics from one-parameter Weibull distribution. Re-
cently, this technique of finding moments has gained more importance in practical situation
and Hong called it an alternative expectation formula (Feller, 1966; Nadarajah and Mitov,
2003; Hong, 2012). For a continuous non-negative random variable X, the mean or the first
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moment can be expressed as

E(X) =
∫

∞

0
(1−F(x))dx =

∫
∞

0
S(x)dx (10)

Hong (2012) derived this formula to find the mean. Later he established the formula for
the expected value of the joint variables (Hong, 2015). If X1,X2, ...,Xn are non-negative
random variables and S(x1,x2, ...,xn) is their joint survival function then expected value of
joint variables (10) is

E(X1,X2, ...,Xn) =
∫

∞

0
...

∫
∞

0
S(x1,x2, ...,xn)dx1dx2...dxn (11)

Chakraborti et al. (2017) described higher order moments using the same technique.
The mth moments about the origin, E(Xm), of a continuous random variable X is

E(Xm) =
∫

∞

0
mxm−1S(x)dx (12)

From the survival function (4) of rth order statistics we obtain

E(Xm
r ) =

n!
(r−1)!(n− r)!

r−1

∑
u=0

(−1)u r−1Cu

(n− r+u+1)

∫
∞

0
mxm−1e−xγ (n−r+u+1)dx (13)

Making the transformation xγ = z in (13) and performing some algebraic simplification we
obtain

E(Xm
r ) =

n!
(r−1)!(n− r)!

r−1

∑
u=0

(−1)u r−1Cu
(m/γ)Γ(m/γ)

(n− r+u+1)m/γ+1 (14)

From (14) we can find moments about origin of the order statistics from the Weibull distri-
bution. Combining (11) and (7) we obtain

E(X ,Y ) =
n!

(r−1)!(s− r−1)!(n− s)!

r−1

∑
u=0

s−r−1

∑
v=0

(−1)u+v
r−1Cu

s−r−1Cv

(n− s+ v+1)(s− r− v+u)∫
∞

0

∫ y

0
e−xγ (s−r−v+u) e−yγ (n−s+v+1)dxdy

(15)

Making the transformation xγ = z and performing some algebra we get

E(X ,Y ) =
n!

(r−1)!(s− r−1)!(n− s)!

r−1

∑
u=0

s−r−1

∑
v=0

(−1)u+v
r−1Cu

s−r−1Cv

γ(n− s+ v+1)(s− r− v+u)∫
∞

0
G(1/γ,yγ) e−yγ (n−s+v+1)dy

(16)
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where,

G(1/γ,yγ) =
∫ yγ

0
e−z(s−r−v+u)z(1/γ)−1dz (17)

On multiplying eyγ (s−r−v+u) both sides and making transformation z = yγ t, and performing
some algebra in (17) we get

G(1/γ,yγ) =
∞

∑
w=0

(s− r− v+u)w

w!
B(1/γ,w+1)(yγ)(1/γ)+we−yγ (s−r−v+u) (18)

where B(1/γ,w+ 1) is the beta function. Combining (16) and (18) and making another
transformation yγ = p and performing some algebraic simplification we get

E(X ,Y ) =
n!

(r−1)!(s− r−1)!(n− s)!

r−1

∑
u=0

s−r−1

∑
v=0

(−1)u+v
r−1Cu

s−r−1Cv

γ2(n− s+ v+1)(s− r− v+u)
∞

∑
w=0

(s− r− v+u)w

w!(n− r+u+1)(2/γ+w)
B(1/γ,w+1)Γ((2/γ)+w)

(19)

In the same manner the expected value of the product of order statistics xr1 ,xr2 , ...,xrk from
the Weibull distribution is

E(Xr1 ,Xr2 , ...,Xrk) =
∫

∞

0

∫ xrk

0

∫ xrk−1

0
...

∫ xr2

0
S(xr1 ,xr2 , ...,xrk) dxr1dxr2 ...dxrk (20)

After simplifications,

E(Xr1 ,Xr2 , ...,Xrk) =
n!

γk(r1 −1)!(r2 − r1 −1)!...(n− rk)!

r1−1

∑
u1=0

r2−r1−1

∑
u2=0

...
rk−1−rk−2−1

∑
uk−1=0

(−1)u1+u2+...+uk−1 r1−1Cu1
r2−r1−1Cu2 ...

rk−1−rk−2−1Cuk−1

(
∞

∑
w1=0

(r2 − r1 −u2 +u1)
w1B(1/γ,w1 +1)

w1!(r2 − r1 −u2 +u1)
)...

(
∞

∑
wk−2=0

(rk−2 − r1 −uk−2 +u1)
wk−2B((k−2/γ)+w1 + ...+wk−3,wk−2 +1)

wk−2!(rk−2 − r1 −uk−2 +u1)
)

(
∞

∑
wk−1=0

(rk−1 − r1 −uk−1 +u1)
wk−1B((k−1/γ)+w1 + ...+wk−2,wk−1 +1)

wk−1!(uk−1 +1)
)

Γ((k/γ)+w1 + ...+wk−1)

(n− rk +1)(n− rk + rk−1 − r1 +u1 +2)(k/γ)+w1+...+wk−1

(21)
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3. characteristic function of order statistics

The characteristic function of rth order statistics xr is given as

φr(t) = E(eitx) (22)

where, x = xr, from (2) we obtain

φr(t) =
n!

(r−1)!(n− r)!

∫
∞

0
eitx

γxγ−1(1− e−xγ

)(r−1)e−xγ (n−r+1)

=
n!

(r−1)!(n− r)!

r−1

∑
u=0

(−1)u r1−1Cu1

∫
∞

0
γxγ−1e−xγ ueitxe−xγ (n−r+1) (23)

On expanding eitx in terms of power series, making transformation xγ = z and performing
some algebra in (20) we get

φr(t) =
n!

(r−1)!(n− r)!

r−1

∑
u=0

(−1)u r1−1Cu1

∞

∑
p=0

(it)p

p!
p/γΓ(p/γ)

(n− r+u+1)p/γ+1 (24)

4. Illustration

The above formulae are used to find the first two moments for a small sample of one-
parameter Weibull distribution by means of order statistics. The following computations for
n = 3 and γ = 2.5 illustrate the first and second moments corresponding to r = 1,r = 2 and
r = 3,

E(X1) = 0.572, E(X2) = 0.874

E(X3) = 1.216

and
E(X2

1 ) = 0.387, E(X2
2 ) = 0.831

E(X2
3 ) = 1.575

Variance corresponding to these statistics for r = 1,r = 2 and r = 3 is,

V (X1) = 0.572, V (X2) = 0.874

V (X3) = 1.216

The expected value of joint of order statistics for r = 1 and s = 2 is,

E(X ,Y ) = 0.728

In the same manner we can find out the higher order moments about origin and mean on the
basis of the procedure described in this article.
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5. Conclusion

The Weibull distribution is used to describe various observed failures of phenomena and
widely used in survival analysis and reliability theory. Techniques introduced here to evalu-
ate the moments of order statistics from one-parameter Weibull distribution involve survival
function and will be highly useful for practical situations. Characteristic function has great
ttheoretical importance and it has central importance in statistics and the expression is de-
rived here for the order statistics from Weibull distribution. Moreover it is able to generate
higher order moments of order statistics and can be used to evaluate the expression for mean,
variance, covariance, skewness and kurtosis of the distribution.
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