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Approximately optimum strata boundaries for two concomitant
stratification variables under proportional allocation

Faizan Danish!, S. E. H. Rizvi?

ABSTRACT

The proper choice of strata boundaries is an important factor determining the efficiency of
the estimator of the considered characteristics of a population. In this article, the

Cum3/D;(x,z) Rule (i=3,4) for obtaining approximately optimum strata boundaries has
been applied, taking into account a single-study variable along with two concomitant
variables serving as the basis of the stratification variables. The relative efficiency of the
proposed methods has been demonstrated theoretically and empirically by comparing them
to a selection of already-existing methods in a simulation study with the use of the
proportional allocation method.
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1. Introduction

Let there be a finite population consisting of N units, for which it is required to
estimate the total or mean for the characteristic Y under study, using simple random
sampling technique. In order to have this, we partition population L x M strata:

2

L
h=

M=

N, =N

=
LN

where Ny indicates the number of units in (h , k)™ stratum.

Let ‘n’ be the number of units to be drawn from the whole population and suppose
that the allocation of sample size nux such that

L M
2.2 My =N

h=1k=1
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Let Y, (i=1,2,3,..., Nhk ) be the population unit and then the population total is

L M N,
Y= 2 > Yhi
h=1k=1i=1
_ — L M J—
For the study variable, the unbiased estimate of Y Yo~ >W nk Y i ,where
h=1 k=1
_— nhk
y = L > Yo and Wi denotes the weight of the (h,k)™ stratum.
hk 4 i
Npy i=

For stratified simple random sampling, the sample estimate Y ,is unbiased with
sampling variance as below:

V(gst)zgg(l— fhk)

2 2
thahky

nhk

nhk

where f,, = and if f.p.c is ignored, we have
hk

2 2
tho-hky

(5)-53

Gﬁky represents the population variance for the character Y and is defined as

nhk

Ny 2

Gr%ky ZNLhk i_l(yhki _9hk)

E/hk being the population mean of all the N, units in the (h, k )th stratum.

Construction of stratification points was pioneered by Dalenius (1950), while
minimizing variance set of equations as the functions of population parameters were
obtained and due to their implicit nature, it becomes complicated to obtain solutions.
Cochran (1961,1963) has also discussed the cases regarding the optimum boundaries.
Yadav and Singh (1984), Rizvi et al. (2000), Danish et al. (2020), Khan et al. (2008),
Khan et al. (2014), Danish et al. (2017), Danish et al. (2018), Danish and Rizvi
(2018,2019) and Danish, F. (2018). Rizvi and Danish (2018) made an attempt to
summarise the proposed contribution towards obtaining stratification points.

The allocation procedure in which a sample size is selected as per proportion of the
stratum is known as proportional allocation. In such allocation, the sample size is
selected as

NN

Ny = = NW
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L M
thus, nhk oC Nhk and z Z nhk =N
h=1k=1
Hence, under such allocation, variance is

— 1
v (yst)p = thlzklwhkaﬁky
(1.1)

In this paper, for obtaining stratification points using classical approach for two
concomitant variables as the basis of stratification variables and a single study variable
under the proportional allocation method by assuming different distributions of the
concomitant variables and both dependent and independent cases have been discussed
as well.

2. Variance expression

Let the regression model of the response variable Y and the two information
variables X & Z be given as
Y=CX,Z)+e

where ‘€’ is error term such that

E(elx,2)=0 and V(e|x,2z) = n(x,2) > 0¥ x&(a,b) z&(c,d),

(b-a)<oo,(c-d)<eo

If joint marginal of X and Z is f(x, z) and f(x) and f(z) denotes marginal densities of
individual variables, respectively, then under above regression model,

Xn  Zk
we have Wy = I _[ f (X,2)OX07 is weight of a stratum.
Xh-1Zk-1
1 Xp  Zk
Hnky = Hhke :W—hk J. J. C(X,Z) f (X,Z)@X@Z and
Xh-1Zk-1

Uﬁky = Uﬁkc + U hkry denotes its mean and variation respectively,

where (Xh—la Xh»>Zk 1> Zk) be the stratification points and U e is the average

value of the function 77(X, Z) and gﬁkc as

Xn  Zx
1 2
oﬁkcz— _[ _[ cz(x,z)f(x,z)axﬁz—(yhkc)
th Xh-1Zk-1
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Using these relations, the variance can be expressed in terms of the population
parameters of the function of X and Y and V(e|x, z). The variance expression for the
case of proportional allocation is therefore given by

{Z 2 Whk (Uﬁkc + lhky )1
h K

V(ySt)prop - - (2.1)

The expression for various terms can be in terms of Singh and Sukhatme (1969)
and Danish et al. (2018).

3. Minimal equations for proportional allocation

Since %%th Hhky =t which is the population parameter and therefore is a fixed
constant. Hence, minimization of (2.1) is equivalent to minimization
2
Vp = %%tho_hkc (3.1)

Thus, to obtain minimal equations, we minimizeVIO by with respect of X, and

equate to zero, we get

0 0 0 0 2 .2 0
—Vp =2 |W ol ol Whi +Wi +0oi . — Wiy [=0
o P %{ hk ox, ke ™ “hke 5y hk + Ik ox, ke o Ik}

After further simplification, we get

z. T (Xn, 2 z
%|:th]. k \(Nh{[C Xh> :uhkC:| —Gﬁkc}32:|+aﬁkcjz:_l f(Xh,Z>aZ

2y
Z
{[c Xh,2) ,u,kc] oﬁ(c}éz}rgﬁ(cfz:l f (xn,2)0z

(3.2)

—Z{W- i

2y

For obtaining minimal equations we also differentiate Vp partially w.r.t. Z,

in a similar way, we get

Xh f(X’Zk) 2 2 2 [*h
Zh:{whijhl Wi {[C(Xazk)_ﬂhkc] _O-hkC}aX:|+o-hkC.[xhlf(x’zk)ax

xzk) 2 5 2 X
{ ‘thl {[C(Xazk)—ﬂhjc] —Uhjc}ax}rahjcfx:lf(XJk)aX

(3.3)
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However, for obtaining minimal equations we minimize Vp on equating the partial

derivative of this expression with respect of X, and Z, to zero, we get

{[c(xh, Zy ) —/Uhkc]2 _Jrzlkc}

thf(Xh,Zk) +f(Xh,Zk)GﬁkC

Whk
2_ 2

[C(Xhazk)_ﬂijc] ~Tijc ,

:Wij f (Xh,Zk) o + f (Xhozk)Uijc

ij
This gives the equation as
2
(.2 )_(ﬂhkc+#ijc) i=h+Lh=12,.L-1 »
h-%k )= 2 " j=k+lLk=12,.,M—1 '

On the condition that /1(X, Z) = C' (X, Z) f (X, Z) belongs to class {2 functions,

solutions to the system of equation (3.4) give OSB in the sense of minimization of
variance V ( Yo ) . These equations are also very difficult to solve and, therefore, for
prop

these equations also we shall find methods of obtaining approximation to the exact
solutions [Xh, Zk]. Further better approximation can be obtained by using some

approximate iterative procedures.

4. Some miscellaneous results

In the case of complexities in the equations, let us impose few regularity conditions
on f (X, Z) , C(X, Z) and U(X, Z) .We state that é’(X, Z) belongs to class € if
it satisfies

) 0<¢(x2)
i) {(x2z)<o
iii) C(X, Z), é" (X, Z) and é’" (X, Z) exist and are continuous V (x,z)
in [(a, b), (c, d)] respectively such that (b - a) <o and (d - C) <o .
Let us suppose | (X, Z) and 77( X, Z) belong to class Q and the function c(x,

z) satisfies the conditions (ii) and (iii).
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Before we proceed to prove the results, let us define the symbol ‘O’, which has been
used in the present investigation.

For two functions Tl(X,Z) and T2(X,Z), such that the ratio

T (X, Z ) / T (X, Z) remains bounded as x and z tends to their limits, then we can write
T1(x,2)=0(Ty (x,2)).

Lemma 4.1: If the function I (X, Z) is defined as

7. oX 1 .
Iij (X,Z)=J.Z]2 IXIZ (tl _Xl) (tz—Zl)J f (tl,tz)atlatz » X <X &Z71<2y

then
[ i+l j+1 i+1;, j+1 i+1,, j+2 1
k1+ kZJ fr kl+ kZJ fo+ kl+ k2J f
(i+1)(j+1)  (i+1)(j+1) X (i+1)(j+2) z
|ij(X,Z)= . . . - . .
k|+3kJ+l k|+2kj+2 k|+1kj+3 o
1 7_1 2 fyx +2 _l 2 xz + _1 2 fyz +O(k'+1+5)
211 (i+3)(j+1) (i+2)(j+2) (i+1)(j+3)
) (4.1)
2 2 2
of of o-f o-f o-f
where f (tj,th))=f,—=fy,,—=f,,——=fyy,——=f,,,———= fy,>
(1 2) 6t1 X 6’[2 VA 12 XX % 7z 8t1 at2 Xz

kl :X2—X1 and k2222—21.

Lemma 4.2: Let 'UU(X’Z) denote the conditional expectation of the function
ﬂ(tl,tz),so that
22, 6) fltt) 06t

fZZf fx"f f(t,t) 0t,0t,

Hy(x,2) =

Then, the series expansion of £, (X, Z) at point (t; , t;) is given by

77' ﬂ'(fx+fz)+2f77" 2
1+—(ky +k — 2 7 " |(ky+k
+277(1+ 2)4{ 12t (ki +ka)

f(fax+ T+ fg )7 + T (Tt o)+ 120" =0 (i + £, )
#ﬂ(sz):nJ{ (fuxt fz+ B + f(fx+f)m n -n(fx+f;)

1212y

](kﬁkz)3

+O((k1+k2)4)

(42)
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2

Lemma 4.3: If opn (X, Z) denotes the conditional variance of the function 77 (tl ,tz)

defined in the interval (x, z) , then

n

a,%(x,z)=(|32(n')2[1+77,(k)HO(k)ﬂ (43)

n
1 2 b . €1 <~ 3
where (k) and (k) denote all ki S with power ‘1" and ‘2’ respectively.

Lemma 4.4:

2
(kko )+ jzzz j;z f (1.t )ty oty 2“222 j;z E (tl,tz)atlatz} [1+O(k2)J
1 1 1 1

(4.4)

Lemma 4.5: With |00 (X, Z) and 0'% (X, Z) defined as in Lemma 4.1 and Lemma 4.3

respectively, we have

2
loo (. 2)03(x,2) = T [77 [T 0" (b0, 1) (00, 2)0640, (4.5)

X1

K,

K,

where k denotes any " or

5. Minimal equations and their approximate solutions

In this section we will obtain expansion of the series given in (3.4) about the points

X, and Z, the common boundary of (h, k)th and (h +1,k +l)th strata and

obtain the approximate systems of equation, which will give approximately optimum
points of stratification as their solutions. In doing so we shall make use of the Lemma’s
already 4.1-4.5.

The minimal equations for this method are given by
c(Xn, Zk) — Upke = Hije — c(xp, zx)

i=h+L,h=1,2,...L,j=k+1,k=1,2,...M
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For R.H.S.,, the corresponding expansion for the L.H.S. may be obtained by
changing the signs of coefficients of even powers of (ki,kj )the width of (i, j)th

stratum, where ki =Xh+1 —*h > kj =Zk4+] —Zk - From (4.2), after replacing

(X1,%2) by (Xn,Xny1) and (z1,23) by (Zk.2Zks1), we have

ﬂikccll‘*%kﬁ[c o +2fc Jkin{ffXXc +ffye + 12 Jk?m(kﬁ)]

12 fc 2412¢

where ki =Xh4+] —Xhand derivatives are evaluated at X,,.

However, when the same functions are differentiated w.r.t.Z,, we have

! ! " ' " 2 m
thjc =¢ 1+C—kj+ cf,+2fc k12+ ff,;c + ff,c + f°c kJ3+O(k?)
2c 12 fc 242¢

Ki=2.,-2

where

Here, the derivatives are evaluated at both Xp and Zk , we get

J ol

Al

c fy+ ) +2fc

d
e

m

f(frx+ oz + g )C + F (fy+ fp)c + f2c

fy =
24f2¢

where

Thus, we have

Hijc —C(Xh,Zk)Z(kikj) c +[C’( fx+ fz)+2fC"J(kikj)+O(kikj )2

2 12f

Similarly, we get

knki )|+ [ c(fy+ 1, )+21C )
Nnkc_c(xhazk)z( i) CJ{ x+fa) ](khkk>+o(khkk)

2 12f
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Evaluating derivatives at X, and  zj . Therefore, equation (3.4) can be put as

(khkk){cl +{Cl(fx+ fZ)+2fC"J(khkk)+O(khkk)2}

2 121

) (kikj)lc.{c'( ot fz)+2fC"J(kikj)+O(kikj)2} 51)

2 12f

Now, let us consider an expansion of the function

Z X 12
Bhk - J.Zkk—l -[Xhh_l ¢ (tl’tz)f (tl’tz )atlat2

about the point [Xh R Zk] . Expanding the integral about x;; and z with the help

of the Taylor’s expansion for two variables, we have
2 fy+ f,)c +2fc (knk
Bry = fc Knkg - Z), ( *‘2k)+o(khkk)2 (5.2)
fc

where in (5.2) also the function of f,77and their derivatives are evaluated at
X, and z, .Thus, we find that

2, 3.8 'iofe
knkk )™ Bne  (Knkk )" c fy+f;)c +2fc 2
( h8k) I _ (kn k8) 1_[( x+fz)c ](khkk)+0(khkk)
2fc

or

1 1
{(khkk )2 Bhkc'r _ (knkic )¢ [1[(fx+ fz)C'+2fC"J(khkk)+O(khkk )2]3

8 f 2 2fC’
knky )C fo+f,)c +2fc 5
- | hzk) [1—[( X 21(:. J(khkk)+o(khkk) ]

(5.3)
Similarly, we obtain
1

(kikj)z BijC' 3:(khkk)C‘ - (fx+fZ)C'+2fC" (kk)+0(kk)2
6fc " IJ

8 f 2
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Therefore, the minimal equations (5.1) can be put as

W | =
W | =

2, kiki ) Biic
(kh:k) Bh]l<C [1+O(khkk)2}= %%C {1+O(kikj)2}
(5.4)
Sup

((ab).(c

replace the minimal equations approximately by

3
Hence, if the terms of order o( d))(khk i )j can be neglected, we can

1 1
2 3 PR |3
(knki)* Bre' 3 _| (Kikj)™ Bije
8 f 8 f
or (khkk )2 Bhk = Constant (5.5)

In the case when it is possible to find a function Qi (Xh—la Xh»> Zk—1> Zk) such that
2 2 (2 Xp 2
(knkk )™ Bnk = (knkg ) jzkk,l Ixhh,l ¢ (t,t)f (t,t2) oot

' 2
=Q1(Xh—laxhazk—lazk)[1+O(khkk) }

(5.6)

Thus, the system of equations (5.5) to the same degree of accuracy can be put as

Qi (Xh_l, Xh» Zk—1»> Zk ) = Constant (5.7)

The above results can be put in the form of a note as follows.

Remark 1: If the regression of the dependent variable Y and stratification variables X
and Z in an unbounded population is given by

Y=C(X,Z)+e

<

where ‘¢’ is the error component such that E(e|x,z) = 0 and

Vv (e\ X,Z) = 77(X, Z) >0 ,VX E(a,b) and z E(C,d) with finite deviation

12
of the intervals, and in addition if C (X, Z) f (X, Z) belong to €, then the system of
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equations (3.4) giving strata boundaries [Xh » Zk ] , which correspond to the minimum

of V (yst ) brop’ can be put as

1
5
{ khkk J.Zk IJ. C tl t2 tl t2)8t18t2 |:1+O(khkk) }}3

1

Sup
((2b).(c

can be replaced by the approximate system of equations

khkk IZk IJ.Xh c

Or equivalently by

3
If the terms of order O[ q ))(khk j )] can be neglected, these equations

12

tl t2 (tl N0 )atlatz [1 +0 (kh kk )2 :| = Constant

Qi (Xh—la Xh 5 Zk—la Zk ) = Constant

Therefore,

' 2
Q (Xh—laxhazk—lazk )[1+O(khkk) :|

khkk Izk I C' tl tz (tl,tz)atlatz |:1+O(khkk )2:|

The same result can also be obtalned by minimizing the function

ZZ jZk jxh ¢ (tutp)f tl,tz)atlatz[no(khkk)z}

as in the light of Lemma 5, 1222th5ﬁkc equals to this function
h k

2
Thus, we find that if the function ¢ (X,Z) f (tl,tz)belongs to the class Q the

prop

strata boundaries [Xh,zk], corresponding to this minimum, is the solution of the

minimum value of ZZthffﬁkc and therefore V (9st) exists and the set of
h k

systems of equations (3.4) or equivalently of (5.4). These equations are very difficult to
solve exactly and it becomes essential to find some approximation to stratification
points.
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It may be precisely solved by substituting the exact minimal equations by other
systems of equations which are comparatively easy to solve but are only asymptotically
equivalent to the exact equations. The error is introduced because we neglect terms of
higher powers of the strata widths which can be justified when the total stratum is large.
The approximate systems of equations are obtained by neglecting terms of order
O(m3) where 1, - Sup

((a.b),(c.0)) Knke)”

terms of order o(m3)are small and therefore the error involved in the approximate

on both sides of (5.4). For large strata, the

systems of equations is small, although this error is comparatively larger than the one
involved in the case of optimum allocation. Here, we shall develop the approximate
systems of equations given in (5.5) and (5.7).

6. Approximate systems of equations

I. If in the expansion of the minimal equations (3.4) we neglect all terms except the
first on both sides of the equation, the solution is obtained by taking

b-a -
Xy = constant=T ,h=1,2,...,L and Z =constant = %, k=12,..,M.

Therefore

xh:a+[@jh with xg=a and x_=b

d—
and zk:c+[(TC)]k with z,=c and z,, =d

It cannot be suspected that this set of approximations can give good solutions as
these are simple to obtain. However, the method is not applicable in the case of infinite
range.

II. An approximation to the optimum points of stratification is obtained by solving the
systems of equations

k k Ixh ljzk ]C' tl’tz f (tl’tZ)atlatz = C1 (6.2)

as shown in (5.5). The solutions of this system of equations and also of those that will
now follow, are expected to be closer to the optimum stratification points as compared
to the solutions obtained from (6.1).
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III. From Lemma 4 and equation (6.2), we get a general class of approximate systems
of equations as

1

: A 2
(khkk )3/1_1 Ixh ij (C ’ (tl,tz) f ('[1,'[2 )) ot oty = Constant
1

XKoot ¥ Zy—

1
However, for A = 5 ,we have

2
X z 12
[(khkk )Ixhh_] J-Zkk_l C (tlat2) f (tl,t2 )6tlat2:| = Cz

1
and for A = g , we have a system of equations as

3
X VA 12
" %/C (t,t2) f (t1,t)at 0ty | =Cs
Knot ¥ 2k

giving approximations to stratification points [Xh » Zk ] . As remarked in the case of the

optimum allocation method, in some particular cases some of the approximate systems
given in the above equations may be meaningless. Therefore, depending upon the
situation, one should make the approximate choice of the systems of equations for

obtaining the approximations to optimum points [Xh > Lk ] .

7. Cum 3D3(%2) Rule

2
If the function Dj (X, Z) =C (X, Z) f (X, Z) is bounded and its first two derivatives

exists V x € [a,b] &z €[c,d] , then taking equal intervals with a given values of L and
M on the cumulative cube root of Dj (x,z)will give AOSB [Xn. 2z ]

Remarks:

I Ifwetake either C(X, Z) =a+ [X or C(X, Z) =a+yZ in Dy(x,z) it reduces

to the method proposed by Singh and Sukhatme (1969).
2
II. If the function C (X, Z) is constant, therefore the proposed method reduces to

Cum3l f (X, Z) rule.
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Further, for any distribution and given number of strata the set of AOSB will
remain unchanged with respect to the form of conditional variance. However, the
efficiency of the stratification will differ from stratified simple random sampling
estimators as well as other estimators with the choice of various forms of conditional
variance.

8. Empirical study

For the purpose of empirical study, the effectiveness of the methods of finding
approximation to the optimum points of stratification, we have considered the system
of minimal equations obtained for the case of proportional allocation. In this
illustration we shall consider equal interval approximation and the system of
approximations given in (6) article. The former approximation is specially considered
due to its simplicity. From all the later approximations we have only chosen one suitable
method. Since the order of approximation involved in all these methods is the same,
this one approximation will give the idea about the effectiveness of all other
approximations given in article (6). For the sake of simplicity, the linear regression line
Y on X and Z have been taken as the form Y = + X+ yZ+€. Here, it is considered
that the two auxiliary variables used for stratification are dependent. From all the
subsequent approximations we have only chosen one suitable method. Since the order
of approximation involved in all these methods is the same, this one approximation will
give the idea about the effectiveness of all other approximations. For obtaining the
stratification ~ points under  proportional allocation let us assume

C(X, Z) = o + X+ yZ.Further, let us assume that the correlation coefficient between

X and Z is denoted by o and is equal to 0.65. Let us consider the following examples:

Empirical study 1:
Suppose
S
f(x)=——e 2 ,x>0
(x)=—7—
and the variable Z has
ZZ
f(z)= 1 e 2,220

In order to obtain the OSB when both the variables are standard normally
distributed by assuming the value of regression coefficients £ =0.65 and y =0.57.
For obtaining total 16 strata, 4 along X variable and 4 along Z variable using the
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proposed Cum K/ D3 (X, Z) rule, by solving it in Mathematica Software assuming that

the distribution of X and Z are truncated at x = 6 and z = 4, respectively, we get the
stratification points as below:

Table 1. OSB and Variance, for standard normally distributed auxiliary variables

rian .
Variance Variance

0SB ( oo Z ) cum 3/ D3(X, 2) Rule (Singh 1975) % RE.

(0.3347,0.2673)
(0.5779,0.2673)
(1.9004,0.2673)
(6.0000,0.2673)
(0.3347,0.5284)
(0.5779,0.5284)
(1.9004,0.5284)
(6.0000,0.5284)
((0.3347,0.9865)
(0.5779,0.9865)
(1.9004,0.9865)
(6.0000,0.9865)
(0.3347,4.0000)
(0.5779,4.0000)
(1.9004,4.0000)
(6.0000,4.0000)

0.06798628 0.182346 268.21

Empirical study 2:
Let

1 _(logxzu)2 0 0
——e 262 ;x> 0,0 >
f(x) =4 oxV2r

0 ,elsewhere
and

1
f(2) = m,aSZSb
0 ,elsewhere

To obtain the OSB in proportional allocation using the proposed Cum 3/D5 (X, Z)

rule for uncorrelated auxiliary variables having densities as defined above. Standardised
log-normal distribution is defined in the interval x € [0,10] and the other variable

Ze [O, 1] ,and $=0.82 & y=0.437. For 3x2 (LxM) = 6 strata, i.e. 3 along X variable and
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2 along Z variable, the results obtained after solving the function using Mathematica
Software are presented in the following tables as:

Table 2. OSB and Variance, for standard lognormal and uniform distributions

OSB

Variance
(Xh» Zk) (Cum J/D3(X, Z) Rule)

(3.4216,0.4759)
(6.5319,0.4759)
(10.0000,0.4759)

0.035281796
(3.4216,1.0000)
(6.5319,1.0000)
(10.0000,1.0000)

9. For independent auxiliary variables under proportional allocation ( p = 0)

In order to propose a technique under proportional allocation when the two
auxiliary variables are independent to each other we need to proceed in the same way
as proceeded in the case when they were dependent only with the difference that here
in this case we have to take marginal densities rather than joint densities under
consideration. We can write (5.3) as

1 1
kn) Bnc (x) P| (kn)? Bnc (2) P
(kn)” Bnc (x) [*| (kn)” Bnc (2)

8  f(x) 8  f(z2)

_(kn)e'(x) [1_[( fy)c +21 (X)CH(X)J(kh)m(kh )

2

In a similar way, we have

1 =
{(knz Bic'(x)r (ki) Bic'(2) [

8 f(x) 8 f(z)
_(ki)e ()| [(h)e+2f () ()] Lok
= [1 L o1 (¢ (x) J(k-) O (ki) ]

(kj)e' ()] ((t,)c +2f(2)c"(2) 2
: 2 1= 6f(Z)C'(Z) (kj)+o(kj)
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Zy

where By, = jxxhh_lc'2 (1)f(n)dy  and B =[" ¢ (t)f (tz)dty

Zy

3 3
However, if the terms of order o(iug(kh)J and O(:ug(kk )J can be

neglected, we replace the minimal equations approximately by

1 1 1 B
{(kh)z th'(x)ﬂ(khf th'(z>]3 :{(ki y Bic'(xT (ki)' Bic'(2)

8 f(x) 8 f(z2) 8 f(x) 8 ;(z)

or in other words we have that kﬁ B;, and kk2 By are constants. In the case when it

is possible to find a function Qi (Xh—1.Xn) and Qll (zk—1,2k ) such that

(kn)” B =(kn)* [ " ()7 (1)t

h-1

=Qi(><h_1,><h)[1+0(kh)2}

(k) B =(k)* [* ¢ (12)F (1)t

and k-1

=Qi(2k—1,2k)[1+0(kk )2]

The Remark 1 can be proceeded in the case of independent variables too. Similarly,
an approximate system of equations can be proposed in the same way as proposed in
the case when auxiliary variables are dependent, and can be written as

(knki)? [;1 7% " (@)e” (0)f (0)f (£)9t10¢, = Cy.

The solution of this system of equations and also those that will now follow are
expected to be closer to the optimum points of stratification as compared to the strata

b-a d

obtained composed from kj, = = Constantand k) = 9 ~C — Constant. Therefore,
M

depending on the situation one should make the approximate choice of the system of
equations for obtaining the approximation of optimum points of stratification.
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10. Cum \3/ Dy (X, Z) Rule

For equal intervals with given values of L and M on the cumulative cube root of
2 12
D4 (X, Z) will give AOSB if the function Dy (X, z)=c (X)C (2)f (X) f (Z) is
bounded and its first derivative exists in all X € [a, b] and Z € [C, d] .

Remarks:

12 12
1. If the functions C (X) and c (Z) are constants, then the proposed method

is reduced to cum 3/ f (X) f (Z) rule.
2. If we take C(X) = C( Z) and f (X) =f (Z) , then the proposed method is reduced
to the Yadava and Singh (1984) method of Cum ,3/ B> (X)

F(x)x2" (x)+ x4 (X) =4 (x)

3

where By =

11. Empirical study

We shall demonstrate empirically the efficiency of the given method obtaining
approximately optimum strata boundaries (AOSB). For this purpose, we have
considered the system of minimal equations obtained for the case of proportional
allocation when the two auxiliary variables used for stratification are independent.
From all the subsequent approximations we have only chosen one suitable method.
Since the order of approximation involved in all these methods is the same, this one
approximation will give the idea about the effectiveness of all other approximations.
For obtaining the stratification points under proportional allocation let us assume

c ( X, Z) =+ X+ 7. Let us consider the following examples:

Empirical study 3:

Let f(x)=2(2-x),1<x<2and f(z)=e*"1<2<6

In order to obtain stratification points when the auxiliary variable X follows right-
triangular distribution defined in [1,2] and auxiliary variable Z follows exponential
distribution defined in [1,6] we assume the values of f=0.567 and y =0.257. While

execution for obtaining OSB using Cum 3/D (x, z) Rule by solving the function using

Mathematica Software for 6 strata, 2 along X variable and 3 along Z variable. The results
obtained are presented in the following table.
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Table 3. OSB and Variance, with right-triangular and exponential distribution

Variance
0SB

( Xns Zy ) Cum ,3l D4(X,Z) Rule Yadaval ;1181:11 Singh,

(1.5000,1.9474)
(1.0000,1.9474)
(1.5000,3.3368)
(1.0000,3.3368)
(1.5000,6.0000)
(1.0000,6.0000)

% R.E.

0.089542 0.152122 169.89

Empirical study 4: Let us consider the distribution of X as right-triangular having
f(x)=2(2-x),1<x<4

and Z variable is having a uniformly distributed having
f (z)=L,ls 72
b-a

In order to find the OSB when one of the auxiliary variable is following right-
triangular distribution and the other uniform distribution, we assume the value of
L =0.56 and y =0.762. The stratification points obtained for total 6 strata among

that 3 along X variable and 2 along Z variable for the Cum K/ Dy (X, Z) Rule using

Mathematica Software for solving the function are presented in the following table.

Table 4. Uncorrelated variables having right-triangular and exponential distribution, OSB and
Variance

OSB Variance

(%2) Cum 3/ D4 (X, Z) Rule Khan et al. (2008)

(1.7880,1.5000)
(2.6870,1.5000)
(4.0000,1.5000)
(1.7880,2.0000)
(2.6870,2.0000)
(4.0000,2.0000)

% R.E.

0.0354952 0.08293 233.64
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12. Simulation Study

In this section, we conduct a simulation study to investigate the effectiveness of the
proposed dynamic programming with the following methods (1-3) in stratification
package in the R statistical software and 4 & 5 in LINGO:

1. Dalenius and Hodges [1959] cum f method, which is the most frequently
used and better known method.

Gunning and Horgan [2004] method.

Lavallée -Hidiroglou [1988] method with Kozak’s [2004] algorithm.

Khan et al. [2015] method

Proposed method.

AR

In this study, a data set (with N = 5000) following the uniform and exponential
distribution with a = 0, b=1, c= 0 and d = 2 was randomly generated by the R software.
Then, the OSBs using the proposed method as discussed earlier are obtained for the
three different number of strata, that is, (L,M )= (3 ,4). Then, the OSBs using the
proposed method are obtained for (L,M )= (3 ,4). The OSBs are determined using cum
f method, geometric method and the Lavallée-Hidiroglou (Kozak’s) method using the
stratification package with CV = 0.75 and Khan et al. [10] and the proposed method

using LINGO.

Table 5. The variance of variables for different stratification methods

Stratification Method Variance

(in e-09)
Dalenius and Hodges [1959] cum \/? method 3128371
Gunning and Horgan [2004] method 2891.916
Lavallee-Hidiroglou [1988] method using Kozak’s [2004] method 728.3791
Khan et al. [2015] 589.7021
Proposed method 203.107

From the table above, it is noted that the OSBs obtained by the cum f method and
the proposed dynamic programming method are very close to each other, whereas the
OBSs in the other methods, geometric, Lavallée-Hidiroglou method with Kozak’s
algorithm and Khan et al. (2015) differ widely from that of the proposed method.
However, the table reveals that the proposed method yields the smallest variances of
the estimate for all (L, M) = (3,4) as compared to all the other methods. Although the
variances for the dynamic programming method are closed to the cum f method, the
other two methods produce a greater variance than the dynamic programming
technique. Thus, the study reveals that the proposed dynamic programming technique
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is more efficient than the other methods while stratifying a population with a uniform
and exponential distributions.

13. Conclusion

The optimum stratification is defined as subdividing heterogeneous population
into the best possible manner that makes the homogeneity within subpopulation and
heterogeneity between them. Demarcation of strata boundaries is one of the main
factors for efficient results in stratified random sampling. In this regard, we have

proposed Cum D(X,Z) Rule (i = 3,4) for obtaining approximately OSB for two

stratification variables having single study variables for both the dependent as well as
independent cases for concomitant variables. Thus, comparing the proposed method

Cum D_;(X,Z) Rule for standard normally distributed auxiliary variables with the

Singh (1975), the %RE obtained is 268.21, which indicates the efficiency of the proposed
method. Further, the %RE obtained while making comparisons between the proposed

method (Cum D4(X,Z) Rule) and the method given by Yadava and Singh (1984)

results in 169.89 for right-triangular and exponential auxiliary variables. In the same
case for right-triangular and uniform auxiliary variables the %RE comes out to be
233.64 as compared with Khan et al. (2008) under proportional allocation. Further, the
simulation study also proved the superiority of the proposed methods with regard to
the existing methods. Thus, it can be concluded that the use of two stratification
variables gains efficiency over a single auxiliary variable and the proposed methods are
more precise than the existing methods. The proposed strategy can be entirely applied
to different distributions that describe the concomitant variables.
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