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Policy Statement

The broad objective of Statistics in Transition new series is to advance the statistical and
associated methods used primarily by statistical agencies and other research institu-
tions. To meet that objective, the journal encompasses a wide range of topics in statis-
tical design and analysis, including survey methodology and survey sampling, census
methodology, statistical uses of administrative data sources, estimation methods, eco-
nomic and demographic studies, and novel methods of analysis of socio-economic and
population data. With its focus on innovative methods that address practical problems,
the journal favours papers that report new methods accompanied by real-life applica-
tions. Authoritative review papers on important problems faced by statisticians in agen-
cies and academia also fall within the journal’s scope.
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From the Editor

It is with great pleasure that we present our readers the last issue of our quarterly
in 2025, consisting of 11 articles covering a wide spectrum of topics discussed by
19 authors from USA, Poland, Iran, India, Slovakia and Nigeria. Let us take this oppor-
tunity to wish you Happy Holiday Season and A Happy New Year 2026.

Original Research Papers

In the first paper, On using ARIMA model confidence intervals applied to popula-
tion projections based on the components of change: a case study for the world popu-
lation, David A. Swanson and Jeff Tayman discuss how measures of uncertainty de-
rived from a standard time series model (ARIMA) can be applied to an existing popu-
lation projection. Specifically, how to apply the uncertainty measures to a world popu-
lation forecast based on the Cohort-Component Method. The results are compared to
the Bayesian probabilistic world forecast developed by the United Nations and found
to be similar but showing more uncertainty. The results are followed by a discussion
suggesting that this new method is well-suited for developing probabilistic world,
national, and sub-national population forecasts.

Agata Girul’s paper entitled Factors determining the formation of degraded areas
in local government units and the effectiveness of revitalisation activities focuses on
identifying the factors that determine the occurrence of deprived areas requiring
revitalization. The article uses data from the survey SG-01 report Municipal Statistics —
Revitalisation. The PROFIT (PROperty FITting) multidimensional scaling program for
local level territorial units was applied. The program takes into account the delimitation
of rural areas based on the typology of Functional Urban Areas. Calculations and fig-
ures were made in Statistica 13. The focus on the problematic areas revealed the variety
of challenges faced by local territorial units in their respective revitalisation programs.
The comprehensive analysis of the causes-and-effects of the degradation and revitalisa-
tion processes may prove useful tools in developing effective local development strategies
while improving the quality of life of residents of local communities.

In the next paper, Bayesian nonparametric model for weighted data using mixture
of Burr XII distributions, Soleiman Khazaei and Soghra Bohlourihajjar discuss
a Bayesian nonparametric approach for analyzing weighted survival data using the
Dirichlet Process Burr XII Mixture Model (DPBMM) to estimate the underlying
density and survival functions. Parameters are inferred using Markov Chain Monte
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Carlo (MCMC) methods, and the Metropolis-Hastings algorithm is applied to obtain
de-biased samples from the weighted observations. Numerical illustrations are provided
using both simulated and real lifetime data, including the presence of censored
observations. The performance of the proposed method is compared with classical
kernel density estimates to demonstrate its flexibility in modeling complex and heavy-
tailed distributions.

Jitendra Kumar’s and Anuj Nain’s article Exploring new mixtures of distribution
to model a skewed and heavy tailed data presents two distributions - Log-logistic and
Inverse Weibull distribution - as an extension of all those proposed by Miljkovic and
Griin (2016) due to adding and examining K-component finite mixtures of two more
distributions. The EM algorithm has been employed for parameter estimation and then
best model has been selected using three model selection criterions, namely NLL, AIC
and BIC. The risk measures such as VaR and TVaR have been also computed and
compared with their empirical counterparts to assess the goodness of fit of our
proposed models at the extreme quantiles. It was found that K-component mixture
distribution of Log-logistic and Inverse Weibull works better than competent models.
To get more generalized view on the theory of mixture distribution the simulation was
carried out providing satisfactory results.

The paper by Mariusz Kubus, Lukasz Mach, and Przemyslaw Misiurski entitled
Application of the nonlinear splines model to forecast changes in the construction costs
index, presents an innovative approach to forecast the construction costs index (CCI),
which is an important macroeconomic indicator. Due to the long-term nature of the
investments in the construction market, the authors tested the model in a ten-month
ahead period. Except minor disruptions, which were likely related to COVID-19, they
obtained promising results, which definitely outperformed the classical ARIMA and its
variant with nonlinear autocorrelation functions modeled with neural network. The
achieved forecast results will enable both the demand and supply in the construction
market to be in market equilibrium and minimize the formation of speculative bubbles
in the market.

In the article entitled The truncated Schréter recursive algorithm for the computa-
tion of aggregate claim amounts, Friday I. Agu introduces and evaluates the truncated
Schroter recursive algorithm for computing aggregate claim amounts in the insurance
sector. The algorithm addresses the limitations in the existing methods by incorporat-
ing truncation at 1, which is crucial for an accurate modelling of insurance claims where
the events leading to a claim are pivotal. Using the AutoCollision dataset, the study
compares the truncated Schroter algorithm with the Panjer and Schroéter recursion al-
gorithms, focusing on computational efficiency and accuracy. Furthermore, the de-
scriptive statistics revealed substantial variability and risk factors, such as higher claim
severity for business-use vehicles and young drivers aged 17-20. The results
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demonstrate that the truncated Schréter algorithm substantially reduces the execution
time while maintaining high accuracy, thus making it a superior tool for risk manage-
ment and premium setting.

In the next paper, Inverse Power Lomax Poisson distribution: properties and
applications in modelling negatively-skewed reliability data, Adebisi A. Ogunde and
Emmanuel F. Nymphas propose a new, four-parameter distribution with increasing,
decreasing, bathtub-shaped and a unimodal failure rate, called the Inverse Power
Lomax Poisson (IPLP) distribution. The new distribution combines Inverse Power
Lomax (IPL) and Poisson distributions along with several properties of the new distri-
bution: its probability density function, its reliability and failure rate functions, the quan-
tiles, the stress-strength parameter, complete and incomplete moments, the moment
generating function, the probability weighted moment, Rényi and g-entropies, and
order statistics were derived. The study presents the estimation of the model’s parame-
ters based on the maximum likelihood method. The applications of the new distribu-
tion are presented using two real data sets, showing its flexibility and potential in mod-
elling lifetime data.

In the paper entitled Exploring variation in data on income inequality across
databases and measures in post-socialist countries, Monika Wesolowska examines
the consistency of income inequality data in post-socialist countries in Central and
Eastern Europe and Central Asia across common measures and databases. Such
analyses were carried out for single measures, databases, or selected countries, aimed at
identifying the research gap for a selected group of countries. The study indicates a high
level of consistency in income inequality trends over the long term and highlights
strong correlations between different data sources for the same measures. However,
they are inflated by the high consistency of data for EU countries, which is why only for
this subgroup it would be possible to truly confirm the existence of consistent trends.
The ranking of countries is most consistent in the context of extreme equality or
inequality, and between measures from the same database, while the occurrence of full
consistency in the values of individual measures practically does not occur.

Conference Papers

XXXXII Multivariate Statistical Analysis 2024, Lodz, Poland

Grzegorz Konczak’s article On a new goodness-of-fit test for multivariate normal-
ity with fixed parameters based on David-Hellwig test idea presents a proposal for
a goodness-of-fit test for multivariate normality. The idea of this test is based on the
concept of empty cells. In conducting an empty cells test, it is crucial to partition the
area of variation into disjoint cells, which is particularly significant in multivariate
analysis. In the proposed testing procedure, cells are defined by confidence ellipsoids
and are further segmented along the eigenvectors of the variance-covariance matrix.
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This division of the area of variation ensures equal probabilities of observations in the
cells under HO. The proposed test validates the conformity of the empirical distribution
to a preset, precisely specified, multivariate normal distribution. Accordingly, it reacts
not only to changes in the parameters of the distribution, but also to deviations from
normality, in particular to the occurrence of a distribution type other than normal.

XV Scientific Conference MASEP 2024 - Measurement and Assessment
of Social and Economic Phenomena, Warsaw, Poland

In the paper The concept of behavioral model of decision-making under risk, Ewa
Falkiewicz outlines the decision-making process under risk and considers the
psychological aspects of the decision-maker. The aim is to construct a principle of
optimal decision choice for a single decision-maker. A finite, discrete set of acceptable
decisions, a set of possible world states, and a system of probabilities of these states,
whose probabilities are either known or subjectively estimated by the decision-maker,
and a utility matrix are considered. A process of optimizing the decision-making is
suggested, taking into account not only the rationality of the decision-maker but also
emotional aspects. Taking into account two emotions important to decision-making —
regret at making a decision bringing less utility than possible in given conditions and
satisfaction with a choice that is better than the weakest — constitute the behavioral part
of the model.

Research Communicates and Letters

In the paper entitled Mean estimation based on the factor-type estimator under
an adaptive cluster sampling design by Narendra Singh Thakur, Shubhangi Chaurasia,
and Unnati Bhayare, some estimators are discussed with their properties using the
concept of large sample approximations in adaptive cluster sampling. This manuscript
emphasizes the use of the factor-type estimator designed for population mean of the
variable under study using the data of highly correlated auxiliary (supplementary) var-
iable under adaptive cluster sampling. The bias, mean squared error and optimum
mean squared errors up to the first order are obtained and a simulation study is per-
formed for comparison purpose. The condition of optimality is derived as well.

Wlodzimierz Okrasa
Editor

© Wlodzimierz Okrasa. Article available under the CC BY-SA 4.0 licence @
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On using ARIMA model confidence intervals applied to
population projections based on the components of change:
a case study for the world population

David A. Swanson', Jeff Tayman®

Abstract

This paper shows how measures of uncertainty from a standard time series model (ARIMA)
can be applied to an existing population projection based on components of change using the
world as a case study. The measures of forecast uncertainty are relatively easy to calculate and
meet several important criteria used by demographers who routinely generate population
forecasts. This paper applies the uncertainty measures to a world population forecast based on
the Cohort-Component Method. This approach links the probabilistic world forecast
uncertainty to the fundamental demographic equation, the cornerstone of demographic
theory, which is an important consideration in developing accurate forecasts. The results are
compared to the Bayesian probabilistic world forecast developed by the United Nations and
found to be similar but show more uncertainty. The results are followed by a discussion
suggesting that this new method is well-suited for developing probabilistic world, national, and
sub-national population forecasts.

Key words: ARIMA, Bayes, Espenshade-Tayman method, forecast uncertainty, super
population.

1. Introduction

Alkema et al. (2015) describe a Bayesian approach that links probabilistic uncer-
tainty to a world population forecast based on the Cohort-Component Method (CCM).
It proceeds by assembling a large sample of future trajectories for an outcome such as
the total population size. The point projection in a given year is the median outcome of
the sample trajectories. Other percentiles are used to construct prediction intervals
(Alkema et al., 2015). More details on this seminal approach are found in Raftery,
Alkema, and Gerland (2014), and a general overview of probabilistic population
forecasting can be found in Raftery and Sevéikova (2023).

! Department of Sociology, University of California Riverside, 900 University Avenue, Riverside, CA 92521, USA,
E-mail: dswanson@ucr.edu. ORCID: https://orcid.org/0000-0003-4284-9478.

? Tayman Demographics, 2142 Diamond Street, San Diego, CA 92109, USA., E-mail: jtayman@san.rr.com.
ORCID: https://orcid.org/0000-0003-3572-209X.

© David A. Swanson, Jeff Tayman. Article available under the CC BY-SA 4.0 licence
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Because the Bayesian approach described by Alkema et al. (2015) is based on the
CCM, its measures of uncertainty are linked to the “fundamental equation”, whereby
a population at a given point in time, Py, is equal to the population at an earlier point
in time, Py, to which is added the births and in-migrants that occur between time t and
time t+k and to which is subtracted the deaths and out-migrants that occur during this
same time period (Baker et al., 2017, pp. 251-252). The fundamental equation is the
cornerstone of demographic theory and is the foundation upon which the CCM rests
(Baker et al., 2017, pp. 22-23; Burch, 2018; Verma, 2023). A probabilistic approach to
population forecasting based on this theoretical foundation yields benefits not found in
methods lacking this foundation (e.g., Burch, 2018; Land, 1986). This observation is
also consistent with one made by Swanson et al. (2023), who argue that a given popu-
lation forecasting method’s strengths and weaknesses largely stem from four sources:
(1) its correspondence to the dynamics by which a population moves forward in time;
(2) the information available relevant to these dynamics; (3) the time and resources
available to assemble relevant information and generate a forecast; and (4) the infor-
mation needed from the forecast. The Bayes CCM approach comes with strengths.
However, it also comes with weaknesses. Goodwin (2015) finds Bayesian inference
difficult, effortful, opaque, and even counter-intuitive. Along with the weaknesses de-
scribed by Goodwin (2015) are implied ones, including being not easy to apply or
explain and having a low face validity and high production costs in that a Bayes CCM
approach is very data- and analytically intensive.

2. Objective

In view of the facts described in the preceding section, we offer an approach for
constructing uncertainty measures that is relatively simple and linked directly to the
CCM approach. Importantly, unlike Bayesian inference, we believe it is likely to meet
important evaluation criteria used by demographers who routinely develop population
forecasts (Smith, Tayman, and Swanson, 2013, pp. 301-322); low production costs
(particularly staff time); easy to apply and easy to explain; a high level of face validity;
and intuitive.

3. Methods and Data

In describing this new approach, we use a world population forecast with a horizon
of 2060. It is found at the International Data Base (IDB) site of the U.S. Census Bureau
(https://www.census.gov/data-tools/demo/idb/#/table?2COUNTRY YEAR=2024&COUNTRY YR

ANIM=2024&menu=tableViz). The data and methods are documented in U.S. Census
Bureau (2020).
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The approach we suggest employs the ARIMA (Auto-Regressive Integrated
Moving Average) time series method in conjunction with work by Espenshade and
Tayman (1982), whereby we can translate the uncertainty information found in the
ARIMA method’s forecast to the population forecast provided by the CCM approach.
We describe neither the ARIMA (Box and Jenkins, 1976) nor the CCM approach
(Smith, Tayman, and Swanson, 2013, Chapter 7) in detail because they are widely
known and used. However, as described by Smith, Tayman, and Swanson (2001,
pp. 172-176), an ARIMA model attempts to uncover the stochastic processes that gen-
erate a historical data series. The mechanism of this stochastic process is described—
based on the patterns observed in the data series—and that mechanism forms the basis
for developing forecasts. Up to three processes can represent the stochastic mechanism:
autoregression, differencing, and moving average. The most general ARIMA model is
usually written as ARIMA (p, d, q), where p is the order of the autoregression, d is the
degree of differencing, and q is the order of the moving average.

In regard to this case study, the patterns of the autocorrelation (ACF) and partial
autocorrelation functions (PACF) were used to find the correct values for p and
q (Brockwell and Davis, 2016: Chapter 3). The ARIMA model shown here had random
residuals and the smallest possible values for p, d, or g, as determined by the Ljung-Box
test (Ljung and Box, 1979). We chose an “adequate” ARIMA model using these criteria.
We note that there may be other versions that also are “adequate” and that further
refinement of the selection process can be done (e.g., using the augmented Dickey-
Fuller test (Dickey and Fuller, 1979) to identify the amount of differencing required to
achieve a stationary time series). Because our aim here is heuristic and not definitive,
we did not pursue further refinement of the ARIMA model we present beyond
determining it to be adequate.

Before turning to a description of the new method, we first clarify our use of the
term “confidence interval” in regard to forecast uncertainty. It is more common to use
the term “forecast interval” or “prediction interval” in the context of forecasting because
a “confidence interval,” strictly speaking, applies to a sample (Swanson and Tayman,
2014, p. 204). However, underlying the approach we describe herein is the concept of
a “super-population,” which, as discussed later, describes a population that is but one
sample of the infinity of populations that will result by chance from the same underly-
ing social and economic cause systems (Deming and Stephan, 1941). The concept of
viewing a forecast as a sample leads us to choose the term “confidence interval” rather
than forecast interval or prediction interval.

We use annual world historical data of total population and land area in square
meters to compute population density annually from 1950 to 2020 found at the IDB site
to implement the ARIMA model found in the NCSS statistical package (NCSS, 2024)
and launch from the annual world forecasts found at the same site for 2021-2060.
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Exhibit 1 contains the NCSS output and report on the ARIMA model we use. We use
“density” because the Espenshade-Tayman (1982) method for translating uncertainty
information does so from an estimated “rate,” which in this case is the “rate” of popu-
lation density. Thus, the 95% confidence intervals generated by the ARIMA world
“density” forecasts are translated to the CCM-based world population forecast. Other
denominators could be used in developing this “rate” such as the ratio of the population
to housing units. However, using the land area as the denominator provides a virtually
constant denominator over time, thereby reducing the effort in assembling the “rate”
data. It also serves as a stabilizing element regarding the use of ARIMA in that it damp-
ens the effect of short-term population fluctuations more effectively than, say, housing
units, which also can fluctuate over time and not always in concert with population
fluctuations. As should be obvious, the data assembled to develop the ARIMA density
forecast should encompass the base data used to develop the population projection in
terms of the total population numbers. The case study we present meets this condition
in that the ARIMA model covers the annual period from 1950 to 2020 and the popula-
tion projection data use the total 2020 population, supplemented by earlier data in the
examination of trends.

Exhibit 1 About Here

Here is an example of this process using the 2050 world population projection
result found at the IDB site.

Let P = projected world population (at time t)

Let D = forecasted world population density obtained from ARIMA at time t;, and
Let A = land area of the world (131, 821, 645 square kilometers).

The 2050 ARIMA density forecast shows 73.02, 76.81, and 80.60 persons per square

kilometer, respectively, for the land area of the world as a whole (95% Lower Limit of
forecasted D, forecasted D, and 95% Upper Limit of forecasted D, respectively).

The relative widths of the Lower and Upper Limits are -0.04938 and 0.04938,
respectively.

The 2050 world population projection found at IDB is 9.7 billion.

Multiplying 9.75 billion by -0.04938 and adding this product to 9.75 billion yields
9.27 billion, the 95% Lower Limit, and adding the product 9.75 billion x 0.04938 to 9.7
billion yields 10.23 billion, the 95% Upper Limit of the 2050 world population forecast
found at IDB.

Putting it all together, we can state that we are 95% certain that the 2050 world
forecast found at IDB is between 9.27 billion and 10.23 billion.
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As alluded to earlier, underlying the Espenshade-Tayman method is the idea that a
sample is taken from a population of interest. In this case, the ARIMA results represent
the sample, and the CCM forecasts represent the population. This interpretation is de-
rived from the idea of a “super-population” (Hartley and Sielken, 1975; Sampath, 2005;
Swanson and Tayman (2012, pp. 32-33). This concept can be traced back to Deming
and Stephan (1941), who observed that even a complete census, for scientific generali-
zations, describes a population that is but one of the infinity of populations that will
result by chance from the same underlying social and economic cause systems. It is
a theoretical concept that we use to simplify the application of statistical uncertainty to
a population forecast that is considered a statistical model in this context. This
approach is conceptually and mathematically different from the classical frequentist
theory of finite population sampling (Hartley and Sielken (1975)), but as pointed out
by Ding, Li, and Miratrix (2017), in practical terms, these two approaches result in iden-
tical variance estimators. As such, we believe that our approach is on solid statistical
ground. Before moving on, we also note that using the Espenshade-Tayman method
(1982) here is not new. In addition to being employed by Espenshade and Tayman
(1982), it has been used by Swanson (1989) and Roe, Swanson, and Carlson (1992)

in demographic applications.

4. Results

Table 1 provides population forecast uncertainty measures for the world popula-
tion from 2020 to 2060 by decade. The table contains three panels. Panel A provides the
ARIMA-generated world population density point forecast and their 95% lower and
upper limits. Panel B provides the relative widths of these intervals, which measure the
proportionate differences between the upper and lower bounds and the point forecast.
Panel C provides the IDB world point forecast along with the 95% CIs the Espenshade-
Tayman approach has generated for them.

The relative bounds shown in Panel B, ignoring the sign on the LL95%, are analo-
gous to the half-width that measures interval width (Tayman, Smith, and Lin, 2007),
but half-widths are expressed as percentages and not proportions. As the name sug-
gests, a half-width is % the width of the confidence interval, and we define this measure
as half-width = ((MOE/2) / (projection)) x 100. As expected, the confidence intervals
around the IDB point forecast increase in width as the forecast horizon length increases.
The half-width for the 10-year horizon (2030) is 1.6% and rises steadily, reaching 6.3%
for the 40-year horizon (2040).
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Table 1 About Here

As shown in Table 1, the 2050 world forecast found at IDB is 9.75 billion with
a 95% lower bound of 9.27 billion and a 95% upper bound of 10.23 billion. Under its
medium scenario, the United Nations (UN) expects a world population in 2050 of 9.7
billion, with a 95% lower bound of 9.4 billion and a 95% upper bound of 10.0 billion
(United Nations, 2022a: 28). The IDB-based point forecast for 2050 is 0.5% higher than
the UN’s medium scenario point forecast for 2050, where 0.5% = 100 x (9.75 — 9.70) /
9.70. The lower bound for the IDB-based 2050 forecast differs by 1.4% from the lower
bound of the UN’s medium scenario 2050 forecast, where 1.4% = 100 x (9.40 — 9.27) /
9.27 and by -2.25% from the upper bound, where -2.25% = 100 x (10.0 - 10.23) / 10.23.
In other words, for 2050, the UN 95% intervals are narrower than the intervals
produced from the IBF using the ARIMA process. The range in 2050 for the UN interval
is six hundred million persons, 37 percent lower than the range from the IDB forecast
paired with the ARIMA density model (960 million persons).

Although the specific 95% confidence intervals have not been discussed for years
other than 2050 in the UN report on its probabilistic world population forecasts, they
are available in an Excel file (UN, 2024). We used them to produce “half-widths” for
the 2030, 2040, 2050, and 2060 UN forecasts. They are, respectively, 0.53%, 1.49%,
2.51%, and 3.76%; the half widths that we constructed of the IDB forecasts for 2030,
2040, 2050, and 2060 are, respectively, 1.60%, 3.35%, 4.94%, and 6.28%. Although the
difference narrows between 2030 and 2060, the uncertainty intervals we constructed for
the IDB forecasts are wider than those found for the UN forecasts. However, like the
UN uncertainty intervals, our constructed ones increase over time. Between 2030 and
2060, the uncertainty interval we constructed for the IDB forecasts increases almost
fourfold while the UN’s increase is sevenfold.

5. Discussion

As is the case with the Bayesian approach described by Alkema et al. (2015), the
new approach we propose can be linked directly to the CCM method (as well as
forecasts produced by other methods such as the Cohort Change Ratio (CCR)
approach, which is algebraically equivalent to the CCM approach, but requires less
input (Baker et al., 2017, pp. 251-252)). Unlike the approach found in Swanson and
Beck (1994), neither the CCM nor the CCR approach is inherently conjoined with
a method for generating statistical uncertainty. Thus, we believe this linkage represents
a step toward generating probabilistic forecasts based on the fundamental population
equation. Notably, the ARIMA method is widely available in the software packages
generally used by demographers.
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Considering the discussion of data assembly and analysis (Alkema et al., 2015;
United Nations, 2022; Yu et al., 2023), it is clear that far more time and resources are
required for a Bayesian probabilistic forecast than for the probabilistic forecasting
method we have described here. In addition, as characterized by Goodwin (2015),
Bayesian inference is difficult, effortful, opaque, and even counter-intuitive, none of
which applies to the method we have described in this paper. Beyond Goodwin’s (2015)
observations, Green and Armstrong (2015) discuss simple versus complex methods
in terms of forecasting, which applies here in that the approach we describe falls more
into the simple methodological category rather than the complex category. They
suggest that while no evidence shows complexity improves accuracy, complexity
remains popular among (1) researchers because they are rewarded for publishing
in highly ranked journals, which favor complexity; (2) methodologists because complex
methods can be used to provide information that supports decision makers’ plans; and
(3) clients who may be reassured by incomprehensibility.

The ARIMA model (ARIMA, (1,1,0)) we selected (see Exhibit 1) is one of several
“adequate models” we examined. We found that the other two, ARIMA (1,1,1) and
ARIMA (1,2,0), produced uncertainty intervals that varied from the model we selected
but were consistent overall in that their 95% confidence intervals also increased over
time, which brings up a point of interest. Swanson and Tayman (2014) suggest that 66%
intervals may be preferable to 95% confidence intervals because the latter produces
intervals that may be too wide to be useful.

The approach we propose does not produce the uncertainty intervals by age and
gender, as does the Bayes CCM approach described by Alkema et al. (2015), Yu et al.
(2023, p. 934) and the CCR approach discussed by Swanson and Tayman (2014). The
Bayes CCM approach also produces intervals for births, death, and migration.
However, neither the Bayes CCM nor our approach take into account uncertainty
in the input data themselves. However, as Yu et al. (2023, p. 934) implied, these are not
likely to be among the most important sources of uncertainty for data in the United
States and other countries where population forecasts are routinely produced.

In regard to our approach not providing uncertainty intervals by age and gender,
Deming’s (1950, pp. 127-134) “error propagation” was used to translate uncertainty
in age group intervals found in the regression-based CCR forecasts reported by
Swanson and Tayman (2014) to the total populations in question. In different forms,
“error propagation” has been used by Alho and Spencer (2005), Espenshade and
Tayman (1982), and Hansen, Hurwitz, and Madow (1953), among others. It may be
possible to reverse-engineer error propagation and develop uncertainty measures by
age and gender using our approach. The validity of this could be explored to determine
if it is viable. As an approximation, one could generate age uncertainty intervals by
controlling “low” and “high” numbers in a given forecast series to their corresponding
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95% lower and upper limits, respectively, found using our proposed approach. The
United Nations, for example, publishes not only probabilistic population forecasts but
also a medium, low, and high series (United Nations, 2022).

Another possibility is to generate ARIMA forecasts of the ratio of land area to the
population in a given age group for all age groups, which would generate probability
intervals by age. These could be summed using the error propagation method to obtain
a probability interval for the total population. In turn, this “bottom-up” result could be
compared to the probability generated for the population as a whole.

6. Conclusion

Smith, Tayman, and Swanson (2001, p. 373) opined that future research would
focus increasingly on measuring uncertainty in population forecasts and noted that
while such research may not directly improve forecast accuracy, it will enhance our
understanding of the uncertainty inherent in population forecasts. They went on to
note that this change will imply a shift from “population projections” to “population
forecasts,” a guideline we have followed in this paper. If one is trying to decide between
a Bayesian approach to developing a probabilistic forecast and the approach described
in this paper, the strengths and weaknesses discussed here need to be considered
carefully and in the context of a particular forecasting environment: if it is resource-
challenged, constrained by deadlines, and exposed to stakeholders who are not trained
in statistical methods, the Bayesian approach may not be suitable.

In closing, we argue that the approach we propose and have described in this paper
is well-suited to generate probabilistic world population forecasts and national and
subnational population forecasts where CCM and CCR methods are routinely used to
produce them. In the case of national and sub-national population projections,
remember that migration will play a role, which, in conjunction with smaller
populations, will likely lead to higher levels of uncertainty.
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Appendix

EXHIBIT 1. NCSS ARIMA (1,1,0) Report

Dataset ..\WORLD DENSITY 1950-2060.NCSS
Filter YEAR<2021
Variable DENSITY-TREND

Minimization Phase Section

Normal convergence.

Model Description Section

Series DENSITY-TREND

Model Regular(1,1,0) Seasonal(No seasonal
parameters)

Trend Equation (16.53608)+(0.5865935)x(date)

Observations 71

Missing Values None

Iterations 19

Pseudo R-Squared 99.999524

Residual Sum of Squares 0.04902241

Mean Square Error 0.0007104698

Root Mean Square 0.02665464

Model Estimation Section

Parameter Parameter Standard Prob
Name Estimate Error T-Value Level
AR(1) 0.9672837 0.01841017 52.5407 0.000000
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Forecast and Data Plot
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Table 1. Measures of Uncertainty for World Population Forecast, 2030-2060

Panel A. ARIMA Population Density Forecast

2030 2040 2050 2060
LL95%  Forecast UL95% | LL95% Forecast UL95% | LL95% Forecast UL95% | LL95% Forecast UL95%
63.87 64.92 65.96 68.50 70.88 73.25 73.02 76.81 80.60 77.53 82.72 87.92
Panel B. ARIMA Upper and Lower 95% Bounds Relative to Forecast*
2030 2040 2050 2060
LL95% UL95% | LL95% UL95% | LL95% UL95% | LL95% UL95%
-0.01603 0.01603 | 0.03355 0.03355 | -0.04938 0.04938 | -0.06277 0.06277
Panel C. ARIMA 95% Intervals Applied to IDB Forecast (in Billions)
2030 2040 2050 2060
LL95% UL95% | LL95% UL95% | LL95% UL95% | LL95% UL95%
Forecast Forecast Forecast Forecast
8.36 8.50 8.64 8.86 9.17 9.48 9.27 9.75 10.23 9.59 10.23 10.87

*(LL95% - IDB Forecast) / IDB Forecast and (UL95% - IDB Forecast) / IDB Forecast.
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Factors determining the formation of degraded areas in local
government units and the effectiveness of revitalisation activities

Agata Girul'

Abstract

Modern local government units form important links in the socio-economic structure of the
country and their development is closely related to the occurrence of degraded areas. This
study focused on identifying the social, economic and environmental factors that determine
the occurrence of degraded areas requiring revitalisation in Polish local government units.
The article used unit data from a Statistics Poland survey based on the SG-01 report:
Municipal Statistics — Revitalisation®. The PROFIT (PROperty FITting) multidimensional
scaling program for local level territorial units was applied. The program takes into account
the delimitation of rural areas based on the typology of Functional Urban Areas. The results
were visualised through perception maps. Calculations and figures were made in Statistica
13. The focus on the problematic areas revealed the variety of challenges faced by local
government units in their revitalisation activities. The survey was thus complemented by an
analysis of the results of the undertaken revitalisation projects. The comprehensive analysis
of the factors causing the degradation of areas in local government units and the effects of
the revitalisation may prove important tools for rural and urban policy makers and planners
in developing effective local development strategies and may have an impact on the quality
of life of residents.

Key words: revitalisation, degraded areas, PROFIT, quality of life.

1. Introduction

Each territorial unit has degraded areas that require revitalisation and restoration
activities. The diagnosis of degraded areas, including the identification of the factors
influencing their occurrence, is one of the first mandatory activities included in the
revitalisation processes, because an important element of the revitalisation process is

! Wroclaw University of Economics and Business, Wroclaw, Poland. E-mail: agata.girul@ue.wroc.pl & Statistical
Office in Wroclaw, Wroclaw, Poland. E-mail: a.girul@stat.gov.pl. ORCID: https://orcid.org/0000-0003-0172-2315.

*The report implemented by the municipalities is available at the following link: https://form.stat.gov.pl/
formularze/2023/passive/SG-01-5.pdf

© Agata Girul. Article available under the CC BY-SA 4.0 licence
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the precise identification of the intervention areas that would require changes first,
given the limited financial resources and organisational capacity of the territorial units.

Revitalisation intended to counteract the phenomenon of degradation is a compre-
hensive process aimed at infrastructural and socio-economic revitalisation of units
(Kowalczyk, 2017), but also economic revitalisation combined with activities aimed at
solving social, spatial-functional, technical and environmental problems (The Law
of ..., 2015). It can also be said that revitalisation is a complex process of multiple trans-
formations aimed at improving the quality of space in terms of historical, architectural
and environmental values (Leshchenko and Gulei, 2024). Thus, as part of revitalisation
activities, local governments are tasked with, among other things, restoring degraded
areas, reconstructing old buildings, promoting employment and economic activity by
attracting new investors or expanding existing businesses, creating new jobs in crisis
areas, and improving environmental quality (Stepina and Pel$e, 2022). By carrying out
revitalisation activities in cooperation with the local community, it is possible to bring
degraded areas out of crisis through projects that integrate undertakings for the well-
being of the local community, the area and the economy (Sych, 2020).

Revitalisation activities are an important initiative due to the fact that the existence
of degraded areas is a common problem and a barrier to the socio-economic
development of local units and has a negative impact on the environment (Kowalczyk,
2017, Stepina and PelSe, 2022). Reliable and high-quality diagnosis of degraded areas,
followed by corrective activities against them, remains an important element of local
development policy (Raszkowski and Sobczak, 2018). In addition, methods and tools
to obtain information on the degradation and rehabilitation of areas, including land
and the environment, are needed to support policies for sustainable ecosystem
management and environmental protection to restore biodiversity and maintain its
sustainability (Mao et al., 2018, Mebrat, 2015, Lamb et al., 2005, Xie et al., 2019, Ferreira
et al,, 2018). Therefore, there is a strong need for systematic and spatial measurement
of land and soil degradation (Wessels et al., 2004). This is because the degradation of
land results in its lower productivity (Prince et al., 2009).

Research on diagnosing the drivers of land degradation is becoming increasingly
important due to global population growth and the expansion of urban areas, which is
affecting the faster degradation of land. Increasing numbers of urban residents are
migrating to rural areas, which also creates opportunities and challenges for rural
revitalisation (Zheng et al., 2024, Turek et al., 2018). Abandoned and dilapidated land
or degraded areas also emerge during deindustrialisation, leaving potentially
contaminated and underutilised land and buildings in the hands of local governments
(Kalnina and Pel$e, 2023). Therefore, it is necessary to combat land and soil degradation
at different levels and scales around the world, not only for food security and ecological
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health, but also to ensure global sustainable development (Jie, et al., 2002, Zambon et
al., 2017 ) and to achieve a better quality of life for the inhabitants of territorial units
(Kalnina and PelSe, 2023). It can be assumed that revitalisation should certainly be
carried out in accordance with the principle of sustainable development (Makuch,
2020). Thus, it should meet the needs of society, respecting the requirements of
environmental protection, without endangering the survival of future generations.

It is common for the revitalisation process in local government units to be carried
out on the basis of a strategic document, such as a revitalisation programme, which sets
out a framework for action and a schedule of activities. This programme has a signifi-
cant impact on the development of policies to promote sustainable development, so it
can be assumed that regeneration will become an important element of sustainable de-
velopment.

The purpose of this article was an attempt to answer the research questions:

1) Which factors (intervention areas) most significantly determine the occurrence of
degraded areas in certain types of municipalities in Poland?

2) What revitalisation activities are carried out by Polish local government units by

area of intervention?

Without a clear diagnosis of the areas for intervention at the level of territorial
units, it will not be possible to start the process of revitalising areas in crisis, nor will it
be possible to achieve the strategic objectives of sustainable development. These con-
siderations are a contribution to the discussion on the reasons for the formation of de-
graded areas in certain types of municipalities and to the analysis of the effects of revi-
talisation activities.

In order to answer the above research questions, individual data were applied from
a survey conducted by Statistics Poland in 2023 on the basis of the SG-01 report:
Municipal Statistics — Revitalisation®. The PROFIT (PROperty FITting) analysis was
also used - one of the many multidimensional scaling programs that appeared on the
market already in the first half of the 1980s (Gatnar, Walesiak, 2004), although in the
Statistica 13 package, which was used for preparing statistical analyses and data visual-
isation, it was implemented in the Kit Plus add-on at the end of 2012. The application
of the chosen method allowed the visualisation of the results by means of perception
maps and the modelling of the properties of the objects (types of municipalities) in the
context of intervention areas and negative phenomena that determine the occurrence
of degraded areas due to a specific problem area.

? The report implemented by the municipalities is available at the following link: https://form.stat.gov.pl/
formularze/2023/passive/SG-01-5.pdf.
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2. Data and methods

In order to answer the research questions, the article used unit data from the survey
conducted by Statistics Poland using the SG-01 report: Municipal Statistics — Revitalisa-
tion. The data collected in the survey made it possible not only to diagnose the causes
of the formation of a degraded area, but also to assess the activity of the local
government, the enterprises, the effects in the field of revitalisation and the planned
financial resources for revitalisation initiatives. Information on degraded areas was pro-
vided by all municipalities, regardless of whether they were carrying out revitalisation

activities in their area.

Using the report SG-01: Municipal Statistics — Revitalisation, the measurement of
the causes of the formation of the degraded area, taking into account the five areas of
intervention (social, economic, environmental, spatial-functional, technical) and the
negative phenomena determining their occurrence, was determined by a 4-stage scale
of intensity of problems:

e there were no problems of a certain type — value 0 was assigned,

o alow degree of difficulties was found to qualify the area as degraded - value 1,
e medium scale problems occurred to qualify the area as degraded - value 2,

¢ high degree of difficulties was found to qualify the area as degraded - value 3.

The definition of three thresholds of importance for the problems that occurred in
the municipality made it possible to clearly identify which of these problems mostly
contributed to the creation of a degraded area and which were of marginal importance.

The evaluation of negative factors leading to the occurrence of degraded areas is
presented on the basis of data from 2022. The survey units were all municipalities
in Poland (2477). Of these, 1488 provided information on the designation of a degraded
area and 1440 municipalities carried out revitalisation activities to enhance a degraded
area on the basis of a revitalisation document (municipal revitalisation programme,

revitalisation programme, other strategic document).

Municipal units were analysed according to the type of municipality, but also
according to the delimitation of rural areas, taking into account the typology of
Functional Urban Areas (FUA). The following groups of areas were distinguished
in the delimitation:

1. Agglomeration - rural areas within the FUAs of provincial cities or within the FUAs
of other cities with at least 150,000 inhabitants:
e high density agglomeration (Adg) - higher than the average population density
in Poland,
o low density agglomeration (Amg) - equal to or less than the average population
density in Poland.
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2. Non-agglomeration - rural areas outside the FUA boundaries of provincial cities or
outside the FUA boundaries of other cities with a population of 150,000 or more:
¢ high density non-agglomeration (pAdg) - with a population density greater than
1/3 of the population density in Poland,
¢ low density non-agglomeration (pAmg) — population density equal to or less than
1/3 of the population density in Poland.

In the case of urban municipalities, a distinction was made between provincial cities
and other cities with more than 150,000 inhabitants (M) and other cities with up to
150,000 inhabitants (pM). Twenty-five units were included in the group of provincial
cities and other cities with more than 150,000 inhabitants. The average population
density of Poland in 2022 was 120.8 inhabitants/km?, and the threshold of 1/3 of the
average population density was assumed to be 40.3 inhabitants/km?

The analysis, which took into account the delimitation of rural areas, did not
consider urban-rural municipalities, as the SG-01 report did not provide data on urban
and rural parts in urban-rural municipalities.

To answer the research questions, the PROFIT (PROperty FITting) analysis was
applied, which uses two statistical techniques: multidimensional scaling to construct
a classic perceptual map and multivariate regression. The main purpose of multidimen-
sional scaling is to graphically represent the structure of similarity (or dissimilarity)
between analysed objects with respect to a selected set of variables. Such a map, usually
2-dimensional or 3-dimensional (2-dimensional in this analysis), has a very simple
interpretation. It is assumed that the smaller the distance between the objects studied,
the more similar they are to each other. The result of multidimensional scaling is a plane
(a space) on which the objects of interest are distributed. In the present analysis, these
objects were the types of municipalities (Adg, Amg, pAdg, pAmg, M, pM) that char-
acterize urban and rural municipalities.

In PROFIT analysis, multidimensional scaling aims to arrange objects in a way that
simultaneously reduces the number of dimensions and reproduces the originally
observed distances between objects as closely as possible.

The quality of the fit of the reconstructed data to the input data is measured by the
STRESS function, which is most often defined as the square root of the standardised
sum of squares of the residuals between the input distances and the distances
reconstructed by multidimensional scaling. It takes the form:
L2(dij—f(8ij)?

yot (1)

¢ =
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where d;; - denotes the reconstructed distance between points i and j on the perception
map, J; - denotes the distance between points i and j on the input data (observed
distances), f(0,) - is a function defined on the input data where in the metric of
multidimensional scaling it is assumed that f'(5;) = 5, -

The STRESS function is an indicator of the fit of the reconstructed data in the
perception map to the input data. The smaller its value, the better the match between
the reconstructed distance matrix and the observed distance matrix. It can be assumed
that the perception map perfectly shows the observed distances when the STRESS
function is close to 0.

In order to answer the question of how and in what direction the objects are
arranged on a plane (in a space) due to the intensity of each of the input variables in the
PROFIT analysis, multiple regression and estimation of model parameters were used,
relating each variable to the position or the coordinates of objects on the perceptual
map. These variables in the analysis presented in this paper were the intervention areas
and the negative phenomena determining the occurrence of degraded areas due to
a specific problem range (Appendix: Table A1).

The regression models were built on the basis of input data, which were averaged
assessments of the causes of the degraded area, taking into account the assumed
intervention areas and the negative phenomena that determine their occurrence. The
coordinates assigned to the objects on the perception map were treated as independent
variables in the regression model, and the averaged values of the individual variables
for the given objects were treated as dependent variables. The number of regression
equations constructed was therefore equal to the number of variables of the objects
studied. After carrying out the regression analysis, the coordinates of the direction
coefticients were superimposed on the previously constructed perceptual map. By
projecting the points representing the individual objects (in this analysis, the types of
municipalities) onto the vectors of the variables, it was possible to determine the
position of the objects in relation to the intensity of these variables and thus to establish
a preference series. The vector on the perception map pointed out the direction of
increasing values of the variables analysed. Interestingly, the distance of a given object
from the straight line on which the vector was located did not matter. What mattered
was the ranking of the projections of the objects on these lines (Jabkowski, 2010).

When assessing the extent to which the ranking of objects in relation to the value
of a given variable was explained by the position of these objects on the plane, the
coefficients of determination of the regression equations were considered. The closer
the value of the coefficient of determination is to 1, the better the fit.
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The advantage of using the PROFIT scaling programme in this analysis was
certainly the ability to present the results using perception maps. Although the PROFIT
analysis is not the only method allowing to visualise the results on a diagram called
a biplot, as such a diagram is also possible in the more popular Principal Component
Analysis (PCA), it is worth noting that PROFIT is more oriented towards modelling
specific variables and properties of objects in the context of data analysis, and not nec-
essarily towards dimension reduction or identifying principal components as in PCA.
On the other hand, both methods are useful for the hidden patterns’ recognition.

All calculations and perception maps were made in Statistica 13 using the Kit Plus

add-on and the PROFIT multidimensional scaling programme implemented in it.

3. Results

Using the PROFIT analysis, it was possible to diagnose the factors that have the
greatest influence on the occurrence of degraded areas in certain types of local
government units, based on the intervention areas included in the analysis. Perception
maps were obtained with values of the STRESS function close to 0 and with acceptable
levels of coefficient of determination for most of the variables greater than 0.7, due to
the delimitation of rural areas taking into account the typology of Functional Urban
Areas (Appendix: Table A2). The level of the coefficient of determination was
considered acceptable to draw preliminary conclusions on the research topic in the
cross-section of municipality types.

The results of the PROFIT analysis confirmed that the municipal units, due to the
nature of the municipality, were not similar in their assessment of the impact of the
analysed factors - the scatter of objects in the perception maps presented below for
these objects was quite large.

The analysis also showed that in urban municipalities, social factors had the
greatest impact on the classification of the area as a degraded area. This is particularly
evident in provincial cities and other large cities with more than 150,000 inhabitants
(the objects with symbols M and pM projected to the straight line Ob._S are ranked
highest in the order hierarchy, Figure 1). The social sphere as a significant cause of the
occurrence of degraded areas (rating 3 - high influence) was reported on average by
39% of all Polish local government units that identified a degraded area, and by 45% of
urban local government units. In urban municipalities, environmental, technical and
economic areas were important for the identification of degraded areas, in addition to
the social area. These three areas were particularly problematic in cities with up to
150,000 inhabitants.
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Figure 1. Perception map showing the results of the PROFIT analysis, including the areas of
intervention and the delimitation of rural areas and the typology of functional urban areas

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of
Statistics Poland.

The environmental, technical and economic areas were identified as having a high
impact on the occurrence of degraded areas by about 25% of the urban agglomerations.
Interestingly, the spatial-functional area had a greater impact on the identification of
degraded areas in rural (agglomeration and non-agglomeration) municipalities than in
urban ones - especially for cities with up to 150,000 inhabitants. For large provincial
cities and other cities with 150,000 inhabitants or more, the spatial-functional area had
little influence on the identification of degraded areas. In rural non-agglomeration
municipalities (with low population density), environmental and economic factors
were also determinants of the existence of degraded areas.

Based on the PROFIT analysis, it was also possible to diagnose specific factors that
more or less influenced the qualification of an area as a deprived area in the correspond-
ing types of municipalities.

In the case of the social area in urban municipalities, aspects of problems related to
unemployment, poverty, crime, but also poor demographics, were the determining
factors for the occurrence of degraded areas. These factors were more pronounced
in provincial cities and other large cities with more than 150,000 inhabitants than in
smaller cities with up to 150,000 inhabitants (Figure 2). In rural municipalities, on the
other hand, the factors that were linked to the existence of degraded areas were issues
related to the level of participation in public and cultural life, as well as the level of social
activity and education. The last factor, the level of education, also influenced the
identification of degraded areas in urban municipalities, but to a lesser extent than

in rural municipalities.
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Figure 2. Perception map showing the results of the PROFIT analysis by social area of intervention
and the delimitation of rural areas and the typology of functional urban areas

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of
Statistics Poland.
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Figure 3. Perception map showing the results of the PROFIT analysis by economic area of
intervention and the delimitation of rural areas and the typology of functional urban areas

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of
Statistics Poland.

In the economic area, as in the social area, it was possible to observe different factors
determining the presence of degraded areas in urban and rural municipalities. In urban
municipalities, the degree of entrepreneurship turned out to be the most problematic
economic factor, while in rural municipalities - the condition of local businesses. The
problem related to the level of entrepreneurship was particularly acute in smaller towns
of up to 150,000 inhabitants and in non-agglomeration municipalities with low
population density, while the problem related to the condition of businesses was more
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pronounced in rural non-agglomeration municipalities than in agglomeration
municipalities (Figure 3).

The environment was also an important area of intervention that could not be
omitted from the analysis. In this area, it was found that in urban agglomerations,
problems related to the exceedance of air quality and environmental quality standards,
which affect smaller towns more than larger ones, were a factor in the occurrence of
degraded areas in this area, while in rural agglomerations it was the presence of waste
posing a threat to life, health or the environment (Figure 4).
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Figure 4. Perception map showing the results of the PROFIT analysis by environmental intervention
area and the delimitation of rural areas and the typology of functional urban areas

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of
Statistics Poland.

The spatial functional area was characterised by the greatest intensity of influence
on the designation of a degraded area in rural municipalities. On the basis of the
analysis of individual factors, it also turned out that the spatial functional aspects
determining the classification of an area as degraded in rural municipalities were,
in particular, issues related to the degree of accessibility of technical and social infra-
structure and the level of adaptation of urban solutions to the current functions of the
area, the quality and availability of public areas but also the re-development of
brownfield sites. The latter type of factor was particularly important for the
qualification of degraded areas in rural non-agglomeration municipalities with low
population density. In urban municipalities, on the other hand, among the spatial
functional factors influencing the occurrence of degraded areas, other unspecified
spatial-functional factors can be identified, both for large and smaller cities with up to
150,000 residents (Figure 5).
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Figure 5. Perception map showing the results of the PROFIT analysis taking into account the spatial
functional intervention area and the delimitation of rural areas and the typology of
functional urban areas

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of

Statistics Poland.
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Figure 6. Perception map showing the results of the PROFIT analysis by technical area of intervention
and the delimitation of rural areas and the typology of functional urban areas

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of
Statistics Poland.

The last area of research was the technical area, which was particularly important
for the qualification of degraded areas in urban municipalities, due to the significant
influence of factors related to the structural condition of both residential and non-
residential buildings, with or without historic monument status. Interestingly, the
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factor related to the functional technical solutions that enable the efficient use of
buildings, e.g. in terms of energy efficiency and environmental protection, proved to
have an impact on the diagnosis of degraded areas not only in urban municipalities,
especially in relation to smaller cities with up to 150,000 inhabitants, but also in rural
agglomeration and non-agglomeration municipalities (Figure 6).

Based on the analysis, it was possible to observe an ordering of factors for urban
and rural municipalities on the two opposite sides of the coordinate axis, while the units
characterizing urban-rural municipalities showed characteristics of both types of
municipalities. This is due to the fact that urban-rural municipalities have one of the
settlements in their area that has urban status and the rest of the area is rural. It can,
therefore, be said that, in terms of the classification of degraded areas and the factors
that determine the occurrence of intervention areas, urban-rural municipalities have
similar characteristics to rural municipalities in social, economic, environmental and
spatial functional areas, and to urban municipalities in the technical area.

4. Discussion and conclusion

Interest in the revitalisation of degraded areas has been growing steadily for several
years. This is due to the desire of local governments to take advantage of the attractive
locations of degraded areas, but also to the lack of a methodology for the revitalisation
process that takes into account the specificity of degraded areas and the needs of the
local community (Turek et al., 2018). Consequently, there is also a growing interest in
spatial analysis or the use of satellite remote sensing to identify local causes of area
degradation (Mao et al., 2018, Prince et al., 2009, Xie et al., 2019).

In the context of the process of enhancing degraded areas, it is also crucial for urban
planners and policy makers, and especially for the socio-economic development of local
government units, to have a thorough understanding of the factors influencing the
occurrence of such areas on the territory of the municipalities concerned. The method
applied in this study using the PROFIT multivariate analysis software proved to be a
method that provides insight into the factors determining the qualification of areas as
degraded for different types of municipalities. The identification of specific factors is
a key step in developing solutions for individual units in terms of effective management
of degraded areas and implementation of revitalisation processes on their territory.
It is necessary to carry out research and analysis of the current situation in order to
assess strengths and weaknesses, as well as to identify possible solutions for future
actions in the process of infrastructural and socio-economic revitalisation of the units
(Kalnina and Pelse, 2023).

On the basis of the survey carried out, it was possible to learn that urban and rural
municipalities face a large number of identical problems in the context of the areas of
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intervention, but they tend to target different problem factors. Although the social area
is mainly a problem of urban municipalities, especially large cities where the
accumulation of problems such as high unemployment, poverty, crime or unfavourable
demographic trends is enormous, some deficits in this field can also be observed in rural
municipalities. In rural areas, there is an unsatisfactory level of social activity and
participation in the public and cultural life of the inhabitants, which, according to local
authorities, has an impact on the occurrence of degraded areas in these areas. It seems
that social inclusion through social innovation activities could help to effectively
combat rural marginalisation as a panacea to counteract social inequalities between
urban and rural areas (Bock, 2016).

Interestingly, the largest number of revitalisation activities is in the social sector.
In 2022, Polish municipalities with a revitalisation programme or a municipal re-
vitalisation programme planned more than 32,000 revitalisation projects worth about
PLN 80 billion, of which about 12,000 projects concerned the social area of
intervention, worth about PLN 12 billion. The revitalisation effects related to the social
sphere of intervention in 2022 in local government units included, among other things:
almost 134,000 inhabitants were provided with social assistance, e.g. in the area of
nutrition; vocational activation courses were held, from which almost 11,000 people
benefited; more than 60,000 courses were held, which were addressed to various groups
of recipients (the elderly, children and young people). The second area in which most
revitalisation activities were carried out is the spatial-functional area. In 2022,
municipalities planned about 9 thousand revitalisation activities in this area for a sum
more than twice as high as in the social sector - more than PLN 27 billion.

In terms of different factors, the spatial and functional area proved to be important
in the classification of degraded areas, especially for the self-governments of rural
municipalities. It turned out that in rural areas, the lack of infrastructure or its poor
technical condition, the lack of land development according to its intended use, the low
level of transport services and the lack of urban planning solutions or the
underutilisation of brownfield sites were elements that required revitalisation activities.
The underutilisation of brownfield land is an aspect that has proved to be particularly
important for rural non-agglomeration municipalities with low population density.
In the case of urban municipalities, where the spatial-functional area was not
characterized by a significant intensity of factors influencing the occurrence of
degraded areas, only other spatial functional factors, previously unspecified,
determining the occurrence of degraded areas were detected in larger and smaller cities.
Although public space and its accessibility are changing for the better, especially in
terms of green spaces and parks (Liu et al., 2024), there are still evident gaps in the
satisfaction of needs in this area, especially observed in rural areas. In this intervention
area, the municipal results of revitalisation projects in 2022 included 536 km of repaired
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and constructed roads, 138 km of constructed cycle paths, 209 ha of revitalised green
spaces or 36 ha of revitalised brownfield sites, including 16 ha in rural municipalities.

Issues relating to the economic development of territorial units are a key element
that should not be overlooked. Entrepreneurship is a driving force of the economy,
but also an important factor in counteracting unfavourable socio-economic processes
such as unemployment, exclusion or marginalisation. On the basis of the analysis it
could be seen that in urban municipalities - in smaller towns - the factor influencing
the diagnosis of degraded areas was too low a level of entrepreneurship, while in rural
municipalities — mainly in units located outside towns - the poor condition of local
businesses was the factor influencing the diagnosis of degraded areas. Business
environment institutions, local governments should therefore stimulate and support
entrepreneurs operating in rural areas. Cooperation between entrepreneurs and
the implementation of development projects focusing on promoting regional diversity
(e.g. tourism) and expanding the market for products and services should also play
akeyrole (Yang et al., 2021). It is interesting to note that in 2022, municipalities planned
2,500 revitalisation projects from the economic intervention area with a total value of
around PLN 6 billion. The effects of the revitalisation activities carried out in this area
include, among others, the creation of almost 2,000 jobs or almost 2,000 business entities
that have started operations in business premises in the revitalisation area.

Although there are studies confirming that local authorities in Poland do not
perceive negative environmental phenomena as important factors in the assessment of
problems in degraded areas, municipalities do include environmental issues in their
local strategic programmes and perceive the need for revitalisation activities in this
sphere (Jadach-Sepiolo et al., 20-21). On the basis of this study, it was found that the
environmental area is more relevant to urban municipalities than to rural ones, which
does not mean that in rural areas it is not taken into account in the diagnosis of the
establishment of intervention areas. In the case of urban municipalities, the factors
determining the occurrence of degraded areas in relation to environmental problems
were found to be aspects related to exceeding air quality standards or other
environmental quality standards, and in relation to rural municipalities — the presence
of waste that poses a threat to life, human health or the state of the environment. Rural
municipalities should pay particular attention to activities that promote the
implementation of proper waste management by raising the awareness of the local
population of the need to protect the environment from waste.

In addition, local government units planned a total of more than 2,000 envi-
ronmental revitalisation activities worth PLN 5.5 billion in 2022. Rural municipalities
have planned more activities in this area (40% of the total) than urban municipalities
(25%). The environmental effects of revitalisation include more than 3,000 buildings
where asbestos was removed, including almost 2,000 in rural communes, and almost
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5,000 flats where heat sources were replaced (e.g. by solar panels, gas heating), including
almost 2,000 in rural units.

The last problem area included in the analysis was the technical area, where most
factors had a greater influence on the delimitation of degraded areas in urban munici-
palities than in rural ones. Among the determinants influencing the occurrence of
degraded areas in urban municipalities, especially those with up to 150,000 inhabitants,
the poor technical condition of residential and non-residential buildings, including
those with historical status, could be mentioned, as well as the non-functioning of
technical solutions enabling the effective use of buildings, e.g. in terms of energy
efficiency and environmental protection. The latter factor had a significant impact on
the identification of degraded areas in rural municipalities. Once again, there is a need
for municipalities in rural areas to take action to protect the environment. In 2022,
more than 6,500 revitalisation projects were planned in the technical area, amounting
to approximately PLN 16 billion, and among the revitalisation effects, the
municipalities carried out works aimed at, among other things, improving the energy
efficiency of 775 buildings or adapting about 300 buildings to the needs of people with
disabilities.

The results of this study showed that local authorities are active in carrying out
different types of regeneration in different areas of intervention. The study also pointed
out the problematic factors influencing the qualification of degraded areas.
Furthermore, it provided an insight into where financial resources and projects should
be directed in order to mitigate the impact of the intensity of specific problem factors
influencing the occurrence of degraded areas.

Finally, it should also be emphasised that the results of this study on the basis of
unit data from the survey conducted by Statistics Poland using the SG-01 report:
Municipal Statistics — Revitalisation, provided interesting conclusions, which encour-
age further research on this topic. The approach proposed in the article to identify
problematic factors for the diagnosis of degraded areas, using the PROFIT analysis, may
be of great importance for the implementation of effective revitalisation activities.
It also seems reasonable to adapt the revitalisation process to the specificities of the
territorial units. However, measures should be taken so that the units included in the
SG-01 study for the urban-rural part are also presented with a breakdown between the
rural part and the city. This would allow for more precise information, taking into
account the delimitation of rural areas and the typology of Functional Urban Areas
(FUAs). Research on the diagnosis of degraded areas in local government units should
also be extended to include an analysis of the participatory activities of their inhabitants.
The involvement of the public in the acceptance of changes in the intervention areas is
an important element of revitalisation activities. The social reflections of the inhabitants
of municipalities on the possibilities of renovating dilapidated or abandoned spaces can
contribute to their quality of life and their civic attitude. Developing research in this
area can influence local, national and European local development policies.
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Appendix

Table A1. Areas of intervention and factors identifying the degraded area

Full name Abbreviation
SOCIAL AREA OB._S
unemployment rate PBz
poverty level PU
the level of crime or other elements of public security PBp
level of education PE
level of social activity PAs
level of participation in public life PUp
the level of participation in cultural life PUk
demographic situation SD
other Ics
ECONOMIC AREA Ob._G
degree of entrepreneurship SP
condition of local enterprises KP
other Icg
ENVIRONMENTAL AREA Ob._E
exceeding of air quality standards JP
exceeding of other environmental quality standards (e.g. noise) iJS
presence of waste that poses a threat to life, human health or the state of the o
environment
other Ics
SPATIAL FUNCTIONAL AREA Ob._PF
degree of equipment in technical infrastructure and/or its technical condition IT
the degree of equipment with social infrastructure and/or its technical condition IS
the level of adaptation of urban planning solutions to the current functions of the PU
area
the level of communication services PK
the quality of public areas and their accessibility DTp
re-development of brownfield sites (post-industrial and other areas) B
other Iepf
TECHNICAL AREA Ob._T
technical condition of residential buildings with monument status MZ
technical condition of non-residential buildings with monument status nMZ
technical condition of residential buildings without monument status MnZ
technical condition of non-residential buildings without monument status nMnZ
the functioning of technical solutions for the efficient use of buildings (in E
particular in terms of energy efficiency and environmental protection)
other Ict

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of
Statistics Poland.
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Table A2. Results of the regression analysis and STRESS function

A. Girul: Factors determining the formation of degraded. ..

Results of the regression analysis
constant coefficient of regression coefficient of
Variables e L. STRESS function
term B: | B2 determination
by the delimitation of rural areas and the typology of FUA
INTERVENTION AREA
OB._S 1.88* 0.13* -0.06* 0.93
Ob._G 1.23* 0.03 0.07* 0.73
Ob._E 0.94* 0.01 0.09* 0.73 0.0000041
Ob._PF 1.40* -0.03* 0.07* 0.81
Ob._T 1.15* 0.11* 0.07* 0.98
SOCIAL AREA
PBz 2.56* 0.16* 0.03 0.90
PU 2.50* 0.28* -0.05 0.93
PBp 2.12% 0.45* -0.06 0.92
PE 1.84* 0.01 -0.02 0.28
PAs 1.96* -0.07 0.07 0.45 0.0000144
PUp 1.83* -0.02 -0.07 0,28
PUk 1.67* -0.17* 0.04 0.81
SD 2.12% 0.15* -0.10 0.71
Ics 0.27* 0.24* -0.09* 0.99
ECONOMIC AREA
SP 2.07* -0.04 -0.14* 0.90
KP 1.44* -0.16* -0.07 0.90 0.0000014
Icg 0.17* 0.19* -0.07* 0.99
ENVIRONMENTAL AREA
JP 1.32* 0.05 0.22* 0.97
iJS 1.07* 0.03 0.05 0.80
(@) 1.19* -0.29* 0.13* 0.98 0000000
Ic$ 0.20* 0.12 0.03 0.70
SPATIAL FUNCTIONAL AREA
IT 1.98* -0.15* -0.05 0.99
IS 1.84* -0.08* 0.00 0.80
PU 1.44* -0.11* 0.05 0.82
PK 1.57* -0.13* 0.06 0.92 0.0000046
DTp 1.71* -0.02 0.01 0.26
B 1.05* -0.02 0.13 0.58
Icpf 0.18* 0.13* -0.04 0.93
TECHNICAL AREA
MZ 1.30* 0.24* 0.01 0.98
nMZ 1.25* 0.12* -0.04 0.83
MnZ 1.40* 0.18* -0.17 0.93
nMnZ 1.36* 0.01 -0.11 0.61 00000044
E 1.42* -0.04 -0.16 0.64
Ict 0.20* 0.11* 0.13 0.88

* Parameters statistically significant at the significance level « = 0.05.

Source: own work based on the results of the SG-01 study: Municipal Statistics — Revitalisation of

Statistics Poland.
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Bayesian nonparametric model for weighted data using
mixture of Burr XII distributions

Soleiman Khazaei!, Soghra Bohlourihajjar’

Abstract

In this paper, we develop a Bayesian nonparametric approach for analyzing weighted sur-
vival data. Specifically, we employ the Dirichlet Process Burr XII Mixture Model (DPBMM)
to estimate the underlying density and survival functions when the observed data are weighted.
Parameters are inferred using Markov chain Monte Carlo (MCMC) methods, and the Metro-
polis-Hastings algorithm is applied to obtain de-biased samples from the weighted obser-
vations. Numerical illustrations are provided using both simulated and real lifetime data,
including the presence of censored observations. The performance of the proposed method
is compared with classical kernel density estimates to demonstrate its flexibility in modeling
complex and heavy-tailed distributions.

Key words: Bayesian nonparametric, weighted data, Dirichlet process, mixture model, Burr
XII distribution, survival data.

1. Introduction

Building upon the foundational ideas introduced by Fisher (1934), the concept of weigh-
ted distributions has been further developed. Rao (1985) and Rao et al. (1915) recognized
the importance of a unified framework and identified a variety of sampling scenarios that
could be effectively described using weighted distributions Patil (1978). Consider a non-
negative random variable X with a natural density function f(x; 0), where 8 € ® denotes the
natural parameter and @ is the parameter space. A new random variable is then defined with
a density function g(x; 6), specified as follows:

_ w(x:0)f(x;0)

g(x;0)= Ew(X:0)] Ew(X;0)] <o, x>0, (D

This new variable is referred to as a weighted random variable with respect to X, and
g(x;0) is called the weighted density function corresponding to f(x;0). The function
w(x;0) is a non-negative function of x, and E[w(X;0)] denotes its mathematical expec-
tation under the distribution of X.

If w(x;0) = x, the resulting weighted distribution is known as the length-biased dis-
tribution. For instance, studies involving family size as a sampling factor often produce
length-biased samples. In Zelen and Feinleib (1969), this distribution is applied to the early
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detection of breast cancer. Similarly, Patil and Rao (1977) used the length-biased distribu-
tion to study human family structures and wildlife populations. Later, Patil and Rao (1978)
introduced a broader class of distributions of the form given in Equation 1, incorporating ar-
bitrary non-negative weight functions w(x; ), and provided several practical examples. For
additional examples of weighted distributions and their applications, see Blumenthal (1967),
Gupta and Kirmani (1990), Mahafoud and Patil (1982), Patil and Rao (1977), Patil and Rao
(1978). This paper adopts a Bayesian nonparametric framework to model weighted data
derived from such distributions. Specifically, we use the Dirichlet Process Mixture Model
(DPMM), a popular Bayesian nonparametric approach, and apply it to survival analysis.

Burr (1942) introduced a family of distributions, from which twelve distinct types (named
Burr distributions Type I to XII) can be derived as special cases. Among them, the Burr Type
XII (Burr XII) distribution is widely used in survival studies.

Let kp(t|c, k) and #5(¢|c, k) denote the probability density function (p.d.f.) and cumula-
tive distribution function (c.d.f.) of the Burr XII distribution, respectively. These functions,
which will be employed in our mixture model, are defined as:

c—1
Kpakk):CkG:36ﬁ37 ¢,k>0, t>0 2)
Ap(tlek) =1—(141)7F 3)

with the parameter space
O = {(c,k);0 < ¢ <o0,0 <k <oo}.

In Hatjispyros et al. (2017) , the Dirichlet Process Mixture Model (DPMM) is employed
for density estimation under length-biased data. The authors use a log-normal distribution
as the kernel, with a fixed distribution assigned to its shape parameter.

In contrast, we consider a DPMM with the Burr Type XII (Burr XII) distribution as
the kernel, which includes two shape parameters treated as random variables in the model.
Despite the increasing adoption of nonparametric methods in data analysis, many existing
approaches struggle to handle weighted data effectively. Key limitations include inflexi-
bility in capturing complex distributional shapes, poor modeling of heavy-tailed behavior,
and a lack of adaptability to hidden heterogeneity. Traditional parametric and classical non-
parametric models often fail to accurately represent the underlying structure of such data,
particularly when distributions exhibit skewness or heavy tails. The Burr XII distribution
is highly flexible, making it well-suited for modeling diverse distributional forms, espe-
cially those with heavy tails. However, its integration into mixture models, particularly
within a Bayesian nonparametric framework, has received limited attention. This research
addresses this methodological gap by introducing a Bayesian nonparametric model based
on a Dirichlet Process Mixture of Burr XII distributions. The proposed framework offers
enhanced flexibility and robustness for analyzing weighted data, enabling more accurate
characterization of the complex, heterogeneous structures frequently encountered in real-
world applications.
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The Burr XII distribution has support on R™ and serves as a generalization of both the
log-normal and Weibull distributions. These characteristics make it particularly suitable
for survival analysis (Bohlouri Hajjar and Khazaei (2018), Lanjoni et al. (2016), Rao et al.
(2015) and Rodriguez (1977)).

In Bohlouri Hajjar and Khazaei (2018), the Burr XII distribution is used as the ker-
nel in a DPMM framework, where the survival function and hazard rate are computed for
both simulated and real-world datasets. In Joudaki et al. (2024), a Dirichlet Process Mix-
ture Model (DPMM) with a three-parameter Burr XII kernel was considered. Their study
investigates survival analysis using this flexible modeling approach, demonstrating its ef-
fectiveness in capturing complex features of survival data. Bayesian estimation methods for
hybrid censored data from the Burr XII distribution using various loss functions were dis-
cussed in Hassan (2021). These methods were particularly valuable for managing complex
censoring scenarios. In Nurul et al. (2024), a DPMM-based approach was proposed for
clustering mixed-type data with cluster-specific covariance matrices, effectively addressing
intricate data structures. Moreover, Michael et al. (2023) applied DPMMs to longitudinal
data involving repeated attempts, successfully modeling the complexities inherent in such
datasets.

In the next section, we present the preliminary concepts and methodology, followed by a
detailed introduction of the proposed model. Section 4 describes the use of Gibbs sampling
to estimate the original (unweighted) distributions from their corresponding weighted forms.
Section 5 demonstrates the application of our approach to both simulated and real datasets.
Finally, Section 6 summarizes our findings and conclusions.

2. Preliminary and Methodology

We aim to estimate the density and survival functions by considering a general case of
the weight function w(x; 0). To avoid computing the often intractable normalizing constant,
our strategy is to model g(x; 0) directly and then infer f(x;0), using the fact that g(x;0) o<
w(x;0)f(x;0).

If we assume that f(x; 0) belongs to a parametric family, then both f(x;0) and g(x; )
are known up to the normalizing constant, which may not be analytically tractable.

Let w(-;0) be a general weight function; an essential condition for modelling F(-; )
through G(-;0) (F(-;6) and G(-;0) denote the distribution functions corresponding to
f(-:6) and g(-; ), respectively) is

/Oww(x)flg(x)dx < oo, 4

because f is a distribution function.

Through the invertibility implied by Equation (4), it becomes possible to reconstruct
the distribution function F from G. In the Bayesian nonparametric framework, we place
a suitable nonparametric prior on g, relying on the relationship defined by Equation (4).

The key question, however, is how the posterior structure derived from modeling g di-
rectly can be transformed into the corresponding posterior structure for f.
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The first step involves developing a method to convert a weighted sampler into an un-
weighted sample. Once this conversion is achieved, inference about the posterior distribu-
tions can be made.

The Markov Chain Monte Carlo (MCMC) approach is an indirect method for simulat-
ing samples from complex probability distributions. One of the key MCMC methods is
the Metropolis-Hastings algorithm Hatjispyros et al. (2017), which generates samples from
a target distribution by utilizing its full joint density function along with proposal distribu-
tions for each of the variables of interest.

Algorithm 1: Metropolis-Hastings algorithm
1. Initialize with x(©) ~ ¢(x)
2.fori=1,2,... do
Propose x°“ ~ g(x\ |x=1)
Calculate the acceptance probability:
q(x(i—l) |xm"d)7r(xca”d)

(xeand ;=) p (x(D) }
Generate « ~ Uniform(0, 1)

a (x| x=D) = min { 1,

if u < o then

x(i) — xcand

else
X0 L li=1)
end if

end for.

Here, g(x) represents the weighted distribution. Hatjispyros et al. (2017) demon-
strated how the Metropolis-Hastings algorithm can be used to convert a length-biased sam-
ple into an unbiased one. Following a similar strategy, we aim to apply this algorithm using
a general weight function, as defined in Equation (4), to transform samples from a weighted
distribution into their unweighted counterparts. This methodology is particularly important
when dealing with complex models where the weighted distribution arises due to inherent
sampling bias.

Suppose that yi,ys,...,yy denote a random sample from g. The Metropolis-Hastings
algorithm is used to convert this sample into a sample from f(x;0) o< w(x;0) 'g(x;0). In
the algorithm, we assume that g(-) is replaced by ¢(-) in Algorithm 1 with the acceptance
probability

-1 )
min{],iw (y]+1)}.

w1 (x;))
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If x; denotes the current sample from f(x), then

—1 )
Xjs1 = yj+1 with probability min{l, W} (5)
w(x))
xjy1 = x; otherwise.
The transition density is
. w (yji1) _
P(xj1lx;) =minq 1, ——7—> re(xjp1) + {1 —r(x;) 1 (xj01 = xj),
wl(x;)
where
(0= [min {1, 0 ey
rix) = min —_— X X .
We can outline the general methodology as follows:
1. Sample Generation: Consider (y1,...,y,) as a sample from g, to which we assign

a suitable nonparametric prior.

2. Posterior Inference: Using MCMC methods, posterior samples from the random mea-
sure I1(dg|yi,...,yn) and other relevant parameters are obtained. Consequently, a se-
quence {yle },1=1,2,... from the posterior predictive density g(y|y1,...,y,) will
be generated.

3. Weighted Proposal Values: The sequence {yfl 1) serves as proposal values in a Metro-
polis-Hastings chain whose stationary distribution is the weighted posterior predic-
tive, i.e.,

D} w) g0l ).

Using Equation (5), we generate the corresponding values {x/_,} at iteration /.
4. Final Sample: The resulting sequence {xil 41} constitutes a sample from the posterior
predictive distribution f, which corresponds to the unweighted density.

3. The model and inference

In this section, we aim to model g(x; 0). Modeling the weighted distribution g(x) within
the Bayesian nonparametric framework is based on an infinite mixture model Lo (1984),
which takes the following form:

gr(3) = [ x(:0)P(a6). ©

where P is a discrete probability measure and k(y; 0) is a kernel density defined on (0, )
for all 0 in the parameter space. This kernel satisfies the condition

/0 w ! (:0)K(y;0)dy < .
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By choosing the Burr(XII) density (with parameters ¢ and k) as the kernel of the mixture
model, we obtain

gc,k,P(y) :‘/RKB(y|C7k)P(dC7dk)v

where kp(y|c,k) is the Burr(XII) density and P is a discrete random probability measure.
Suppose that
P~ DP(v,R),

where DP(v,Py) denotes the Dirichlet process with precision parameter v > 0 and base
measure Py Ferguson (1983). We refer to this mixture model as the Dirichlet Process
Burr(XII) Mixture Model (DPBMM).

The hierarchical representation of the DPBMM can be expressed as follows:

y\c,k ~ KB(y|c,k),
(c,k)|P P

3

Plv,Ry ~ DP(v,P). (7

2

Suppose that the base distribution Py is the prior distribution for the joint distribution of ¢
and k. By choosing Burr(XII) distribution as the kernel, Py that yields a closed-form expres-
sion for [ kg(.|c,k)Po(dc,dk) is not available. Moreover, we choose multiple distributions
of Uniform(0, ¢) and Exponential with the parameter y for P, i.e.,

Po(c,k|¢,y) = Unif(c|0, ) x Exp(k|7). (8)

This choice achieves the modeling goals. Considering the hyperparameters ¥ and ¢
as random, we choose prior distributions Pareto(ay,by) and IGamma(ay, by) for them, re-
spectively. We set ay = ay = d and chose d = 2, which makes the variance of the Pareto
distribution infinite. This allows the distribution to accommodate a wide range of values.
The parameters by and by are determined by the data Bohlouri Hajjar and Khazaei (2018).

Finally, for any #;, i = 1, ..., n, representing lifetime data in a sample of n observations,
by considering DPBMM and selecting priors for parameters of the model we have

l,'|C,',k[ ~ KB(l[|Ci,k,'), 1= 17...,1’1,

(ci,ki)|P ~ P,
P ~ DP(V,P()),
P0|%¢ ~ Umf(c\O,d}) X EXp(k|’}/)7 9

v,Y.¢ ~ Gamma(ay,by) x IGamma(ay,by) x Pareto(ag,by).

After determining the model, we want to formulate how to sample from DPMMs by
Gibbs sampling. According to Kottas (2006), Gibbs sampling for drawing a sample from

[(61,...,6,1),1),...‘[}
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is based on the following full conditional distributions (brackets are used to indicate condi-
tional and marginal distributions):

(1) [(9,)|(9,l, l), yot], fori=1,...n
(2) [(6)lz,n",v,...,t], forj=1,..,n" (10)
(3) [vl{(6 )7]:1,...7n*},n*,t],[...\{(6}),j:1,...,n*},n*7t].

Here, t is the vector of failure time data. The 6;’s are the parameters of the kernel in
DPMMs that will be analyzed.

Model (8) and the discreteness property of the Dirichlet process exhibit clustering
in the 6’s. We present n* as the number of clusters among the 6;’s, denoted by 0}"5. The
vector of indicators z = (zy,...,2,) indicates the clustering configuration such that z; = j
when 6; = GJ’-‘.

Also, 6_;, which is used in (8), is defined as 6_; = (0;,6,,...,6,_1,0;11,...,6,). Model
(12) is the same as model (8), with the difference that the vector of indicators z = (z1,...,25)
indicates the clustering configuration such that z; = j when 6; = 9]’-‘. Also, 6_;, which is
used in (8), is defined as 6_; = (61,65,...,0,_1,0;11,...,6,).

4. Modeling

We apply the following algorithm to model the unweighted density f(x) from the weighted
density g(x). First, to generate a sample from g(x), the model’s parameters need to be esti-
mated. To this aim, we draw a sample from (c;, k;) and update z; for each #;.

In simulation-based parameter estimation, we use the Gibbs sampler, which includes
two steps to reach the goal.

Algorithm 2 : Gibbs sampler
1. Initialize with 6©) ~ £(6)
2. Fori—l 2,...do
W ron6f, 681 6 by,

0y ~ r(0416{",6%. ....6\" D),

where 01, ...,6; are model parameters, and D is the vector of observations. The values at
iteration i are sampled from the conditional distributions using the most recent values of the
other parameters.

Now, the model will be applied to lifetime data with right-censored observations, which
are very common in survival studies. To calculate the related distributions, the data are
divided into uncensored and censored observations.



42 S. Khazaei, S. Bohlourihajjar: Bayesian nonparametric model for weighted ...

1- Uncensored data: For uncensored data (f;,), the conditional posterior density of
(ci,k;) is a mixture distribution Neal (2003):

. qoh’(ciki| 9, V,t,-o)+z’%* 05*,(*
f(ciaki | {(Ci’vki’);l # l/},v,y,¢,ti,,) = 0 s
O+Zj l j QJ
Whereq/ kB(tm|CJ, J) and
¢ 00
a5 = V/ / kg(tio | ¢,k)Go(c,k)dcdk
o ctf” o ke k/Y
= dk | d
‘P/ 1+tc </0 (1415 ¢
th 1

B ¢ +tc)(ln(01+tc)+ )dq

where the last integration can be computed numerically, and

ho(ci7ki ‘ Yad)»tin) o< kB(tiO | Ciaki)PO(Ciaki | %(P) < [Ci ‘ Y7¢7ti0][ki | Ci7’}/7¢7ti()}v
with

ci—1 :
[Ci ‘ Y7¢7ti0] o< Cltl() I(O,¢)(Ci)a 1= 13' ., n,

and

1
ki | ci,V,0,ti,] < Gamma 2, —F .
ks i 7.9.ti <| +1n<+)>

2- Right censored data: For right-censored data (#;.), the conditional posterior density
of (C,’,k,’) is
C 1C @ (i) ¢
qoh(ciski | . 7.tic) +Z~ n; 450

fleiki | {(ciki)si i}, v,7,0,tic) = . ;
0+):J 1 ] q]

where ¢ = 1—Kp(tic | ¢}, k}), and

VAN

¢ 1
7@ v/ / (1 Kp(tic | ¢.k)) Golc,k) dedk

et  akd
B ¢y// (1418 ¢

= q)vy/‘f’ (l —|—ln(l—|—tw)> dc,

where the last integration can be computed numerically. Using the property of censored
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data, we have

he(ci ki | V. 9,tic) o< (1—Kg(tic | ci,ki))Golci, ki)
o< [ci | 7,0 ticlki | ci, ¥, @, tic]

I i
_ loate) U k(e 1 =)
¢y S+In(1+5) y Hin(1+70)

= log)(€) ! xGamma(k‘|2
o7 L+In(1+5)

)
’ly+1n(1+z;g) ’

We use the slice sampling method to sample from the first part of the above expression.
Therefore, using this MCMC approach, a sample from h°(c;,k; | ¢,7,t.) can be obtained.
Now, for both observed and censored data, (c;,k;) fori =1,...,n can be updated iteratively
and improved. In a general form, (c}‘-,k}f) can be updated conditional on ¢,7, and ¢ as
follows:

K 1o mtnt) = Golch ki 7o) [ keltolchkl) [] (1—Kg(tic | c}.k5))
{io:sip=j} {ictsic=j}
* * * l
o< [Cj ‘ Yad)vti()][kj ‘ C.ja%d)?tic'] H 70*];
{ic:sic=j} (1 —|—licj) i
-1
0 t,]
< il g)(ch) H 10— x Gamma(n$ + 1,B%), (11)

{losm ]} 1+t J

where .
B= Y (+1n(1+t;f')>+ Y In(1+1)),
{iosm=iy \7 {ic:si=j)

and nf is the number of observed data points in cluster ;.

The key task in generating a sample from Equation (13) is drawing from the first part of
the equation. Sampling from the gamma distribution is straightforward. To sample from
-1

* *«n< * t/
[Cj | 9,7,1] o< Cj JI(O,({))(Cj)

o
{iosio=Jj} 1+ tl-oj

auxiliary variables W = {w;, : {io : s;, = j}} are introduced such that

(€5, W [ 9,tio] = c; JIO I s (Wip).
00)( N
{l” Sio=. /} 0 fio = )
1417

By marginalization over W, [c;‘ | 9,1, is obtained for j = 1,...,n*. Moreover, w;, are
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k-1
. . t
uniform variables on (0, “2—). Therefore,
1+1,]

io

[cj 1 9:1] =" (p.4)(c)),
where B = max{0, l?g@) }. Drawing from [c} | ¢,] is now straightforward.
Subsequently, following the approach in Escobar and West (1995), ¢, v, and v are up-
dated. Introducing a latent variable u such that

[u|v,t] =Beta(v+1,n),
we have

[V |u,n*,f] = pGamma(a, +n*,b, —In(u)) + (1 — p) Gamma(a, +n* — 1,by, — In(u)),

where
_ ay+n*—1
P= n(by —In(u)) +ay +n*—1
To update ¢, we have
2b2 n 2b2
017K =0 K 101 = i, (0 [T 5 H00() = Grtslon) 9,
j:

where b* = max{by, maxi <<, c}}, implying
[¢ | ¢, k"] = Pareto(¢ | 2+n*,b%).

Repeating this technique, 7 is updated as

n* n*

[y ¢ &= [M]]IK; | v] = 1Gamma(n* +2,by + 71k;‘~).

J=1 J=

Thus, all conditional distributions required for Equation (8) can now be computed.

5. Data illustrations

We evaluate the performance of the proposed model by applying it to three simulated
datasets, each with a sample size of n = 200. For model comparison, we consider alternative
approaches from the literature. Gibbs sampling is implemented with a total of N = 15,000
iterations, discarding the initial 1,000 as burn-in, and applying thinning by retaining every
20th iteration. Assuming a sufficiently large sample size, we place a Gamma(1,0.001)
prior on the concentration parameter ¢, allowing the model to infer an appropriate number
of clusters based on the data.

To quantify the deviation between estimated and true models, we compute numerical
indices using both Euclidean and Hellinger distance metrics that have been widely used in
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similar studies:

de(f.0) = | X () = 7)) (12)

n 2
ants 9 =X (VI -/ a3
Here, f denotes the true function, which may be a density, survival, or hazard function,

while f represents its estimate obtained from the MCMC output.

We generate samples of size n = 200 from the following distributions:

(i) Mixture of Burr distributions with 2 parameters (B2M):

0.4 x Burr(c = 25,k =10) 4+ 0.6 x Burr(c =7,k = 4).

(ii) Mixture of lognormal distributions (LNM):
0.2 x LN(y = 0,67 =0.15) +0.3 x LN(up = 1,65 = 0.02) + 0.5

XLN(u3 = 2,07 = 0.04).

(iii) Mixture of Weibull distributions (WM):

0.4 x Weibull(a = 1,4 = 0.25) + 0.6 x Weibull(at = 6,4 = 0.5).

Here, Burr(c,k) denotes the Burr Type XII distribution with shape parameter ¢ and
scale parameter k; LN(u, 6?) denotes the lognormal distribution with scale parameter u
and shape parameter o; and Weibull(o,A) refers to the Weibull distribution with shape
parameter o and scale parameter A.

Table 1 presents the computed index values for the density, survival, and hazard func-
tions under the Dirichlet Process Mixture Model (DPMM) with different kernel choices,
evaluated across the three simulated datasets. Details of the DPWM, DPLNM, and DPB2M
models are provided in references Hassan et al. (2021) and Cheng and Yuan (2013). The
results in Table 1 indicate that the DPB2M model achieves a better fit compared to the other
models based on the simulated datasets.
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Table 1. Deviance metrics dg (dg(-,*)) for DPMMs with different kernels. Values in paren-
theses are Hellinger distances.
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Dataset Metric DPWM DPLNM DPB2M
f(t) 1.553 (1.126) 1.019 (0.522) 6.307 (4.015)
I S(1) 0.602 (0.467) 0.295 (0.213) 3.276 (1.658)
h(t) 23.097 (4.031) 10.160 (1.473) 33.559 (8.834)
f(t) 1.448 (1.224) 0.373 (0.309) 1.901 (1.709)
1I S(t) 0.650 (0.471) 0.195 (0.144) 1.692 (1.088)
h(t) 5.542 (2.489) 1.788 (0.668) 7.407 (3.832)
410 2.218 (0.669) 4762 (1.184) 2.607 (0.767)
111 S(t) 0.399 (0.213) 0.321 (0.198) 0.368 (0.206)
h(t) 8.281 (1.053) 13.017 (1.695) 13.809 (1.558)

Note that the values in parentheses represent Hellinger distances.

5.1. Simulated data

In this subsection, we illustrate the capability of the DPB2M model to effectively model
weighted data and recover the corresponding unweighted distribution. For this purpose, we
consider two types of datasets: simulated data and real data.

Assume we are given a sample (xj,...,x,), and our objective is to estimate its density
function. To evaluate the goodness of fit of the proposed model, we compare the resulting
density estimate with the following two density estimators, which are used in Hatjispyros et
al. (2017):

i) The classical kernel density estimate:

N(x | xj,B) 10, 4es) (%)

-

~ 1
Gn(xs (x1,...,2x)) o< -

J

ii) The kernel density estimate for indirect data (Jones’ kernel density estimate):

x;lN(x | xj,h?) 1(0,400) (%)

(ngE

o 1.,
Frn(x (e, .. x)) o< =1
n 1

~.
I

where I is the harmonic mean of the sample (xp,...,x,).
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Figure 1. Simulated data from the log-normal distribution with parameters (0.5,0.5) and a sample size of
n = 100. In each figure, the true densities are shown with a solid line, and the kernel density estimates g (a),(b)
and fy, (c) with a dashed line.

These estimators are among the best-known nonparametric methods and provide a good
fit for both the weighted and unweighted data in our analysis. For the simulated datasets, the
Metropolis-Hastings algorithm was run for over 50,000 iterations, while the Gibbs sampler
was executed for 60,000 iterations, with a burn-in period of 10,000 iterations.

5.1.1 Length biased distribution of log-normal

Here, the first dataset is simulated from the log-normal distribution with parameters
(u,02) = (0.5, 0.5). We know that the length-biased distribution of a log-normal with
parameters (i + o2 and 62 is again a log-normal with parameters i and ¢ Patil and Rao
(1978).

By choosing the log-normal distribution as the kernel, we can illustrate the model’s
preference and the algorithm. This model was tested in Hatjispyros et al. (2017) for
length-biased data using simulated data from the Gamma distribution with DPMM when
the Gamma distribution was considered the kernel.

The results of the simulated data are shown in Figure 1. In panel (a), the histogram of
simulated log-normal (0.5,0.5) data is presented, and the true density curve is depicted with
a solid line, while the kernel density estimate g;, is shown with a dashed line. The estimate
&r, closely approximates the true underlying density.
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Figure 2. Simulated data from the Weibull distribution with parameters (@ = 1,4 = 2) and sample size n = 100
True densities are shown with a solid line, and the kernel density estimates g, and f;, with a dashed line.

In panel (b), the histogram of the posterior predictive distribution of the data is shown
along with the true density curve (solid line). The real data here follows a log-normal

distribution with parameters (0,0.5), and Jones’ density estimate f;; is represented by
a dashed line.

Panel (c) depicts the histogram of the transformed data to the unweighted scale, corre-
sponding to the indirect data estimate, which is shown with a dashed line. The distribution
of the unweighted data is also close to the true distribution, a log-normal with parameters
(0,0.5), demonstrating the model’s ability to recover the underlying density effectively.

5.1.2 Weighted distribution of Gamma

Here, we consider a Gamma(a, ) distribution with the weight function w(x|a,b) =
x?exp(—x/b). By applying the weighting function, we obtain a new distribution that is
again a Gamma distribution, but with updated parameters (¢t +a,(f +b)/(bB)).

The dataset is simulated from a weighted Gamma distribution, specifically Gamma(1,2)
using the weight function w(x) = exp(—x), which corresponds to @ = 0 and b = 1. The cor-

responding unweighted version of this distribution is a Gamma distribution with parameters
o=1landpB=1.
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Figure 3. Real dataset of the widths of shrubs with size n = 46. (a) Histogram of data and estimated posterior
predictive density by DPBMM, and (b) histogram of de-biased data using the Metropolis-Hastings algorithm and
i

In Figure 2, panel (a), we present the histogram of the simulated data along with its true
density curve and the kernel density estimate g,. Panel (b) displays the histogram of the
predictive values, the corresponding kernel estimate g, and the true density curve. In panel
(c), we present the histogram of the unweighted distribution obtained using the Metropolis-
Hastings algorithm, along with the estimate f, 7.1 for this data.

5.2. Real data

In the previous section, Dirichlet Process Bayesian Mixture (DPB2M) models demon-
strated a good fit to the simulated data. Therefore, we now apply the flexibility of this
Bayesian nonparametric model to real datasets, namely the shrub width data and the blad-
der cancer data.

5.2.1 Widths of shrubs data

We consider the data that can be found in Muttlak and McDonald (1990) for applications
with real data. This data consists of 46 measurements of the width of shrubs that are sampled
by line-transect. In this sampling method, the probability of inclusion in the sample is
proportional to the width of the shrub, making it a case of length-biased sampling.

We can see the predictive values of the DPB2M model with the histogram and g, with

the dashed line in panel (a) of Figure 3, and also the unweighted version of the data values
and fA‘/’h depicted in panel (b).
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Figure 4. Real dataset of bladder cancer patients with size n = 137. (a) Histogram of data and estimated posterior
predictive density by DPBMM, and (b) histogram of de-biased data using the Metropolis-Hastings algorithm and
i

5.2.2 Bladder cancer data

The next real dataset is survival data which includes censored values. This data is taken
from Lee and Wang (2003), page 231, which corresponds to remission times (in months) of
a random sample of bladder cancer patients. Properties of this data are: the total number of
observations 137, censored data 9, largest observation 46.12, and smallest observation 0.08.
For easier model fitting, we divided the data into 10 intervals.

In Ahmad et al. (2016), a parametric model was fitted to this dataset without considering
censored observations. This model is referred to as the length-biased weighted Lomax
distribution. The Lomax distribution is a special case of the Burr(XII) distribution. In
this section, we apply the DPBM model, which is a Bayesian nonparametric model with
Burr(XII) distribution as the kernel of a mixture model.

In Figure 4, panel (a), we show the histogram of the bladder cancer data, along with
the estimated density function based on the DPBM model. Since this dataset comes from
a weighted distribution, a histogram of the unweighted values obtained using the Metropolis-
Hastings method and the corresponding curve is presented in panel (b) of Figure 4.
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6. Conclusion

This article uses the Bayesian nonparametric approach to model weighted data. We
use the Dirichlet process mixture model (DPMM) with Burr(XII) distribution as the kernel
function in mixing models. We assumed weighted distribution with an arbitrary weight
function that satisfies equation (2). Using the Metropolis-Hastings algorithm, the weighted
distribution converted to the unweighted one. We fit the DPMM with the different kernels
and weight functions for real and simulated data sets as an application. As an application
in the survival study, a real lifetime dataset containing censored observations is used, and
density and survival functions are estimated.

7. Discussion

While the proposed Bayesian nonparametric model, the Dirichlet Process Mixture of
Burr XII distributions, provides substantial flexibility and robustness for modeling weighted
data, several limitations should be noted. First, the model’s computational complexity can
be high, particularly with large datasets or high-dimensional covariates, potentially hinder-
ing its scalability in practice. Second, the selection of hyperparameters and prior distribu-
tions may significantly affect performance and inference, necessitating careful tuning and
sensitivity analysis. Third, although the Burr XII distribution is flexible, there may be cases
where other kernel distributions might better capture certain data characteristics.

Future research could address these limitations by extending the model to incorporate
covariate information more explicitly, such as through hierarchical or dependent Dirichlet
processes, enhancing its utility in complex data settings. Additionally, developing more ef-
ficient computational algorithms, such as variational inference or scalable MCMC methods,
could improve the model’s feasibility for big data applications. Exploring integration with
other flexible distributions or developing multivariate extensions may further broaden its
scope and practical impact.
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Exploring new mixtures of distribution to model skewed
and heavy tailed data

Jitendra Kumar', Anuj Nain®

Abstract

The search for relevant models that can describe the loss data has been one of the main interests
of researchers for decades. There is limited research on modeling such data using
K-component mixture models. An example of that can be Miljkovic and Griin’s study (2016)
of six distributions where they proposed finite mixtures to model the data. In this paper we
study two more distributions, namely log-logistic and inverse Weibull distribution in addition
of all those proposed by Miljkovic and Griin (2016). We employed the EM algorithm for
parameter estimation and then selected the best model using three model selection criteria,
namely NLL, AIC and BIC. We also computed the risk measures such as VaR and TVaR and
compared them with their empirical counterparts to assess the goodness-of-fit of our proposed
models at the extreme quantiles. We found that K-component mixture distribution of log-
logistic and inverse Weibull works better than competent models. To get a more generalized
view on the theory of mixture distribution, a simulation was carried out, which gave satisfactory
results.

Key words: K-component finite mixture models, EM algorithm, Danish fire insurance losses
data set, log-logistic distribution, inverse Weibull distribution.

1. Introduction

Many times, in real-life situations random variables are not generated from a single
but from a mixture of several distributions. The mixture distribution is a weighted sum
of K distributions where the weights sum up to one. Each weight corresponds to
the proportion or contribution of the corresponding component density. Each density
in the mixture is characterized by an unknown parameter (or a parameter vector).

In actuarial domain, searching for distributions that can be used to model a data
which is heavy tailed, positively skewed, non-Gaussian and multimodal has gained lot
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of attention of the researchers. Mixture distribution can be well used to model such
data. Mixture models that can cover the humps and the tail provide a good fit for the
data, but the literature on such models is limited. A mixture of exponential distributions
was proposed by Keatinge (1999). In this model the maximum likelihood (ML)
estimation was based on Newton’s algorithm. Although the model was applicable in
some areas it was not very useful in modelling heavy-tailed data.

Klugman and Rioux (2006) proposed a flexible model that included not only
exponential components but also Gamma, Pareto and Log-normal with non-negative
weights that sum up to one, provided that either weight associated with Log-normal or
Gamma component must be zero. Further, some work regarding this type of modeling
was done by Lee and Lin (2010) and Verbelen et al. (2015, 2016). They considered finite
mixture of Erlang distribution.

Miljkovic and Griin (2016), extended the work beyond Erlang families. They
developed K-component mixtures of six models with components from non-Gaussian
families of distributions. The six families of distributions they used were Burr, Gamma,
Inverse Burr, Inverse Gaussian, Log-normal, and Weibull. In total, there are more than
thirty distributions in their paper. They compared their results with composite Weibull
models developed by Bakar et al. (2015). Their results outperformed the models
introduced by Bakar et al. (2015). In this paper, we have extended the work of Miljkovic
and Griin (2016) by introducing K-component finite mixtures of two more
distributions, log-logistic and inverse Weibull.

While the present work focuses on the development and application of finite
mixture models using heavy-tailed distributions, it is also worth mentioning that
considerable theoretical work has been carried out to address the asymptotic behavior
and estimation challenges in mixture models. Traditional likelihood-based methods,
such as the likelihood ratio test (LRT), are known to exhibit non-standard asymptotic
distributions due to violations of regularity conditions in mixture settings. Pioneering
studies by Ghosh and Sen (1985) and Chernoff and Lander (1995) revealed that the
asymptotic distribution of LRT in such contexts may involve the supremum of
a Gaussian process, rather than a standard chi-square distribution. To address these
complexities, Chen and Chen (1998a, b) developed adjusted LRT methods, and Chen
et. al (2001) further proposed a modified LRT with desirable asymptotic properties and
enhanced power under local alternatives. In addition, Chen and Kalbfleisch (1996)
introduced penalized minimum-distance estimators, which yield consistent estimation
of both the mixing distribution and the number of components. While these works do
not directly align with the specific mixture distributions explored in this paper, their
contributions to model identifiability, penalization, and asymptotic inference provide
valuable methodological context.

It is also to be noted that although the present study builds upon the framework
established by Miljkovic and Griin (2016), it is important to acknowledge that further
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research has been conducted in related modeling beyond 2016. For instance, Lachos
Dévila et al. (2018) presented finite mixtures of skew-normal and skewed distributions,
focusing on modeling skewness and kurtosis, rather than multimodality or tail-heavi-
ness typical of actuarial data. Similarly, Gagnon and Wang (2024) developed robust
heavy-tailed versions of generalized linear models, providing improved outlier re-
sistance within a GLM framework rather than mixture modeling. Additionally,
Marambakuyana and Shongwe (2024) explored a vast class of two-component compo-
site and mixture models based on non-Gaussian distributions for insurance claims data;
however, their emphasis was on empirical comparisons among predefined combina-
tions, not on extending parametric families within finite mixtures.

While these studies contribute valuable insights, their modeling objectives and
methodological approaches diverge from the specific structure of the finite mixture
modeling considered in the present work. Therefore, the model proposed by Miljkovic
and Griin (2016) remains the most relevant and appropriate foundation for the
development pursued herein.

The chronology of the work presented in this study is as follows.

In Section 2.1 we have given a brief introduction to the mixture distribution and
EM algorithm. In Section 2.2 and 2.3 we provide theory for the parameter estimates
from log-logistic and inverse Weibull family respectively. In Section 2.4 we have
discussed model selection criteria and risk measures.

In Section 3.1 we have given description of our data set and its characteristics.
In Section 3.2 we provide our results. The mixture of log-logistic distribution is found
to perform better than most of the models given by Miljkovic and Griin (2016) whereas
those of inverse Weibull distribution completely outperform the best distributions
given by Miljkovic and Griin (2016).

In Section 3.3, the K-S test is applied for checking the goodness-of-fit of the
proposed mixture density. Plots of empirical density versus K-component mixture
density are constructed to show how well the fitted density covers the empirical density,
Q-Q plot and P-P Plot are also constructed to justify the goodness-of-fit. In Section 3.4,
a simulation study is conducted on 50 samples of size 2492 each. The results of the
simulation justify the fit of four component inverse Weibull distribution.

2. Mixture Distribution and EM Algorithm

2.1. Mixture Distribution

Let X; X, ... X, be an independent and identically distributed random sample from
the K-component finite mixture of probability distributions. This mixture distribution
is represented as

f(x;0) = TR_; mefie(x; 0k ), (1)
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subject to Zﬁﬂ M = 1,

where @ = (7, 0°) = (Ty , My 5. .., 1, 01, 05, ... 0y ) is the vector of unknown
parameters and 0 < m; < 1. These K distributions may or may not be from the same
family. In this paper we assume that for the mixture density given in (1) the component
densities fi(.) are from the same family. Further, we implement the EM algorithm for
parameter estimation. For more details one may refer Dempster (1997). Miljkovic and
Griin (2016) obtained parameter estimates using EM algorithm for the K-component
finite mixture with component densities from the same family. Using their notations
and terminology we mention here an important function called Q-function. For the
details of the Q-function one may refer to Miljkovic and Griin (2016).

Q (8| 6419) = XL, Xy wik[log(my) + log(fic(xi; 6y )] (2)

where wjy is the expected value of the i weight in the k component density. This
function is maximized to obtain new estimates of © (0 and 7). The estimates of  are
updated in the s'" iteration by

L wi)
T[l(:) _ i 1rl ik (3)
For simplification we will write m component finite mixture distribution as m-K
followed by the name of the distribution. For example, four component inverse Weibull

distribution would be written as 4-K inverse Weibull distribution.

2.2. Parameter estimation in m-K log-logistic distribution.

The log-logistic distribution is widely used in actuarial and financial modelling. Its
properties are such attractive that it acts as an alternative distribution to the lognormal
and Weibull distribution. Finite mixture models of log-logistic distribution can be used
for modelling heavy-tailed data on positive support. In this section we provide the
parameter estimates of m-K log-logistic distribution through the E-M algorithm.

The log-logistic distribution has the following probability density function:

. )@
% x>0,
b(() +1)
flx)= —<
0 otherwise.




STATISTICS IN TRANSITION new series, December 2025 59

With shape parameter a > 0, scale parameter b > 0. Introducing the notion of finite
mixture, we see that each k™ , (k = 1,2 ... m) component density in (1) follows log-
logistic distribution with parameters ax and by . Maximization of the Q function (2) with
respect to ax gives the following expression:

N —ak(ﬁ) log(ﬁ)+:1(:i(%)+(%)ak+1 o @
{(5) )
maximization of the Q function with respect to by gives the following expression:
n wa) ) _ 0 5)

izt Wki| =7/ vk
(7))

Solving equations (4) and (5) we get the estimates of a; and by

These equations can be solved using uniroot function in R. The function is useful
in searching the root of a nonlinear equation. For details on the function one may refer
to Brent (1973).

2.3. Parameter estimation in m-K inverse Weibull distribution

The inverse Weibull distribution is another distribution used in actuarial and
income modelling. It has gain interest of the researchers in modeling heavy-tailed data
on positive support appearing in finance and actuaries. In this section we provide the
parameter estimates of m-K inverse Weibull distribution. The pdf of inverse Weibull
distribution is given by

(e

X

x>0,

fx)= —

— 0 otherwise

shape parameter a > 0, scale parameter b > 0. Introducing the notion of the finite
mixture, we see that each k™ , (k= 1,2 ... m) component density in (1) follows log-
logistic distribution with parameters ax and bx. Maximization of the Q function with
respect to ax gives the following expression:
n by 2k by by 1)
B wia (= (3) g () +108 () + ) =0 (6)

Solving it using the numerical technique we get the estimate 3 of ax.
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Maximization of the Q function with respect to by gives the following expression:

_(Pk)’K
Xit1 Wi ak<1 (b’;) ) =0 (7)

Solving equations (6) and (7) we get the estimates of ax and by.

2.4. Model Selection and Risk Measure

In order to access the goodness-of-fit of the proposed models, the following
measures are considered: Negative log-likelihood (NLL), Akaike Information Criterion
(AIC) and Bayesian Information Criterion (BIC). Let us denote log-likelihood function
by L(0) for a given model, then NLL is computed as -L(0). AIC is given by —2L(6 ) + 2p,
where p is the number of parameters present in the model and BIC is given by —2L(0)
+ plog(n) , where n is the number of observations.

Let X be the random variable denoting the loss and T, is the 100pth percentile of
the distribution of X. Then according to the notations and definitions by Klugman et
al. (2012), the Value at Risk of X at the 100p% level, denoted by VaRp (X) is the 100pth
percentile of the distribution of X. Let Fy (x) be the cumulative distribution function of
X, then for continuous distributions, VaRp (X) can be written as the value of m,
satisfying

Fx (”p) =P (8)

VaRp (X) lacks additive property, therefore we define TVaRp (X), which is the
average of all VaRp (X) values above the security level p, Again using the notations
and definitions by Klugman et al. (2012) . TVaRp (X) is given by

" VaRy, (X)d
TVaRp(X) = fpal_—Pu
When X is a continuous random variable, the formula simplifies to
TVaRp(X) =E[X|X > VaRp(X)]
We can use convenient notations [see Miljkovic and Griin (2016)] as
f;p xf(x)dx f;p xf(x)dx
1-Fy(r,)  1-P

TVaRp(X) =E[X|X>m,] =

For the sake of convenience we write VaRp (X) as VaR as TVaRp(X) as TVaR.

3. Analysis

3.1. Data

In this paper, we have used the Danish fire losses data set. This globally recognized
dataset has been used by actuaries for actuarial modeling for more than two decades.
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The Copenhagen Reinsurance company was responsible for collecting the data. The
data set contains a record of 2492 observations (loss claims in Danish Krone) over the
period of 1980-1990 [see Miljkovic and Griin (2016)].

One can easily access the Danish fire losses data set (available as danish) in R by
using the package SMpracticals [Davison (2013)]. Figure 1 shows the histogram of the
data and Table 1 gives the summary statistics.
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Figure 1. Histogram for Danish fire losses data set

Table 1. Summary Statistic

Min Q1 Q2 Q3 Max Mean

0.3134 1.1572 1.6339 2.6445 263.2504 3.0627

It can be observed that the mean is greater than the median and the third quartile
(Q3), which indicates high skewness in the data. We consider modelling this data set
using finite mixtures of various components for two distributions: log-logistic and
inverse Weibull.

3.2. Results and discussions

In this section we have compared our work with work done by Miljkovic and Griin
(2016). They considered six families of distributions and modeled their different K-com-
ponent mixtures (in total there are 33 distributions). These six families were suitable
for a data set having characteristics as present in the Danish fire losses data. However,
two distributions, namely the log-logistic and the inverse Weibull remained unexplored
in their study. We have extended their work by considering these two families, and
modeling their K-component mixtures. The results are shown in the following table
(Table 2).
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Table 2. Model selection criteria for different component mixtures

Mixture K(component) NLL AIC BIC
log-logistic 1 4280.587 8565.175 8576.816
2 3962.067 7934.133 7963.238
3 3850.580 7717.161 7753.728
4 3952.919 7927.838 7991.868
5 3953.138 7936.276 8064.163
inverse Weibull 1 3966.83 7937.661 7949.302
2 3842.314 7694.628 7723.733
3 3793.387 7602.774 7649.341
4 3777.205 7576.409 7640.439
5 3773.208 7574.417 7655.908
6 3771.172 3572.344 7663.482

It is observed that the proposed 3-K log-logistic distribution performs better than
most of the models developed by Miljkovic and Griin (2016) (The parameter estimates
have been presented in Figure 2). It performs better than 1-K, 2-K and 3-K models from
the Gamma family, 1-K model from the Inverse Burr family, 1-K, 2-K and 3-K model
from Inverse Gaussian, 1-K, 2-K and 3-K models from the Log-Normal family and
1-K, 2-K, 3-K, 4-K, 5-K models from the Weibull family.

Also, we observe that proposed 4-K inverse Weibull distribution performs better
than all the distributions proposed by Miljkovic and Griin (2016) (The parameter
estimates have been presented in Figure 4). (It is to be noted that we have reproduced
the results for the six distributions studied by Miljkovic and Griin (2016). As these
results were consistent with the original findings, we chose not to present them
explicitly in the paper in order to avoid redundancy and to maintain focus on our novel
contributions. However, for comparison one can refer to the table from Miljkovic and
Grin (2016)).

The following Table 3 gives the VaR and TVaR risk measures.

Table 3. Risk measures

Specification VaR(0.99) TvaR(0.99)
Empirical Estimates 24.61 54.60
Proposed Models
3-K log-logistic 20.33 31.50
4-K inverse Weibull 24.67 70.55

VaR from the proposed 3-K log-logistic (20.33) and that from 4-K inverse Weibull
(23.57) are close to the empirical VaR (24.61). This adds to the goodness-of-fit of our
proposed models. VaR from 4-K inverse Weibull is better than that from 2-K Burr
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(25.02), 5-K Log Normal (26.75) and 3-K Inverse Burr (23.57), which were the best
three models proposed earlier by Miljkovic and Griin (2016) [see Miljkovic and Griin
(2016)]. This means that 4-K inverse Weibull covers tail of the data better than 2-K
Burr, 5-K Log Normal and 3-K Inverse Burr. Due to presence of high skewness at the
tail of the distribution it was obvious that TVaR from the distribution would be
different from the empirical counterpart.

3.3. Goodness-of-fit

We conducted the Kolmogorov-Smirnov test (known as K-S test) for checking the
goodness-of-fit of the proposed models. The null hypothesis states that the proposed
distribution (either 3-K log-logistic or 4-K inverse Weibull) fits the data well. The
significance level was set to .05. In the case of 3-K log-logistic distribution the test
statistic was less than the critical value and hence the null hypothesis was accepted.
In the case of 4-K inverse Weibull distribution also, the test statistic was less than the
critical value and hence the null hypothesis was accepted. The results are summarized
in Table 4.

Table 4. Goodness-of-fit test (Ho:The proposed distribution fits the data well)

Distribution K-S Test Statistic Critical Value (at a= 0.05) Decision
3-K log-logistic 0.014 0.027 Ho accepted
4-K inverse Weibull 0.009 0.027 Ho accepted

Figure 2 and Figure 3 are for 3-K log-logistic distribution and show how well 3-K
log-logistic distribution covers empirical density. Figure 2 shows the plot of empirical
density against fitted density, Figure 3 shows the P-P plot and the Q-Q plot.

Density Plot for Danish Fire Loss data set
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Figure 2. Plot of Empirical density and Fitted 3-K log-logistic density
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Figure 3. P-P plot and Q-Q Plot for the fitted 3-K log-logistic distribution

Figure 4 and Figure 5 are for 4-K inverse Weibull distribution and show how well
the 4-K inverse Weibull density covers the empirical density. Figure 4 shows the plot of
empirical density against fitted density, Figure 5 shows the P-P plot and the Q-Q plot.

Density Plot for Danish Fire Loss data set
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Figure 4. Plot of empirical density and fitted 4-K inverse Weibull density
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Figure 5. P-P plot and Q-Q Plot for the fitted 4-K inverse Weibull distribution
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3.4. Simulation study

We conducted simulation for 4-K inverse Weibull distribution. We generated
N=50 random samples from the given data of size n=2492 each, that can mimic the
actual Danish fire losses data set. Then estimated the parameters, computed the VaR,
constructed the density plot, conducted K-S test for goodness-of-fit and constructed
P-P plot and Q-Q plot. We found that 4-K inverse Weibull distribution fits each of the
simulated data set well, as the Empirical VaR and fitted VaR from the distribution were
very close to each other and the value of K-S test statistic was less than the critical value
for each simulated sample. The table below (Table 5) shows the results for first ten
simulated samples.

Table 5. Summary of results for the first ten simulated samples.

. . K-S Test statistic
Empirical Fitted
Sample No. to be compared
VaR(0.99) VaR(0.99) .
with 0.0272
1 25.288 23.59 0.012
2 21.989 23.1 0.010
3 25.059 24.33 0.013
4 26.309 29.34 0.020
5 20.873 22.12 0.011
6 25.954 26.03 0.012
7 22.465 21.54 0.012
8 23.900 23.661 0.013
9 20.963 23.09 0.012
10 22.351 21.7 0.011

As an example of simulation result we have shown Density plot, P-P Plot, Q-Q Plot
for the first two simulated samples.

Simulated sample 1.
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Figure 6. Plot of empirical density and simulated 4-K inverse Weibull density
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Figure 7. P-P plot and Q-Q Plot for the simulated 4-K inverse Weibull distribution
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Figure 9. P-P plot and Q-Q Plot for the simulated 4-K inverse Weibull distribution

We conducted two sample t-tests to check the significance of difference between
the Empirical VaR and VaR computed from the fitted 4-K inverse Weibull distribution.
We formulate the null hypothesis, Ho: There is no significant difference between the
empirical VaR and VaR computed from the fitted 4-K inverse Weibull distribution.
We see that the null hypothesis is accepted at the significance level of 0.05. The result
summary of the test is given in Table 9.
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Table 9. Checking the significance of difference between the Empirical VaR and fitted VaR

Specification
Test statistic 1.755
Critical Value 1.984
P-value 0.082
Level of significance 0.05

4. Conclusion

In this paper, we extended the work done by Miljkovic and Griin (2016) by adding
and examining K-component finite mixtures of two more distributions: log-logistic and
inverse Weibull.

We found that 3-K log-logistic distribution performed better than most of the
distributions given earlier by Miljkovic and Griin (2016), whereas 4-K inverse Weibull
distribution outperformed all the distributions given by Miljkovic and Griin (2016).

Hence, we conclude that for skewed and non-Gaussian data on positive support,
finite mixtures of log-logistic and inverse Weibull distribution can successfully cover
the heavy tail behavior and multimodal nature. To the best of our knowledge, we are
among the recent after Miljkovic and Griin (2016) to work on K-component finite
mixture model on such type of loss data.

We considered finite mixtures from the same families in our paper. Further work
may be done by considering finite mixtures from different families. One may also use
the Bayesian approach for parameter estimation.
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Application of the nonlinear splines model to forecast changes
in the construction costs index

Mariusz Kubus', Lukasz Mach’, Przemystaw Misiurski’

Abstract

The research presents the application of the nonlinear splines model to forecast the
construction costs index (CCI), which is an important macroeconomic indicator. Due to the
long-term nature of the investments in the construction market, we tested our model in a ten-
month ahead period. Except minor disruptions, which were likely related to COVID-19, we
obtained promising results, which definitely outperformed the classical ARIMA and its variant
with nonlinear autocorrelation functions modeled with neural network. The achieved forecast
results will enable both the demand and supply in the construction market to be in market
equilibrium and minimize the formation of speculative bubbles in the market.

Key words: construction market, nonlinear splines model, forecast, non-stationary time
series.

1. Introduction

The market economy of each developed country is based on three factors of pro-
duction - labor, land and capital. Each of these factors should be developed evenly so
that sustainable economic development can occur. A comprehensive study of a coun-
try's economic development can be carried out by monitoring an important sector for
the economy - the construction sector. By its very nature, this sector reflects the con-
dition and state of development of the three aforementioned factors of production. It is
natural that in considering investment projects in the area of the construction sector
we must consider the stock of land, labor and capital. The integration of production

factors in official statistics is expressed through the construction costs index, since it is
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this index that will reflect directly the capital and indirectly the labor and land required
to use this capital to implement the project. In order to plan the investment projects
successfully, it is necessary to use data analysis methods capable of forecasting this
index. Therefore, the research carried out in this article has tested and demonstrated
the usefulness of the nonlinear splines method as a utilitarian forecasting tool, both for
stationary and non-stationary time series.

The literature on the construction market and its importance for the economy is
not as rich as it might seem. It is dominated mainly by country-specific reports and
analyses. On the other hand, Asian researchers seem to dominate theoretical consider-
ations, which seems justified due to the intensive development of construction in these
countries. Three-level definition of construction as an economic activity was presented
by researchers from Singapore (Pheng & Hou 2019). The issue of the role of construc-
tion in the economy was described by Jorge Lopes in the chapter: Construction in the
economy and its role in socio-economic development: role of construction in socio-
economic development (Lopes 2011). An attempt to define the scope of the construction
sector was made by Andrew Foulkes and Les Ruddock of the British University of
Salford. The latter edited a book on the economic aspects of modern construction
(Ruddock & Ruddock 2008). There have also been studies on the importance of the
construction market in the economy of specific countries. One can mention here, for
example, the publication of scientists from Malaysia regarding Turkmenistan: Role of
the construction industry in economic development of Turkmenistan (Durdyey & Ismail
2012) or the publication on the Polish economy: The view of construction companies’
managers on the impact of economic, environmental and legal policies on investment
process management (Sobieraj et al. 2021). On the other hand, a broader view of the
construction market was presented by Chinese researchers: Ye, Lu and Jiang in the
article Concentration in the international construction market (Ye et al. 2009).

A literature analysis of the construction market showed that the topic is important
and interesting, but there are not many research works that comprehensively deal with
construction markets. This shows that research in this area is needed.

2. Forecasting Construction Cost Index: A Literature Review

Accurate forecasting of the Construction Cost Index (CCI) is essential for effective
project planning, cost control, and risk management in the construction industry. Over
the past five decades, various forecasting methodologies have been explored, evolving
from traditional econometric models to advanced machine learning techniques. This
section reviews the key studies on CCI forecasting, with a particular focus on applied
methodologies and their effectiveness.
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Early research in this field primarily relied on econometric and regression-based
models to analyze historical cost trends. One of the pioneering studies was conducted
by Williams (1994), who applied neural networks to predict changes in construction
cost indices. Wang and Mei (1998) further explored forecasting models for Taiwan’s
CCI using time series techniques. In subsequent years, autoregressive (AR) and
autoregressive integrated moving average (ARIMA) models gained prominence due to
their ability to model cost index trends based on past values (Xu & Moon, 2013; Moon,
Chi & Kim, 2018). A notable advancement came from Moon and Shin (2018), who
introduced the vector error correction model (VECM), capturing long-term
equilibrium relationships among cost-related variables. However, these statistical
models were constrained by their linear nature, limiting their ability to capture
complex, nonlinear patterns in cost fluctuations.

With the advancement of computational techniques, machine learning-based
models have emerged as effective tools for CCI forecasting. Elfahham (2019)
demonstrated that artificial neural networks (ANNs) could outperform traditional
regression and time series methods. Wang and Ashuri (2017) explored machine
learning algorithms to enhance CCI predictions, highlighting their adaptability to
dynamic construction markets. To improve accuracy, researchers have increasingly
integrated classical time series models with machine learning techniques. For example,
Kim et al. (2022) combined ARIMA and ANN models to enhance prediction precision.
Similarly, Cao and Ashuri (2020) applied a long short-term memory (LSTM) network
to predict the volatility of highway construction costs, outperforming traditional
forecasting models.

Recent studies have also explored stochastic and network-based forecasting
techniques to address the dynamic nature of construction costs. Xu and Moon (2013)
utilized a cointegrated vector autoregression (VAR) model for stochastic CCI
forecasting, while Joukar and Nahmens (2016) employed a generalized autoregressive
conditional heteroskedasticity (GARCH) model to analyze cost index volatility
patterns. Additionally, network-based approaches have gained traction as an
alternative forecasting method. Zhang et al. (2018) introduced a visibility graph-based
forecasting model, while Mao and Xiao (2019) developed a complex network-based
approach to improve predictive performance.

The latest research in CCI forecasting has increasingly focused on hybrid
methodologies and deep learning techniques. Al Kailani et al. (2024) utilized fuzzy logic
and machine learning to enhance prediction accuracy in Jordan's construction sector.
Similarly, Altalhoni, Liu, and Abudayyeh (2024) conducted a comprehensive review of
existing forecasting techniques, identifying key influential factors and emerging trends.
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These studies indicate that artificial intelligence and nonlinear models will continue to
play a pivotal role in improving predictive accuracy.

Given the existing literature, it is evident that forecasting methodologies have
evolved significantly from traditional statistical models to advanced Al-driven
approaches. However, nonlinear modeling techniques, such as splines, remain
underexplored in CCI prediction. This study aims to fill this research gap by
introducing a nonlinear splines-based model to forecast changes in the construction
cost index. By leveraging the flexibility of splines in capturing complex, nonlinear
relationships, this approach seeks to enhance forecasting accuracy and provide valuable
insights for cost management in the construction industry. This literature review
highlights the importance of innovative forecasting methods, reinforcing the relevance

of the proposed nonlinear splines model in the broader research landscape.

3. The use of spline methods in research - examples of application

In the field of economics and management, various methods of data analysis are
used in the decision-making process. These methods are useful for creating models on
the basis of which events can be simulated with the possibility of creating different sce-
narios of the event and are helpful in the decision-making process. In economics, meth-
ods included in the widely understood econometric modelling, as well as the use of
artificial intelligence tools, are generally used for this purpose. Commonly used meth-
ods include, for example, correlation, regression, econometric modelling, MA, VAR, or
ARIMA methods, cf. (Findley et al. 2016; Nieto & Carmona-Benitez 2018; Osiewalski
& Osiewalski 2013; Paci & Consonni 2020). In the group of artificial intelligence tools,
methods based on neural networks or genetic algorithms are commonly used, cf.
(Butler et al. 2021; Cheung et al. 2006; Lin et al. 2021). In the area of modelling eco-
nomic phenomena, mathematical or simulation methods reserved for technical sci-
ences, i.e. wavelet transform or analysis of the coherence of the wavelet, are relatively
rarely used, cf. (Dash & Maitra 2019; Naccache 2011).

In the literature, it is also possible to find few studies showing the usefulness of such
a tool as a spline. Studies using the methods of spline can be found in the work of
Humphrey & Vale (2004), which demonstrates the usefulness of an elastic cost function
when analyzing economies of scale and estimating the cost-effectiveness of bank mer-
gers. The inflexibility of the translogarithmic cost function was pointed out, and the
results obtained were compared with more flexible cost functions of the folded curve
and Fourier curve types. Using these different approaches, an ex-ante effect on the costs
resulting from mergers between 1987 and 1998 was projected using a panel study on
asample of 130 Norwegian banks. Mergers are predicted to result in an average
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reduction in costs. Predictions using the Fourier approach or compound curves are
consistent with calculated actual changes in ex-post-merger costs. Other studies,
described in (Monteiro et al. 2008), present a new approach to estimating the risk-
neutral probability density function of the future prices of an underlying asset from the
prices of options written on the asset. The estimation is carried out in the space of cubic
spline functions, yielding appropriate smoothness. The resulting optimization
problem, used to invert the data and determine the corresponding density function, is
a convex quadratic or semi-definite programming problem, depending on the
formulation. Both of these problems can be efficiently solved by numerical
optimization software. Monteiro et al. (2008) tested their approach using data
simulated from Black-Scholes option prices and using market data for options on the
S&P 500 Index. Their results show the effectiveness of the proposed methodology for
estimating the risk-neutral probability density function. The application of spline-
based phase analysis to macroeconomic dynamics can be found in the work of Gadasina
& Vyunenko (2022), in which they use spline-based phase analysis to study the
dynamics of a time series of low-frequency data on the values of a certain economic
indicator. The approach includes two stages. In the first stage, the original series is
approximated by a smooth twice-differentiable function, which is obtained from
natural cubic splines. Such splines have the smallest curvature over the observation
interval compared to other possible functions that satisfy the choice criterion. In the
second stage, a phase trajectory is constructed in the space, which corresponds to the
original time series, and a phase shadow as a projection of the phase trajectory onto the
plane. The approach is applied to the values of GDP indicators for the G7 countries.
The interrelation between phase shadow loops and cycles of economic indicators
evolution is shown. The study also discusses the features, limitations, and prospects for
the use of spline-based phase analysis (Gadasina & Vyunenko 2022).

On the other hand, the effectiveness of steering processes of complex socio-
economic systems using the method of spline analysis has been demonstrated by
Ilyasov & Yakovenko (2021), and the utility of tensor spline approximation in eco-
nomic dynamics with uncertainties was presented in the paper (Chu et al. 2011). Of
course, one can also encounter applications of compound curves in fields other than
economic science. Examples include studies describing spline functions as an alterna-
tive to estimating income-expenditure relationships for beef (Huang & Raunikar 1981),
describing evaluating the water sector in Italy through a two-stage method using the
conditional robust nonparametric frontier and multivariate adaptive regression splines
(Vidoli 2011) or forecasting energy demand in transportation by using the multivariate
adaptive regression splines (Sahraei et al. 2021).
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4. Research methodology

4.1. Data and general outline of the research

The data used for the study comes from Eurostat* databases and include monthly
construction costs (or producer prices) index for Poland. This index is related to new
residential buildings, except residences for communities. The data covers the period
from January 2000 to June 2022 and the unit of measure is a percentage change on
previous period. Since investments in construction are long-term in nature, our model
is going to be assessed in ten-month ahead forecast. Therefore, we divided the data into
260 months for training and the rest 10 months for testing purposes. Thus, the last 10
observations were compared to the forecast of the model. This approach somehow sim-
ulates the usefulness of the model in the future. Figure 1 depicts monthly construction
costs index in the training set.

Having a wide range of time series modelling techniques, from the popular ARIMA
approach to artificial intelligence tools, we chose the spline model, which is one of the
non-linear and local regression methods. The variant we used, namely smoothing
splines, does not require setting the hyper-parameters of the method. This would de-
mand some background knowledge or the use of a validation set, which does not always
lead to a stable solution. All of that make this method a convenient tool for
practitioners.

Before we fitted the model, the data was pre-processed. At this stage, we dealt with
outliers and transformed the data to stabilize the variance. After fitting the model, we
performed a residual analysis and then assessed the accuracy of the forecast on the test
set. The result was compared to ARIMA, which is one of the most widely used forecast-
ing methods for univariate time series analysis, as well as to neural network variant of
ARIMA (Figure 2).

T T T T
2000 2005 2010 2015 2020

Price index inthe construction market

Figure 1. Price index in the construction market up to August 2021 (training set)

* https://ec.europa.eu/eurostat/data/database (04.01.2023).
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Data collection from EUROSTAT

Splitting the data into trainingand test sets

Fitting the model

Outliers Logarithmical o Analysis of
replacement transformation spline mo def residuals

Assessment of the forecaston the test set

Comparison to ARIMA

Figure 2. Scheme of the research

All computations were carried out using R packages {tseries} and {forecast}. R is an
open source environment freely available on the web site: www.r-project.org. This
software is a collaborative project with many contributors and supported by world
research community.

4.2. Nonlinear splines model

Nonlinear regression methods have a key meaning in econometric modelling. They
found numerous applications for both data independent of time and time series. The
popularity they have achieved is because they go beyond simple linear dependencies,
which are present in many real domains. The nonlinear approach serves a possibility of
extremely accurate data fitting but it is a well-known fact that these kinds of models can
be overfitted and, as a result, they usually perform poorly on unseen data. In terms of
time series’ forecasting, we say that ex-ante prognoses are inaccurate. This is
unacceptable when prediction is the goal, and that is the case in most economic
applications. To deal with the problem of overfitting, the vast majority of regression
methods introduce regularization into the model selection stage. Instead of minimizing
the quadratic loss function, which consequently results in the best possible fit, the
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criterion contains a penalty for model complexity. The core idea behind this approach
is the trade-off between the accurate fit and the number of model parameters. Simpler
models that do not fit the training data perfectly usually perform better on unseen data,
i.e. on the forecast horizon in the case of time series. However, an overly simplified
model does not reflect a systematic factor in the data and is naturally unlikely to be
accurately predicted. The common approach is to use information criteria like AIC,
AICc, or BIC to compare candidate models and to choose the final one. In more
complex regression methods, i.e. splines, the regularization criterion is embedded in
the algorithm of finding the final function formula. This is the case in the regression
splines method which we present in this paper.

Generally, regression models can be divided into global or local. In the first case,
one curve is fitted to the data in the entire domain, whereas in the second, the domain
is partitioned into regions and the regression functions are approximated separately in
each of them. Due to the context of the time series we focus on regression with one
independent variable, which is time.

The local approach to modelling the regression curve requires choosing K points
{&i} that divide the domain of X into K + 1 contiguous intervals. The points {{;} are
called knots and it is a set that & and &g are equal to the minimal and maximal
observation of variable X respectively. In each interval, function f; is fitted to the data
separately. In general, this function can take any form, but a frequent choice is
polynomial. Since the high-order polynomial not only tends to overfit but causes
estimation problems due to a large number of parameters, a usual choice is degree 3.

The basic problem of a piecewise polynomial function is continuity, thus the
constraints:

[ = free1Ei)s (1)

for each k € {1, ..., K} are imposed on the knots. Additionally, imposing the equality
of the first and second derivatives in the knots:

i) = frea1Cr)s () = i1 (2)

one can obtain a smooth regression line. That sort of regression models is known as
cubic splines. The model has a form of the linear combination of the basis functions:

fOO) = ap+ e X + apX? + asX® + Tiiny B (X — §03%, (3)
where
a3 (X =82 for X>¢
=2 {0 otherwise )

and its parameters can be estimated by the least square method. Having given the
number of the knots, they are usually set uniformly in quantiles of variable X. As the



STATISTICS IN TRANSITION new series, December 2025 77

confidence bands can be relatively wide in the boundary regions, an additional
constraint can be imposed. The function is to be linear for X < &; and for X > &.
This model is known as a natural cubic spline.

The problem of determining the number and position of knots is naturally solved
in the smoothing splines. They simply use all realizations of variable X as the knots, and

parameters of the model (3) are estimated by the minimization of the criterion:

YL — g+ 2+ [, (g"(®)2dt, (5)

where Disarange of f,and A isaregularization parameter. The first term is a quadratic
loss function, which reflects how well the model fits the observed data. The second one
is a penalty for a large variability in function g. Interestingly, Hastie et al. (2009) showed
that the function that minimizes the criterion (5) is a natural cubic spline with knots in
the observations of variable X. The absolute value of the second derivative is large when
function g is very wiggly near t, and otherwise, for a straight line that is perfectly
smooth, the second derivative is equal zero. The amount of the penalty is regulated by
the A parameter, which takes values from zero to infinity. When A = 0, there is no
penalty and the function g accurately approximates data points. On the other hand,
when A — oo, the regression curve obtains perfect smoothness, and thus it becomes a
straight line. Having taken the intermediate values of A, one has a model that is a
compromise between exact fit and amount of smoothness. Setting this parameter has a
crucial role in modelling and yielding accurate predictions (or prognosis in the case of
time series). The common solution for performing this task is cross-validation. For
small samples or one period ahead forecasting, the LOOCV version (leave-one-out

cross-validation) is a natural choice:
~ 1 i 2
CV(gn) = 3 Xty — 637 ()] (6)

In this case, the computations demand N models to be built, therefore in practice

reformulation of the CV estimate of the mean square error is used:

" 1 yi—92(x)]?
Ccv(gy) = ;Z?’ﬂ [TA(H) , (7)

where S)(i,i) are diagonal elements of Sy, which is the projection matrix in linear fit
y =S,y . The last formula allows computing LOO criterion with only one fit. The
construction of S3 matrix is somewhat technical. As mentioned before, the solution of
(5) has a natural spline representation. Given N basis functions, the criterion (5) can be

expressed in matrix form and transformed to projection form (for more details see
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(Hastie et al. 2009)). Replacing the diagonal elements with their mean in (7) one can

obtain an approximation that is known as generalized cross-validation:
2
~ 1gN | Yimgaxd)
GCV(gﬂ.) = NZi:l |:1_Ltrace(sll):| . (8)
N

The trace of matrix S, is called the effective degrees-of-freedom and it controls the
complexity of the model. Note that the GCV criterion is widely used in multivariate

adaptive regression splines (Friedman 2009).

5. Analysis of the results

In this section, we intend to model the costs index on the construction market. Our
purpose is to build a model that could be useful in the longer term. Looking at Figure 1
one can observe that the variance in the period before 2009 is clearly higher than
afterwards. Before modelling this time series we pre-processed the data. Firstly, the data
was cleaned. For this purpose, we used the procedure implemented in {forecast}
package for the R program, where time series is decomposed and then the trend (and
optionally seasonal component) is removed. For the remainder series, outliers are
identified as values greater than Q3+3Q or less than Q1-3Q, and then they are replaced
using linear interpolation.” In this way observations from (03/2000; 04/2002; 02/2007;
04/2007) appeared to be outliers and their actual values (1.1, -0.7, 1.3, 1.1) were replaced
by (0.62293325, -0.04283356, 0.61761271, 0.80996611) respectively. Then the data was
logarithmically transformed according to the formula: y = In(1+x). The addition of one
in the argument of the logarithm was necessary due to the requirement of a domain
that must be positive. Even after these actions, the time series remained non-stationary,
which was confirmed by augmented Dickey-Fuller test (p-value=0.3281). Although one
might expect that there are seasonal fluctuations in the construction market, this is not
confirmed by the graph in Figure 3, where indexes are shown in particular months.
In addition, we checked this by performing two seasonality tests available in the R
package {forecast} (Hyndman & Khandakar 2008). Both tests ruled out the significance
of seasonal fluctuations. The Osborn, Chui, Smith and Birchenhall (OCSB) test yielded
a test statistic value of -9.9689, while the 5% critical value is -1.803. The Canova and
Hansen test, on the other hand, did not yield a basis for rejecting the null hypothesis of
no unit roots at seasonal frequencies. The p-values for individual months ranged from
0.1539 to 0.9644.

> For more details which are not supplied in {forecast} package see https://robjhyndman.com/hyndsight/
tsoutliers/.
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Figure 3. Construction costs index from seasonal perspective

All these preliminary studies were the motivation for choosing the local regression
method to model this time series. The spline methodology automatically divides the
time axis into periods (intervals) and fits the regression curves to them separately. Due
to constraint (1), a continuous line is obtained over the entire time axis. The price index
in the construction market will be approximated by a cubic smoothing spline model
(3). In order to control the complexity of the model we use the GCV criterion (8), which
geometrically results in a smooth regression line. The result is an increasing linear
forecast over a 10-month horizon (Figure 4).

Assuming a significance level of 0.05, the independence of the residuals was
verified. We used the Ljung-Box test (Ljung & Box 1978) with the number of lags equal
to 10. The obtained p-value = 0.26 supports not rejecting the null hypothesis, according
to which there is no autocorrelation between residuals. Although the p-value in the
Shapiro-Wilk test for residuals is much less than 0.05, outliers appear to be the reason
of this result. The isolated bars in the tails of the distribution are clearly visible on the
histogram of the residuals (Figure 5). We identified them by assuming that outliers are
observations meeting one of the conditions of y;, < Q; — 3Q or y; > Q3 + 3Q, where
Q;are quartiles and @ is the quartile deviation. There were nine such observations from:
03/2000, 01/2001, 04/2001, 02/2002, 01/2003, 03/2003, 04/2003, 10/2004, 01/2010.
It should be noted that all but one date from the very early period of the data under
consideration. The most recent is from 01/2010, which is halfway through the time
series. After removing these atypical residuals, we obtained p-value of 0.1467 in the
Shapiro-Wilk test, thus there is no statistical evidence to reject the hypothesis of
a normal distribution of residuals in this case.
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Forecasts from Cubic Smoothing Spline
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Figure 4. Fitted regression spline curve to the construction costs index (in red). Blue line depicts a 10-
month ahead forecast whereas the green one shows observations from the test set
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Figure 5. Residuals of the spline model - their autocorrelations and histogram

Table 1 presents the forecast in a 10-month horizon, together with confidence
intervals. We obtained the test errors of the forecasts as follows: RMSE = 0.2534, MAE
=0.1943, MAPE = 23.77%. Although the errors are slightly high, note that the biggest
differences between the actual values and the forecast are observed in the third and
fourth steps of the forecast, which are November 2021 and December 2021 (Figure 6).
They mainly influenced the overall values of the considered error measures. At that
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time, the Polish government introduced a second lockdown due to the COVID-19

pandemic, which could have caused disturbances in the economy, and in particular in

the construction market. Note that the cubic smoothing spline model applied to the

original data, which was neither cleaned nor transformed, turned out to be definitely
inferior: RMSE = 0.3510, MAE = 0.3083, MAPE = 29.38%.

Table 1. The forecast 10 month ahead.

Month Test. Point Lower limit Upper limit
observations forecast .95 .95
Sep 2021 0.8 0.8104521 0.31633653 1.490045
Oct 2021 1.0 0.8870110 0.31061334 1.716904
Nov 2021 0.5 0.9668073 0.28780969 2.003806
Dec 2021 0.6 1.0499780 0.25092565 2.359440
Jan 2022 1.2 1.1366658 0.20315095 2.794487
Feb 2022 1.3 1.2270194 0.14734652 3.322683
Mar 2022 1.4 1.3211937 0.08593149 3.961584
Apr 2022 1.8 1.4193505 0.02090157 4.733419
May 2022 1.7 1.5216579 -0.04610327 5.666087
Jun 2022 1.5 1.6282917 -0.11374306 6.794486
2
00 05 10 2

Actualvalues from the test set

Figure 6. The differences between the actual values of the construction costs index in the test set and

the spline model forecast. The red lines show +/- 0.1 outstanding from the exact forecast
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One of the most popular method of time series analysis and forecasting is ARIMA,
which stands for Auto-Regressive Integrated Moving Average (Box et al. 2008). Thus,
it is justified to compare our results with this econometric approach. Instead of
analyzing autocorrelation plots to determine the number of lags, degree of differencing,
and order of the moving average model, we used the auto.arima function in R
(Hyndman & Khandakar 2008). It enables searching of the parameter space guided by
information criterion. Since the considered time series is of moderate size, we used an
exhaustive search. The final model took the form ARIMA(4,0,0):

Y = 0.1364 + 0.3593 - Y;_, + 0.1645 - Y,_, + 0.2595 - Y,_5 + 0.0759 - Y,_,

(0.0632) (0.0625) (0.0641) (0.0641) (0.0634) ©)

and forecasted decreasing trend 10 month ahead (Figure 7). The standard errors of the
coefficients are given in brackets below the model (9). Note that the model is expressed
for transformed index of costs (in fact it has a multiplicative form for original data).
The errors of the forecast are dramatically high: RMSE= 0.8632, MAE= 0.7216, MAPE=
52.38. Since this model has no predictive abilities we omit the analysis of the residuals.

Then we compared our model with non-linear variant of ARIMA, where
autocorrelation function in AR(p) part of the model was estimated with a use of feed-
forward neural network with a single hidden layer (Lippi & Zaniolo 2012). As
previously, the parameters of the model were exhaustively examined to minimize the
information criterion. The model took the form NNet-ARIMA(3,1,2) and also
predicted a downward trend in the next 10 months (Figure 8). Similar to classical
ARIMA, all error measures considered are high: RMSE= 0.8579, MAE= 0.7138,
MAPE=51.57.

Forecasts from ARIMA(4,0,0) with non-zero mean
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Figure 7. Decreasing forecast (blue line) pointed out by ARIMA model. Actual observations from the
test set are in green
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Forecasts from NNAR(3,1,2)[12]
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Figure 8. Decreasing forecast (blue line) pointed out by neural network version of ARIMA. Actual
observations from the test set are in green

6. Conclusions

The construction costs index is an important component in the macroeconomic
system. In the economy, it belongs to at least two of the three factors of production,
namely capital and land. The value and dynamics of changes in construction
production have a significant impact on the condition of the economic system, and in
particular on the condition of the real estate market. The importance of built
production in the economic system makes knowledge of its future values a key decision-
making resource in modern management. Taking this into account, the authors of this
research tested the usefulness of the nonlinear spline method for forecasting changes in
the construction costs index in the long term.

Our work showed that nonparametric local regression is capable of being a valuable
forecasting tool. In the case of the considered data, the commonly used ARIMA
econometric model as well as its extension based on a neural network failed completely.
Both ARIMA approaches indicated a decreasing forecasting when the test set data had
in fact an increasing trend. The error measures on the test set for the spline model
turned out to be not entirely satisfactory, but let us emphasize again that it could have
been influenced by the lockdown decisions in Poland during the second wave of the
pandemic. These error measures were overstated by the two-month observations.
Nevertheless, the spline model detected a sharp increase in the costs index in the
coming months, which provides valuable information in making investment decisions.
It is noteworthy that smoothing splines can be recommended also due to a lack of
tuning parameters, which is convenient for practitioners who are not advanced in data
analysis.
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The truncated Schroter recursive algorithm for the computation
of aggregate claim amounts

Friday I. Agu'

Abstract

This study introduces and evaluates the truncated Schréter recursive algorithm for computing
aggregate claim amounts in the insurance sector. The algorithm addresses the limitations in
the existing methods by incorporating truncation at 1, which is crucial for an accurate
modelling of insurance claims where the events leading to a claim are pivotal. Using the
AutoCollision dataset, the study compares the truncated Schréter algorithm with the Panjer
and Schroter recursion algorithms, focusing on computational efficiency and accuracy.
Furthermore, the descriptive statistics revealed substantial variability and risk factors, such as
higher claim severity for business-use vehicles and young drivers aged 17-20. The results
demonstrate that the truncated Schréter algorithm substantially reduces the execution time
while maintaining high accuracy, thus making it a superior tool for risk management and
premium setting.

Key words: insurance claim amounts, aggregate claim distribution, recursive algorithm,
insurance risk management, computational efficiency.

1. Introduction

In the insurance domain, company profits depend largely on the premiums
collected from policyholders and the claim amounts paid to insured individuals. Unlike
in other market sectors, such as manufacturing, determining the appropriate premium
for an insurance portfolio is particularly challenging. This complexity arises from the
need to account for future uncertainties and ensure sustained and adequate investment.
To address this, insurance companies employ models designed to accurately compute
aggregate claim amounts within a collective risk framework and estimate the
probability that total claims will not exceed a specified threshold. The process begins
with an estimation of expected costs to establish a baseline premium. This is then
adjusted by adding margins that account for uncertainties, provide a profit buffer, and
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reflect potential aggregate claims payable to policyholders (Yartey, 2020). Central to
this approach is the distribution of aggregate claim amounts, which is derived from the
convolution of claim frequencies and severities. This distribution plays a crucial role in
pricing insurance portfolios as it informs the likelihood and magnitude of potential
losses. Accurate estimation of aggregate claim amounts is therefore critical for
insurance companies as it supports informed decisions about pricing competitiveness,
risk margins, and capital allocation. However, a persistent challenge in actuarial
mathematics lies in modeling this distribution when discrete, non-negative integer
values represent the number of claims and the severity of claims. Accurately capturing
this behavior is essential for reliable risk assessment and premium setting.

1.2. Literature review

Historically, before the advent of modern computing, actuaries relied primarily on
estimation and approximation techniques that lacked a rigorous theoretical foundation
for determining aggregate claim amounts. These methods were limited in accuracy and
reliability, making data-driven decision-making in insurance challenging. A widely
adopted approach for analyzing the distribution of aggregate claim amounts involves
identifying suitable counting distributions defined over the non-negative integers and
fitting them separately to the number of claims and claim severities. However, while
claim frequencies are inherently discrete, claim severities are typically modeled as
continuous random variables and are thus best represented by continuous
distributions. Numerous studies, such as those by Hogg and Stuart (2009), Gray and
Pitts (2012), Packova and Brebera (2015), Pacakova and Gogola (2013), Jindrova and
Pacakova (2016), and Dzidzornu and Minkah (2021), have examined various methods
for fitting distributions to insurance claim datasets. Despite their widespread use, these
approaches can be unreliable as they often fail to accurately capture the convolution
between the number of claims and claim severity, two central components of the
aggregate claim distribution. This convolution forms the basis of the aggregate claims
model and has been applied extensively in actuarial science to solve various insurance-
related problems (Albrecher et al., 2017; Klugman et al., 2019; Mildenhall & Major,
2022). However, computing this convolution presents substantial challenges, primarily
due to the absence of a closed-form expression and the associated computational
complexity.

To address these issues, alternative computational strategies have been developed,
such as the normal power approximation and fast Fourier transform (FFT) techniques
(Beard et al., 1977; Cooley & Tukey, 1965; Heckman & Meyers, 1983; Mildenhall, 2024).
Although these methods enhance theoretical understanding, they often become com-
putationally intensive and less accurate when applied to large datasets with high claim
frequencies and severities. These limitations have motivated the search for more effi-
cient and robust approaches. One such approach is the recursive method, often referred
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to as the "exact method". Unlike convolution-based techniques, the recursive approach
assumes that the number of claims and claim severity distributions are discrete, ena-
bling the computation of aggregate claim amounts through recursive formulas. This
method substantially reduces computational burden while maintaining accuracy, par-
ticularly in scenarios involving a large number of claims. A foundational contribution
in this area was made by Panjer (1981), who introduced the Panjer recursive family of
discrete distributions and the corresponding recursion formula for computing aggre-
gate claim amounts. The Panjer recursive formula has spurred extensive research in
actuarial science, with notable contributions from Sundt and Vernic (2009), Yartey
(2020), Dickson (2016), and Ghinawan et al. (2021). More recently, Tzaninis and
Bozikas (2024) extended the Panjer family of claim number distributions by treating
the family’s parameters as random variables, thereby deriving a more flexible com-
pound distribution. Their formulation assumes that claim sizes are conditionally inde-
pendent and identically distributed, as well as conditionally independent of the number
of claims. In a related development, Fackler (2023) introduced a reparameterization of
the Panjer family, enhancing its modeling flexibility.

Although the Panjer recursion effectively models aggregate claim amounts, its ap-
plicability is confined to a narrow class of counting distributions that have a fixed, pos-
itive probability at zero. To address this constraint, Schréter (1990) proposed the
Schréter recursive formula, which accommodates a broader range of counting distri-
butions and more accurately captures the dynamics of aggregate claims. However, this
method relies on convolution operations, making it computationally demanding, espe-
cially when dealing with high claim frequencies and large claim amounts. Recent ad-
vances in computational modeling have substantially broadened the methodologies
available for estimating aggregate claim amounts, supplementing, and in some cases
outperforming, traditional actuarial approaches. For instance, Qiu (2019) compared
classical reserving methods, such as the Chain Ladder and Bornhuetter-Ferguson tech-
niques, with machine learning-based individual claims reserving. The study found that
models like generalized linear models, artificial neural networks, random forests, and
support vector machines delivered superior performance on simulated datasets rich in
claim-level features. However, these advantages diminished when applied to smaller,
real-world datasets. Likewise, Hofmann (2022) proposed fast Fourier transform (FFT)-
based algorithms as a computationally efficient alternative to the Panjer recursion un-
der arbitrary claim frequency distributions, incorporating exponential tilting to reduce
wrap-around effects and better capture distribution tails. Additionally, Gamaleldin
et al. (2025) introduced a hybrid CNN-LSTM model that captures both spatial and tem-
poral patterns in insurance claims data, considerably improving volatility forecasting
and enabling proactive risk management. While these studies underscore the growing
influence of machine learning in enhancing the precision, scalability, and adaptability
of aggregate claims modeling, they also highlight a key trade-off: improved predictive
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performance often comes at the cost of increased computational complexity and re-
source demands during implementation and model tuning.

The computation of aggregate claim amounts plays an increasingly pivotal role
in risk management and the pricing of insurance coverage. Insurance companies are
inherently motivated to minimize claim payouts while maximizing premium income,
thereby strengthening their ability to manage future uncertainties and withstand cata-
strophic losses. Within this highly competitive landscape, insurers face the added chal-
lenge of dealing with the unpredictable nature of claim occurrences embedded in in-
surance contracts.

Despite the utility of the Schréter recursive formula, it does not fully capture the
dynamics of claim amounts truncated at one. This practice holds significant practical
relevance in real-world insurance settings. In many cases, insurers are primarily con-
cerned with the number of events that generate claims, rather than the exact amounts.
Once a claim is reported, the minimum observed claim amount is often truncated at
one, effectively implying a zero probability for a claim amount of zero. This reflects
typical policy structures that include deductibles, where insured individuals are respon-
sible for losses below a certain threshold, and only the excess is reimbursed. Conse-
quently, minor losses below the deductible are frequently unreported, making one the
effective lower bound for observed claim amounts. This truncation has a substantial
impact on the modeling of risk exposure, influencing both the accuracy of risk assess-
ment and the determination of premium rates. In risk theory, truncated distributions
are essential for modeling claim severities and inter-arrival times, providing insurers
and actuaries with critical tools to better understand the frequency and magnitude of
losses. As such, accurately modeling the number of claims truncated at one is vital for
capturing the true nature of insurance liabilities. It requires careful consideration of the
underlying distributions that govern both claim frequency and severity, ultimately sup-
porting more precise pricing and effective risk management. To address this gap, the
present study introduces and explores the truncated Schréter recursive formula—a
mathematical framework designed to improve accuracy in the computation of aggre-
gate claim amounts. The study further assesses the computational efficiency of the pro-
posed algorithm by analyzing its runtime performance, offering insights into its prac-
tical applicability for large-scale insurance datasets.

2. The recursive formulas

2.1. The Panjer recursive formula
The Panjer (1981) recursive formula is defined as
b
P, = (a + ;) Poy k=123,.. (1)

where a and bare parameters, P, denotes the recurrent probability, P,_,is the
backward recurrent probability, and by definition, P, = 0 for k < 0. The counting
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distributions that satisfied (1) were explored in Panjer (1981). Furthermore, Panjer
(1981) obtained the corresponding recursion algorithm for (1) defined as:

9 = = Tin (a + %) fig s - ), (2)

and by definition, fy = P(X = 0) = 0andg(0) = py, wherepydenotes the probability
mass function of the counting distribution evaluated at zero, that is, the initial

probability. For instance, ifp,is the Poisson distribution function from the recursive
family defined in (1), then p,evaluated at zero (p,) and one (p,) represents the initial
probabilities of no claim and the probability of a claim, respectively.

2.2. The Schroter recursive formula

While the Panjer recursive formula addresses the challenges of the traditional
convolution method, it is limited to a few distributions. Hence, Schroter (1990)
generalized (1) and obtained the recursive formula expressed as:

Pe=(a+2) Py + Py k=123,.., 3)
where g, b, and c are parameters, P,_, and Py_, are recursive backward probabilities,
and P, = 0 for k < 0 (by definition). Note that for ¢ = 0, (1) becomes a particular case
of (3). Additionally, the counting distributions defined by (3) also contain the
convolutions of the Poisson distribution and another distribution from (1) (see
Schroter, 1990). Furthermore, Schréter (1990) obtained the corresponding recursion
algorithm for (3) defined as:

96) === [(a+2) i+ |9 -0, (4)

1-afy <=
where f;**has to be evaluated by the convolution formula f2* = Z;:o fifi—jand forc =
0, (4) becomes (2). The parameter estimation of (3) has been studied in Agu, Macutek,
and Szlics (2023).

3. The truncated Schroter recursive formula

In this section, we present the truncated Schréter recursive formula. We defined
the truncated Schréter recursive formula as:

b
Pe=(a+2) Py + Py k=234,.., (5)
where the parameters are defined as in (3) and note that (5) is truncated at 1.

First, let Kbe a discrete random variable taking non-negative integer values as
defined in (5) and using the fact that the probability generating function is defined as:

G(s) = Z skp,,

k=0
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where s € [0,1]such that G(s) = 0and Pyis the recursive probability defined in (5)
and ), P, = 1. Thus, the probability generating function corresponding to (5) is:

_c(s—l) 1-a %
G(s)=e a (

1-as ’ (6)
for |as| # 1.
The derived truncated probability mass function corresponding to (5) is given as:

n-i .
NG G =
In = ——atavbyic ,m=12,...,0<a<1, bc€ER
1-ea(1-a) a?
7)
—a(a:f)ﬂ, X = 2, and define the generating function for the negative

binomial coefficient as:

Let r =

oo

Z(r-i_]’z_l)zk =(1-2, |z| < L

k=0
The goal is to express the finite sum in a form that leverages the generating function.
n r+ l - 1) (—x)"_iai
To relate Y1, ( i e
binomial coefficient above, we differentiate (1 — z) ™" with respect to zevaluated at z =

to the generating function for the negative

x —a (0 < a < 1) to obtain terms that match the structure of our sum. We have that
n

Z (r +i— 1) (=)™ tal B I'(r+n) ( a )(T+n).

i (n—=9!  nll'(r) \a—c+a?

i=0
Hence, (7) can be expressed as

i1 — gy Lt (_ )(”")

Gn = ) la-ctar ,n=12..,0<a<1 b>0c€ER
1—ea(l1—a)"

Also, the log-likelihood function corresponding to (7) can be simplified as:

¢(a, b, c|ny,...,ny)

K
=k log [ei(l - a)r] + Z log [
=1

r'(r+mn) ( a )(”n)]

nI'(r) \a—c+a?

—klog [1 — eg(l — a)r].

3.1. The truncated Schréter algorithm

Let X1, X5, ..., X, be independent and identically distributed claim severities over
the non-negative integers with probability density f, =p(X; =k) for i=
1,2,...,n,k=0,1,2,..., and f* = P(X; + X,+...+X,, = k) denotes the n-fold
convolution of f;. Additionally, let Nbe a discrete random variable representing the
number of claims with a discrete probability mass function defined as p,, = P(N = n),
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such thatX;are stochastically independent of N, and S = YN, X; is the aggregate claim.
While the truncated Schréter algorithm is derived under the classical assumption that
claim frequency and severity are stochastically independent, it is important to note that
this assumption may not fully reflect the complexities of real-world insurance
portfolios. In practice, claim frequency and severity may be influenced by common risk
factors (e.g. policyholder behavior, geographic or economic conditions), potentially
inducing dependence between them. Ignoring this dependence can lead to biased
estimates of aggregate risk, particularly in portfolios characterized by frequent and large
claims, although the independence assumption facilitates analytical derivation and
computational feasibility. For all the severity distributions f**, we derived the recursive
algorithm as:
9(8) = Tizy Puf* (s), (8)
where Py, is defined in (5).
The Panjer recursion formula defined in (2) is based on the expression f**(s) =

%Zle if; Sk__il, s =k =123..., (see Schroter,1990; page 164). We can write this as:
1 .
f@s) =285, if,

Thus,
o b *
9(5) = Tz [(@ +2) Pecs + = Pecs | £¥ (5. (9)
We have that
=) S o N .
k-1 bi = 1
g(S)=aZPk Zfi s—i +Zpk Z?fi s—i | TV
k=0  \i=0 k=0 \i=1

o ci —
wherey = Yi-o Pk( f:1?lfi sk—il)-
Note that Y\;7_q P, = 1.

Therefore, it follows that

g(s) = 1f i[af(bm}ﬁg(s—i), (10)

l-a 0 i=l

for s+ O0and a, b, and care the parameters. Additionally, fy=P(S=0)=
0 and g(0) = py is the initial probability. If ¢ = 0 in (10), we obtain (2), and if we
define f**(s) as f¥*(s) = = Xi_y ifF £OT, i = 1,2,... for t € {1,2,...,k}in (9),
(4) becomes a special case of (10). To execute (10), we treat f; as the claim frequencies
per number of policies.

To ensure numerical stability and convergence of (10), the parameters a, b, and
cwere estimated via maximum likelihood of (7) using the nlminb() optimizer with box
constraints: 0 < a <1, b = 0 and ¢ € R. These constraints prevent instability in the
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recursion weights and guarantee the validity of the logarithmic expressions in the

likelihood function.

Theoretically, unlike (4), the recursion algorithm defined in (10) eliminates the

need for any form of convolution.

This study considers the Negative binomial distribution as the count distribution

for the number of claims (see Section 4, Table 4).

3.2,

The probability mass function for the Negative binomial distribution is defined as
rs=s)=("*1" Da-pop, s=012., r>0pe[0ll.
We have that
— _(r—1\ r
hs =0)=( ; )
From (10), we define
9(0) =py =h(S=0)=p". (11)
The numerical implementation procedure of the truncated Schréter algorithm

The implementation of the truncated Schréter recursive algorithm involves several

computational stages designed to estimate the distribution of aggregate claim amounts.

i.

ii.

iii.

iv.

The procedure can be summarized as follows:

Data Preparation: Obtain and clean claim count data (from real-world and
simulations). Compute the empirical frequency distribution f;and normalize it to
ensure ), f; = 1. Furthermore, the distribution of the data is determined (see
Table 4). The parameters in equation (10) are estimated using the maximum
likelihood estimation (MLE) method based on the observed data. The log-
likelihood function is constructed from the truncated probability mass function of
the claim counts. Parameter estimation is carried out using the nlminb() optimizer
in R, which is well-suited for bounded, nonlinear optimization problems. This
approach ensures numerical stability and facilitates the explicit enforcement of
parameter constraints that are critical to the recursive structure of the model.
A similar approach is applied by truncating the corresponding probability mass
functions of the Panjer and Schroter families (see Panjer, 1981; Schréter, 1990).
Initialization: Determine g(0) as in (11) and initialize a numeric vector to store
g(s)fors=12,...,n

Recursive computation: For each s = 2,...,n, compute g(s) using (10).
Performance evaluation: Evaluate the sum of g(s) values and record execution
time per iteration to assess computational efficiency.

Visualization: Utilize graphical tools (e.g. bar plots, execution time plots) to
display the algorithm's output and benchmark it against the Panjer and standard
Schroter methods.



STATISTICS IN TRANSITION new series, December 2025 97

4. Numerical evaluation

In this section, we examine the run-time computational efficiency of the intro-
duced truncated Schroter algorithm using the Automobile UK Collision Claims
(AutoCollision) data obtained from https://instruction.bus.wisc.edu/jfrees/jfreesbooks/
Regression%20Modeling/BookWebDec2010/data.html.

First, we began by exploring the descriptive statistics of the dataset, analyzing
average claim severity and average claim counts across various age groups and vehicle
categories to identify patterns and determine how frequently each group files claims.
Particular attention was given to combinations of age groups and vehicle use categories
associated with high claim severity and frequency, as these represent higher risk factors
for insurers and may necessitate adjustments in insurance coverage strategies.

To model the claim count data, we fitted both the Negative Binomial and
Generalized Poisson distributions, selected for their ability to handle overdispersion
commonly observed in count data. The choice between these distributions was guided
by model fit, using the Akaike Information Criterion (AIC) and Bayesian Information
Criterion (BIC) to select the model with the lowest values. Furthermore, to implement
the truncated algorithm defined in (10), we employed the truncated probability mass
function introduced in (7) to obtain numerical estimates of the parameters @, b, and
¢as @=0.99070,b = 1.29297, and ¢ = 0.29330 using the maximum likelihood
estimation method. The computation of aggregate claim amounts using (2), (4), and
(10) was performed as defined in Section 4.1.

In this study, all statistical analyses and computations of recursion algorithm run
times were performed using RStudio on a Lenovo PC equipped with an 11th Gen
Intel(R) Core(TM) i5-1135G7 @ 2.40GHz processor and 8.00 GB of RAM.

Table 1. Descriptive Statistics

Min. Max. Mean Variance Kurtosis Skewness
5.00 970.00 279.44 58374.38 4.08 1.25

The descriptive statistics offer a comprehensive summary of the dataset’s distribu-
tion and central tendency. The minimum and maximum values define the data range,
while the mean provides a central value around which the data are distributed. The high
variance indicates substantial variability (overdispersion), and the positive skewness
and kurtosis indicate a right-skewed distribution with the presence of outliers.

Table 2. Analysis of Average Claim Severity by Vehicle Use

Vehicle Use Average Claim Severity Claim Count
Business 395.21 1075
DriveLong 265.26 2710
DriveShort 231.74 3888

Pleasure 213.20 1269
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Table 2 shows that vehicles used for business purposes exhibit the highest average
claim severity. Although the claim count in this category is relatively low compared to
others, each claim carries a substantial financial impact, indicating that business use
presents a higher risk of costly claims.

Vehicles used for long-distance driving exhibit a moderate average claim severity,
which is substantially lower than that of business use but higher than for short drives
and pleasure use. The relatively high claim count indicates that long drives are
associated with frequent incidents, though each claim tends to be less severe than those
in the business category.

Short drives register the highest claim count but a lower average claim severity. This
indicates that while short trips result in more frequent claims, the financial impact of
each is comparatively minor. The high frequency highlights a notable number of
incidents with less severe consequences per occurrence.

Pleasure use is associated with the lowest average claim severity and a relatively low
claim count, indicating that leisure driving poses the least risk. It results in both fewer
claims and lower financial losses, making it the lowest-risk category in terms of both
frequency and severity in the UK Automobile Collision Claims dataset.

Table 3. Analysis of Average Claim Severity by Age

Age Average Claim Severity

17-20 391.80
21-24 293.17
25-29 284.84
30-34 279.73
35-39 212.43
40-49 249.99
50-59 251.11

60+ 247.68

Table 3 shows that drivers aged 17-20 have the highest average claim severity,
indicating that accidents involving the youngest drivers tend to result in greater
financial losses and represent a substantial risk to insurers. A notable decrease in
average claim severity is observed among drivers aged 21-24, indicating a reduced but
still relatively high financial risk as drivers gain minimal experience. The trend of
decreasing claim severity continues in the 25-29 age group, reflecting a further decline
in financial impact as drivers mature and gain experience. This downward trend
persists in the 30-34 age group, with a slight reduction in average claim severity
compared to the previous cohort. A substantial drop is observed in the 35-39 age group,
indicating a much lower severity of claims and a correspondingly reduced financial risk.
Interestingly, the 40-49 age group sees a modest increase in average claim severity
compared to the 35-39 group, though it remains lower than that of drivers under 30,
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indicating a moderate financial risk. Claim severity levels for the 50-59 age group are
comparable to those of the 40-49 cohort, pointing to a stable level of financial risk
among middle-aged drivers. Finally, drivers aged 60 and over exhibit slightly lower
average claim severity than the 50-59 group, indicating a consistent and moderate
financial risk, marginally higher than that of the 35-39 group but lower than the
younger cohorts.

Table 4. The fitting of Negative Binomial and Generalized Poisson distributions

Negative Binomial Generalized Poisson
Parameters Estimate P = 0.00453, 7 = 1.25042 6 =12.78279, 1 = 0.95426
N-Loglikelihood -211.9633 -216.1883
AIC 427.9267 436.3767
BIC 430.8581 439.3081

As shown in Table 4, the Negative Binomial distribution yields a higher (i.e.
less negative) log-likelihood and the lowest AIC and BIC values, clearly indicating
a superior fit to the AutoCollision claim count data compared to the Generalized
Poisson distribution. These results indicate that the Negative Binomial model is more
appropriate for capturing the underlying data structure. Both AIC and BIC are essential
for model selection, as they balance goodness-of-fit with model complexity, thereby
mitigating the risk of overfitting, an especially important consideration in actuarial
modeling. Beyond information criteria, residual diagnostics further validate this
conclusion. A comparative analysis of the Negative Binomial (see Fig. 5) and
Generalized Poisson models (see Fig. 6) reveals that the former produces Pearson and
deviance residuals tightly clustered around zero, with minimal dispersion and no
extreme outliers. The histogram of Pearson residuals is approximately symmetric and
unimodal. In contrast, the Q-Q plot of deviance residuals aligns closely with the
theoretical quantile line, indicating that the model assumptions are well met. In
contrast, the Generalized Poisson model exhibits more dispersed residuals, noticeable
outliers, a skewed residual histogram, and a Q-Q plot that substantially deviates from
the reference line, indicating potential model misspecification. Taken together, these
statistical and graphical diagnostics confirm that the Negative Binomial model provides
a more accurate and reliable representation of the claim count data, establishing it as
the preferred modeling choice for this analysis.

4.1. Computation of aggregate claim

In this section, we used the estimates of @, b, and éfor (2), (4), and (10) to compute
aggregate claim amounts for each recursive algorithm and their computational run
time using Claim count data from the AutoCollision data. Based on Table 5, the
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performance of the three recursion algorithms is analyzed in terms of computational
run time and the computed aggregate claim amounts.

The truncated Schroéter recursion algorithm demonstrates the fastest run time at
0.051093 seconds and yields the highest aggregate claim sum of 0.005483, indicating
that it either captures more aspects of the claim data or incorporates a more
comprehensive modeling approach (see Fig. 1). This result implies a probability of
approximately 0.55% that the total claim amount will not exceed 32 units, and
conversely, a 99.45% probability that it will exceed this threshold.

The Panjer recursion algorithm, with a slightly longer runtime of 0.060898 seconds,
computes an aggregate claim sum of $ 0.004887. Although still efficient, this result may
indicate a more conservative or less data-sensitive approach (see Fig. 2). The corre-
sponding probability that the total claim amount does not exceed $32 is approximately
0.49%, implying a 99.51% chance of exceeding this amount. The standard Schréter
recursion algorithm, which has the longest runtime at 0.173438 seconds, produces an
aggregate claim sum of $ 0.004930. This outcome implies a balance between sensitivity
and comprehensiveness; however, it comes with higher computational demands due to
the convolution component involved in the algorithm (see Fig. 3). The probability that
the total claim amount will not exceed 32 units is approximately 0.45%. In contrast,
the probability that it will exceed 32 units is around 99.55%.

The general interpretation of these results is that the likelihood of the total claim
amount being less than or equal to 32 units is very low, with probabilities ranging from
approximately 0.45% to 0.55%.

Consequently, the probability that the total claim amount will exceed 32 units is
extremely high, ranging from 99.45% to 99.55% for the AutoCollision dataset. These
findings indicate that, across all recursion algorithms evaluated, it is almost certain that
total claims will surpass 32 units, underscoring the high-risk nature of the claims being
modeled.

These results provide valuable insights for effective risk management and premium
setting in the insurance sector. The high probability of large aggregate claims indicates
that insurers must prepare for substantial payouts. Understanding this risk landscape
allows insurers to more accurately assess claim distributions and frequencies, leading
to more informed pricing strategies that ensure financial sustainability. Insurers can
utilize these insights to allocate adequate reserves for high-expectation claims, thereby
reducing the risk of insolvency. Moreover, policy designs can incorporate deductibles,
limits, and exclusions that align with the high likelihood of large claims, striking
a balance between customer affordability and insurer profitability. These findings also

support the development of targeted reinsurance strategies, allowing insurers to
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transfer a portion of high-risk exposures and minimize the financial impact of large

claims.

Table 5. Aggregate claim for the truncated Schroéter, Panjer, and Schroter algorithms

g(s) The Truncated
Schroter

g(s) The Panjer

g(s) The Schroter

—

711000 x 1073

711000 x 1073

711000 x 1073

2 13488 x 1073 11953 x 1075 11958 x 107°
3 78790 x 1076 69718 x 1076 69763 x 1076
4 18245 x 107 16054 x 107° 16132 x 107
5 21313 x 1075 18881 x 10~ 18908 x 10~
6 58042 x 1075 51406 x 1075 51450 x 1075
7 32214 x 1075 28454 x 1075 28493 x 1075
8 15979 x 1075 14070 x 1075 14113 x 1075
9 48176 x 1075 42617 x 1075 42727 x 1075
10 11819 x 1074 10454 x 10™* 10474 x 10™*
11 11254 x 10~ 99323 x 1075 99514 x 1075
12 49170 x 1075 43135 x 1075 43306 x 1075
13 46463 x 1075 40787 x 1075 41095 x 1075
14 15944 x 10~* 14065 x 10™* 14119 x 10™*
15 13782 x 10™* 12090 x 10~* 12149 x 10~
16 74915 x 1075 65005 x 1075 65502 x 1075
17 65619 x 1075 57003 x 1075 57681 x 1075
18 18092 x 10~* 15882 x 10™* 15999 x 10™*
19 16315 x 10™* 14191 x 10™* 14324 x 10™*
20 95516 x 107° 81572 x 1075 82706 x 1075
21 11549 x 1074 99748 x 1075 10108 x 10™*
22 36393 x 1074 31961 x 1074 32173 x 107*
23 30416 x 1074 26473 x 107* 26719 x 1074
24 17428 x 1074 14879 x 10™* 15094 x 10~*
25 15023 x 1074 12823 x 10™* 13062 x 10™*
26 35570 x 1074 30989 x 1074 31358 x 107*
27 27630 x 1074 23653 x 1074 24074 x 10~*
28 17519 x 1074 14558 x 1074 14920 x 10™*
29 18952 x 1074 15950 x 10™* 16353 x 10™*
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Table 5. Aggregate claim for the truncated Schroéter, Panjer, and Schroter algorithms (cont.)

The T ted
s 8(s) Scel'lri::lel:'ca € g(s) The Panjer g(s) The Schroter
30 30447 x 1074 26076 x 1074 26676 x 1074
31 27511 x 10~* 23012 x 10~* 23706 x 10~*
32 22584 x 1074 18434 x 1074 19048 x 10~*
Sum of
0.005483 0.004887 0.004535
Probabilities
Execution
time in 0.051093 0.060898 0.173438
seconds(s)

The observed differences in computational run times and aggregate claim sums
across algorithms are attributable to the inherent complexity and structural differences
of the recursion methods. The truncated Schroter algorithm, with its three-parameter
structure, strikes an efficient balance between model complexity and computational
speed, yielding both fast run times and higher aggregate claims. The Panjer recursion
algorithm, while simpler with only two parameters, offers efficient computation but
may not capture as many underlying data features. In contrast, the Schréter recursion
algorithm, which incorporates an additional convolution term, requires more compu-
tation time but provides a nuanced perspective on aggregate claim modeling.

4.2. Simulation study

Here, we generate random claim amounts data from the Negative binomial
distribution by setting r = 100 and p = 0.05. We varied the sample size to examine the
aggregate claim computational efficiency and run time of the truncated Schréter,
Panjer, and Schréter recursion algorithms. Initially, we generated 5000 random
numbers from the Negative binomial distribution and fit (7) to the data to obtain the
estimate of the parameters @, b, and éas @ = 0.9905, b = 18.3096, & = —1.2840, and
computeg(0) = 0.00117 to implement the algorithms. Tables 6, 7, and 8 present the
sample sizes, aggregate claim amounts, and the execution time in seconds for each
recursion algorithm.

Fig. 4 illustrates the execution times of the truncated Schréter recursion, Panjer
recursion, and Schroter recursion algorithms for varying values of n, highlighting
significant differences in computational efficiency as the sample size increases. The
truncated Schroter recursion algorithm consistently demonstrates the lowest execution
times across all values of n, starting at 0.0006919 s for n = 20 and increasing to
1.5046701 s for n = 5000 (see Fig. 4).
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Table 6. Efficiency of the truncated Schréter algorithm on simulated claim data

Recursion Algorithm Sample (n) sum of g(s) Execution time (s)

The truncated Schréter algorithm

20 2.7080348 0.0006919
50 1.5211150 0.0036724
100 1.1730166 0.0188396
150 1.1747598 0.0335643
200 1.1296751 0.0586591
300 0.9208012 0.1158113
600 0.8504156 0.3374069
1500 0.6127028 0.8211629
2000 0.5397614 1.0198436
3000 0.4756758 1.2040498
4000 0.4180231 1.4369745
5000 0.3979199 1.5046701

IS
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o
@

Execution Time (seconds)

e

2e-06

Oe+00
lteration

Figure 1. The execution time plot of the truncated Schroter recursion algorithm for each iteration
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Figure 2. The execution time plot of the Panjer recursion algorithm for each iteration
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Figure 3. The execution time plot of the Schroter recursion algorithm for each iteration
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Table 7. Efficiency of the Panjer algorithm on simulated claim data

Recursion Algorithm Sample (n) sumofg(s)  Execution time (s)

The Panjer algorithm
20 0.0075441 0.0014127
50 0.0074026 0.0047266
100 0.0074002 0.0212255
150 0.0074619 0.0378468
200 0.0074672 0.0692441
300 0.0072761 0.1391730
600 0.0073219 0.4021811
1500 0.0073130 1.0212069
2000 0.0072711 1.0606146
3000 0.0072833 1.3638492
4000 0.0072209 1.6406126
5000 0.0072351 1.7650454

Table 8. Efficiency of the Schroter algorithm on simulated claim data

Recursion Algorithm Sample (n) sum of g(s) Execution time (s)

The Schréter algorithm
20 0.0062785 0.0028598
50 0.0063757 0.0195415
100 0.0064331 0.0765483
150 0.0064909 0.1735694
200 0.0065073 0.2585254
300 0.0063946 0.6078202
600 0.0064442 1.8534706
1500 0.0064868 4.6577935
2000 0.0064729 5.4729755
3000 0.0065035 6.8906786
4000 0.0064749 8.0277340
5000 0.00649490 8.7507973

This performance indicates that the algorithm is highly efficient and scalable,
capable of handling larger datasets with minimal computational burden. The Panjer
recursion algorithm also exhibits increasing execution times with larger #, beginning at
0.0014127 s for n = 20 and rising to 1.7650454 s for n = 5000. While reasonably efficient,
it demonstrates less scalability compared to the truncated Schréter algorithm (see Fig.
4). In contrast, the Schréter recursion algorithm, which includes a convolution
component,f;?*, shows substantially higher execution times, starting at 0.0028598 s for
n =20 and escalating sharply to 8.7507973 s for n = 5000 (see Fig. 4). This steep increase
reflects poor scalability and reduced efficiency, particularly for large sample sizes,
making it the least optimal option among the three algorithms evaluated. Overall, the
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truncated Schréter recursion algorithm emerges as the most efficient and scalable,
followed by the Panjer recursion algorithm. The Schréter recursion algorithm, while
potentially offering greater modeling flexibility, is substantially less efficient due to its
computational complexity.

To assess the consistency of execution times, each sample size was tested across five
independent runs. The variation in computational times was negligible, indicating that
the execution times were stable and reproducible. However, it is worth noting that
minor fluctuations may still be influenced by the operational state of the computing
system during execution.

on
o

The Algorithms
Truncated_Schroter
—=— Panjer
Schroter

Execution Time (seconds)

0.0
o 1000 2000 3000 4000 5000
Sample (n)
Figure 4. Visual representation of the execution time of the truncated Schroter recursion, Panjer
recursion, and Schréter recursion algorithms
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Figure 5. Graphical residual analysis of the fitted Negative Binomial distribution to the claim data
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Figure 5. Graphical residual analysis of the fitted Generalized Poisson distribution to the claim data

5. Conclusion

This study investigated the computation of aggregate claim amounts using various
recursive algorithms, with a particular focus on the newly introduced truncated
Schroter recursion algorithm. The primary objective was to enhance both the accuracy
and computational efficiency of aggregate claim estimation, an essential component of
effective risk management and premium setting in the insurance industry.

The truncated Schroéter recursion algorithm demonstrated superior performance
in numerical evaluations and comparative analysis. When applied to the AutoCollision
dataset, it consistently delivered the fastest execution times and the highest aggregate
claim sums, indicating both computational efficiency and modeling comprehensive-
ness. For modeling claim count data, the Negative Binomial distribution was favored
over the Generalized Poisson distribution due to its ability to accommodate
overdispersion, as supported by AIC and BIC selection criteria.

Simulation studies further validated the performance of the truncated Schroter
algorithm across varying sample sizes, consistently outperforming the Panjer and
standard Schréter recursion algorithms in terms of execution time and scalability, while
effectively capturing data variability for more refined analysis. The findings also
underscored the critical importance of selecting appropriate counting distributions and
recursion methods when modeling aggregate claim amounts.

In conclusion, the truncated Schréter recursion algorithm emerges as a robust and
reliable tool for calculating aggregate claim amounts, offering a strong balance between
computational speed and modeling accuracy. Its adoption has the potential to improve
risk assessment substantially and premium pricing strategies, ultimately benefiting
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both insurers and policyholders. Future research could explore enhancements to this
algorithm, such as incorporating machine learning techniques to optimize parameter
estimation based on evolving claim patterns dynamically. Moreover, applying the
algorithm to other insurance domains beyond automobile claims could further validate
its generalizability and inform domain-specific refinements.
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Inverse Power Lomax Poisson distribution: properties and
applications in modelling negatively-skewed reliability data

Adebisi A. Ogunde', Emmanuel F. Nymphas’

Abstract

In this paper, we propose a new, four-parameter distribution with increasing, decreasing,
bathtub-shaped and a unimodal failure rate, called the Inverse Power Lomax Poisson (IPLP)
distribution. The new distribution combines Inverse Power Lomax (IPL) and Poisson
distributions. We derive several properties of the new distribution: its probability density
function, its reliability and failure rate functions, the quantiles, the stress-strength parameter,
complete and incomplete moments, the moment generating function, the probability weighted
moment, Rényi and g-entropies, and order statistics. The study presents the estimation of the
model’s parameters based on the maximum likelihood method. The applications of the new
distribution are presented using two real data sets, showing its flexibility and potential
in modelling lifetime data.

Key words: probability weighted moments, incomplete moments, quantile function, Renyi
entropy.

1. Introduction

The Inverse Power Lomax (IPL) distribution, introduced and developed by Hassan
and Abd-Allah (2019), as a reciprocal of the Power Lomax distribution, contains
distributions with bathtub-shaped and unimodal failure rates, as well as a broader class
of monotone failure rates. The IPL model provides a tractable and close-form solution
to many problems in reliability studies. However, it does not give a reasonably good
parametric fit in some real-life applications most especially when the data is extremely
skewed, Hassan and Abd-Allar (2019). However, several works have been done to
develop new families of probability distributions that extend standard probability
distributions while at the same time making them more flexible and tractable. Abdul-
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Moniem and Abdel-Hameed (2012) studied the exponentiated Lomax distribution.
Lemonte and Cordeiro (2013) studied the properties of beta Lomax, Kumaraswamy
Lomax and McDonald developed the Lomax distributions. Cordeiro et al. (2013)
introduced the gamma-Lomax model. The Weibull Lomax was proposed and studied
by Tabhir et al. (2015). The Gumbel-Lomax distribution was investigated by Tahir et al.
(2016). The type II Topp Leone power Lomax distribution was studied by Al-Marzouki
et al. (2020), Haq et al. (2020) studied the Marshal-Olkin Power Lomax distribution.
The sine Power Lomax and the sine Inverse Power Lomax distribution was studied by
Nagarjuma and Chesneau (2021, 2022). The Kumaraswamy generalised Inverse Lomax
and the type II Topp-Leone Inverse Power Lomax distributions were proposed and
studied by Ogunde et al. (2023, 2024). They developed the new model using the
Kumaraswamy and type II Topp-Leone generators, respectively.

A random variable X follows the IPL distribution if its cumulative distribution
function (CDF) takes the form

x—a\ P
G(x;a,p,l)=(1+7) , x>0, a,p,1>0 (1)
The corresponding probability density function (PDF) is
ap  _qg-1 x~a\ P71

g(x;a,p,/l)sz a (1+T) , x>0; a,p,1>0 2)

The survival and hazard rate functions of the IPL distribution are, respectively,

—a\—P

SGaap ) =1-Glxapd) =1-(1+5) ", (3)

and
—an—p—1
. —a—1f, X%
sGsipn) _ P (1HT)

h(x;a,p,2) = sapd) 1{1'(1+ﬁ)_p} | N

P

Where a and p are positive shape parameters and A is a scale parameter. In the
literature, several authors proposed a new distribution to model lifetime data by
combining some discrete distribution together with other known continuous
distributions. Roman et al. (2012) proposed a long-term exponential geometric
distribution. Recently, compounding distributions for Lomax with discrete one has
been presented by some authors. For instance; the Lomax Poison distribution was
proposed by Abd-Elfattah et al. (2013). Ramos et al. (2013) studied the exponentiated
Lomax Poisson distribution, Al-Zahrani and Sagor (2014) developed and studied the
Lomax-Logarithm distribution. Al-Zahrani (2015) and Hassan and Abd-Alla (2017)
developed the extended Poisson Lomax and the exponentiated Lomax distribution,
respectively. Hassan and Nassr (2018) investigated the properties of the Power Lomax
Poisson distribution. Nargajuma et al. (2022) proposed and studied the Nadarajah-
Haghighi Lomax distribution, among many others.

In this study, we propose and study a new four-parameter distribution, named the
Inverse Power Lomax Poisson (IPLP) distribution, which contains the Inverse Power
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Lomax (IPL), the Inverse Lomax Poisson (ILP), and the Inverse Lomax distributions as
the sub-models. The chief motivation for introducing the IPLP distribution is that the
distribution, due to its flexibility, can accommodate different forms of the shape of the
hazard function. The distribution also provides a reasonable parametric fit to skewed
data that cannot be properly fitted by other distributions and is a suitable model
in other areas such as insurance, seismography, medicine, actuarial science,
demography, reliability, and survival studies.

The paper is organized as follows. In Section 2, we developed the IPLP distribution
and derived its density, survival and hazard rate, cumulative, and reversed hazard rate,
and the quantile functions. Some of the properties of the IPLP distribution are given in
Section 3, which includes moments, moment generating functions, incomplete
moments, Renyi and g entropies, probability weighted moments, and order statistics.
Estimation and real data application was demonstrated in Section 4. In Section 5, we
concluded.

2. The Inverse Power Lomax Poisson distribution

Suppose that the random variable X has the IPL distribution, where its cdf and pdf
are given in (1) and (2). Given N, let X3, .. ., X;; be independent and identify distributed
random variables from IPL distribution. Suppose N is distributed according to zero
truncated Poisson distribution with PDF

{/n
T(N=n)=n!(%_{), n=12.., (>0 (5)
Let T = max(Xy, ..., Xy), then the CDF of T/N = n is given by
t—a\ ~PNn
Frwen(® = (1457) 7 (6)

which is the Exponentiated Inverse Power Lomax distribution with parameters pn, a
and A. The IPLP distribution, represented by IPLP(a, A, p, (), is defined by the
marginal CDF of T, i.e.
)
F(x;a,p,4,¢) = =, (7)
This newly developed distribution contains the Inverse Lomax and the Inverse
Lomax Poisson distribution. The pdf of the IPLP distribution is given by

o x—a P
ap(x'“‘1(1+¥) ? 1{9_((”7) }
Faap A 0) = M , ®)

where a, p, { are positive shape parameters and A is a positive scale parameter. The

reliability (R(x)) and hazard rate ((h(x)) functions, reversed hazard and cumulative
hazard functions of the IPLP distribution are, respectively, given by

- 1+d - —{ 1+ﬂ_p _
RGap A D) = 118 b)) ¢ o)

—e~$+1 —e~$+1
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g —p—1 X~ P
¢ —a—1 ﬁ —{(1+T)
QG a,p, 2, 0) = —— () . _ , (10)
1e=%e <(1+ A ) -1
x—a\ P
aplx~® 1(1+¥ _p_le_{(HT)
o a,p,A,{) = —ap , (11)
A 1—e_( 1+T)
and
- -5(“?)_‘7 -
H=log|l—e —log(—e~* +1). (12)

The plots of distribution, density and hazard rate functions of the /PLP distribution
for different values of (a, p, {, 1) are given in Figures 1, 2 and 3, respectively.
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Figure 1. Graph of distribution function of /PLP distribution
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Figure 3. Graph of hazard function of IPLP distribution

From Figure 3, it can be observed that the hazard rate function of the /PLP model
exhibits decreasing, increasing, reversed bathtub, and reversed J-shape curves. This
indicates that the IPLP distribution can be used effectively to model skewed data
exhibiting various shapes of the hazard function.

2.1. Quantiles of the IPLP distribution

The quantile function can be used in the study of some important features and
characteristics of a distribution which includes dispersion, skewness and kurtosis. Also,
the quantiles of a distribution can be employed in data generation from a distribution.
The k" quantile of the IPLP distribution is given by

-1 _1/0(

X, = {/1 [(—%ln[l + (1= k) (e~ +1)]) o _ 1]} , (13)
which is used for data generation from the IPLP distribution. The median (middle
quartile) and the upper quartiles of the IPLP distribution can be obtained by taking
k = 0.5 and 0.75 respectively.

2.2. Mixture representation of /PLP model

Using the binomial series expansion given by

p
e’ =Y (14)

the mixture representation of /[PLP model is given by
. — 2P yoo 1 —a-1 2
feap Q) = BEr ™ (145
The expression given in (15) can be described as the Exponentiated Inverse Power

distribution with scale parameter A and shape parameters a and p(m + 1).

~[p(m+1)+1]
) . (15)
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3. Statistical Properties of IPLP distribution

The following properties of the IPLP model are investigated.

3.1. Moments of IPLP distribution

The r*" moments of the IPLP distribution can be expressed as

w=EQX") = [0 x"f(x;a,p,2,{)dx (16)
Using (15) in (16) we get
, . 1 o) o —a _[p(m+1)+1]
Hr = anCZmzo ml(e$-1) f—°° X (1 + XT) dx (17)

After some algebraic manipulation, we have

= e Zinmo ety BU = /e, (o + S (m + 1)) (18)
The moment generating function of X, M, (t), is given by
Mo(6) = [ e f(x0,p,2, Ol = B2 S ERX™). (19)
Using the expression given in (18) for the r" moments of the IPLP distribution,
we have
M) = H B s BI(L =T/, (e +SGm+ DL, (20)

where B(a, b) = FI;Z:I;).

6, respectively, we obtain the first six moments about the origin of IPLP distribution.

From the above expression in (20), setting r = 1,2,3,4,5, and

The n** central moment of X, of IPLP model, say p,,, is given as
w= B = Y (),
p=0

The cumulant (k) of X can be obtained as
! < n-— 1 !
=HUn— Z (T‘ _ 1>'Krﬂn—r-
r=0

Table 1 presents the first six moments, standard deviation (o), coefficient of
variation (CV), skewness (S), and kurtosis (k,,) for various values of the parameters
of IPLP distribution. It could be observed that as the values of the parameters increase
the values of the lower moment decrease and increase for higher moments. The same
is observed for skewness and kurtosis except for higher values of the parameters. This
further demonstrates the flexibility of the IPLP model in handling data of different
degree of skewness and kurtosis.
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Table 1. First six moments, g, CV, Sy, and k,, for IPLP distribution

Specification a=701=55

p =05, p=12, p =25, p =35, p =265,

Moment =05 (=15 { =40 (=45 (=65
Uy 0.6525 0.8148 0.9165 0.9015 0.8988

Uy 0.4776 0.7011 0.8666 0.8320 0.8161

U 0.3899 0.6448 0.8538 0.7917 0.7498
Uy 0.3600 0.6491 0.8938 0.7877 0.6989

Us 0.3944 0.7546 1.0413 0.8491 0.6661
Ug 0.6062 1.2026 1.5792 1.1308 0.6703

a 0.2274 0.1929 0.1632 0.1389 0.0909
cv 0.3485 0.2367 0.1781 0.1541 0.1011
Sk 0.8988 1.8008 24746 2.5583 1.9237
ky 6.9213 13.0353 20.6319 22.5148 15.7185

3.2. Incomplete moment of IPLP distribution

The " incomplete moments of the IPLP distribution is defined by

(_){f(—)} .

— t r-a-1
o) =apl [ x prav=avy (21)
Using (14), we can write the expression given in (21) as
—ay —[p(m+1)+1]

¢ oo 1 t —a—
P (t) = %Zmomf_w xrmet (1 + xT) dx (22)

After some algebraic manipulation, we have

_ P oo 1 ,Q

0:(0) = 7 S0 ey B[ =T/, T+ (m o+ 157, (23)

3.3. Renyi and g-entropies of IPLP distribution

Suppose X is a random variable with continuous cumulative distribution function
F(x) and probability density function f(x). Then the fundamental uncertainty
measure for distribution F (named the entropy of F) is defined as I(x) =
E[—log(f(X))]. Statistical entropy is a probabilistic measure of uncertainty, also
ameasure of a reduction in that uncertainty. Numerous entropy and information
indices are considered in the literature, among them the Rényi and g entropy. The
Renyi entropy of a random variable X can be used to obtain the measures of uncertainty
and variation of a system and it is defined (9 > 0 and 0 # 1) as:

1x(8) = = log[M(d)], (24)
where

M@) = j £9 (oydx,
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Using
—a\~P 0
a?p970 _ x~a\ "0+ (14X T
MO) = s e (1457 AT )

After some algebraic manipulation we have

_ o, SO fo0 ot (142 Tloter1)+od
M) = 55 (H)az [2 x (1+%) dx,  (26)
Further simplification gives
M(a) [6(a+1) 1 2a+1-0(a+1)—af{pi-0(p+1)} (27)
a ’ a

where

-
Wi = aa—1pal = ( 1) Za+lal
S (—e {4+ 1)a

Finally, we obtain an expression for the Renyl entropy of IPLP distribution as

1z(0) = —log {W B [6(a+1) 1’2a+1 d(a+1)—a{pi-a(p+1)} }

The g-entropy, Z g 1s defined by

(28)

a

1
Zy= | log[1—(q —1)M(9)]

Using M (9), we have

1
Zq=q_1log[1—(q

da+1)—1 2a+1—-9(a+1)—afpi—0d(p + 1)}
a ’ a

- 1)WiB[

3.4. Probability Weighted Moments (PWMs)

Probability weighted moments (PWMs) are defined as the expectations of certain
functions of a random variable. They are only considered when the ordinary moments
of the random variable exist. The PWMs method can generally be employed in
estimating the parameters of a distribution whose inverse form cannot be expressed
explicitly. In this paper we obtained PWMs of the IPLP distribution since they can be
used for estimating the IPLP parameters. For a random variable with the pdf f(.) and
cdf F(.), the PWMs function can be obtained as follows:

Loy = EIXPFX)] =[5 xP(F())"f(x)dx (29)
Putting (7) and (8) in (29), followed by algebraic manipulation, we have

a o +J a— —lpG+N+1]
FPJ” = A(—e‘ﬁffl)lw i]' 0( 1) ( ) (1 + T‘)] f xb=al (1 + A ) (30)
_ pgaa 1y p,\ptalp(+)—1]
T (e S+ DT, J! ( )(1 +rUB|(1-F/a) a +1

i,j=0
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3.5. Order statistics

In real life experiment order statistics plays a very crucial and informative role
in understanding the concepts of system reliability. Randomly selecting samples from
IPLP distribution and arranging them in increasing/decreasing other of magnitude, i.e.
(Ty.p < Ty < +++ < Typ), constitute an ordered sample which can be investigated as
order statistics.

3.5.1 Derivation of the j order statistics

Consider X .,y denoting the j th ordered sample from the IPLP distribution given
in (8). Then the Probability density for the j" order statistics is

1 n—-1 n—j
i ¥) = 55 16 (G ¥} 9, ¥){1 = 6((xyy, )} (1)
where ¥ = (a, p, {, A). Further simplification using Taylor series expansion gives
n+i—-1
fi (e, ¥) = 553 n+,+1)21 oCDIIG (G, W) 9 (x, ) (32)
Inserting (7) and (8) in (32) followed by further simplification using Taylor series,
we have
n-j o
i+k+l j) <l) L7141
fikor¥) = 75 n+}+1)Z; Z o () () e e
L
x_u_1(1+xT) -p(l+1) Jj=

(33)

(—e~S+1)it1jl

4, Estimation

Let x = x4, X5, ..., X,, represent a random sample of the IPLP distribution with
unknown parameter vector ¥ = (a, 4, p, {). The log likelihood I = I(x, ¥) for ¥ is

I(x,¥) = log (/1(_:_—'05_'_1)>—(a+1)i109(xi)+(P+1)i109( x;‘)

x g3, (142" (34)

The score function U(¥) = (;—;, g—;, g—é, %)T has components
:—; = g =i logx)(p + 1) Y, ( logx) +{Y.p (1 + ?)_p x *logx (35)
ap ;‘ + 37 log (1 + L) +Iy, (1 + T)_ log (1 + ?)_p (36)
=t X (1 5) @7
S =l (DY, per _a)+cz (H“Ta) (38)



120 A. A. Ogunde, E. F. Nymphas: Inverse Power Lomax Poisson distribution...

The maximum likelihood estimate (MLE) & of ¥ is calculated numerically from
the nonlinear equations U(¥) = 0. We use Adequacy Model in R to obtain ¥,

4.1. Real data applications

In this section, we analyze two real data sets to demonstrate the flexibility and
applicability of the proposed IPLP model. The first data set, representing strengths of
1.5 cm glass fibers, was previously studied by Smith and Naylor (1986). The second data
set contain 40 times to failure of turbocharger of one type of engine and was previously
studied by Al Sobhi (2022). The two data sets are carefully selected because they are
negatively skewed and are either over- or under-dispersed. The IPLP model is
compared to the one of the following competitive models: Inverse Lomax Poisson
(ILP), Inverse Power Lomax (IPL), and Inverse Lomax models. In order to have a fair
model comparison, we also use the following measures of goodness-of-fit criteria:
Cramér Von-Mises (CVMS), Anderson-Darling (ADS), Kolmogorov-Smirnov (KSM),
as well as those based on the log-likelihood: minus estimated -2*log-likelihood (-20),
Akaike information criterion (AICr), consistent Akaike information criterion (CAICT).
The model with the minimum values for CVMS, ADS, KSM, AICr, and CAICr is
considered to provide the best reasonable fits for the proposed data. Table 2 shows the
exploratory data analysis for the two data sets which indicates that data I consist of 63
observations, negatively skewed, over-dispersed, with excess kurtosis of 0.92 that is
leptokurtic. Data set IT consist of 40 observations, under-dispersed, with excess kurtosis
of -0.56 that is mesokurtic. Tables 3 and 5 gives the estimate of the parameters of the
distributions considered.

Table 2. Exploratory data analysis of the two data sets

Specification | n | Min. | q, | Median | q3 | mean | Max. | Var. | Kurt. | Skew.
Data | 63 | 0.55 | 1.38 1.59 1.69 | 1.51 224 | 0.11 | 392 | —0.90
Data Il 40 | 1.60 | 4.95 6.40 7.83 | 6.17 9.0 393 | 244 | —0.55

Boxplot for data set |
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Figure 4. Box plot and the Total time on Test (TTT) plot for data set I
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Figure 4 indicate that data set I is negatively skewed exhibiting an increasing failure

rate.

Table 3. MLEs, their standard error (in parenthesis), confidence interval (curly) bracket for data set I

Model a A p 4
IPLP 12.3939(0.7202) 0.0025(0.0007) —2.7082(1.329) 0.2541(0.1010)
{10.9823,13.8055} | {0.0011,0.0039} {—5.3130,—1033} | {0.0561,0.4521}
ILP - 0.3638(0.1939) —2.2028(2.0980) 0.6170(0.3486)
(=) {-0.0162,0.7438} | {—6.3149,1.9093} | {—0.0663,1.3003}
IPL | 11.5729(0.5958) | 0.0021(0.0004) 0.4419(0.0615) -
{10.4051,12,7407} | {0.0013,0.0029} {0.3214,0.5624} (-)
IL - 10.7375(5.8660) 15.5166(8.3418) -
(=) {—0.7599,22.2349} | {—0.8333,31.8665} )
Table 4. Measures of goodness-of-fit value for data set I
Model | -2I AlCr BICr | HQICr | CAICr | KSN ADS | CVMS PV
IPLP |25.46 33.46 42.029 |[36.83 34.15 |0.1188 |0.8358 [0.1521 |0.3358
ILP |57.42 63.42 69.851 |65.95 63.83 0.2364 |3.2897 |0.6001 |0.0017
IPL |30.38 36.39 42.816 |38.83 36.79 |0.1643 [1.3963 0.2534 |0.0666
IL 182.48 | 186.48 190.76 |188.16 |186.68 0.4889 |4.5411 |0.8360 |1.7e-13

From Table 4 it can be observed that the new developed inverse Power Lomax

Poisson model has better fit than other three notable competitive models because it
possessed the smallest value of the AICr, CAICr, BICr, HQICr, KSM, ADS and CVMS
as well as largest PV value in modeling the glass fiber data.

Estimated Pdfs data set |
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Figure 5. Graph of the fitted density for data set I
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Figure 5 clearly indicates that /PLP model provides a better fit than all other models

considered in the study.

Boxplot for data set Il
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Figure 6. Box plot and the Total time on Test (TTT) plot for data set II

Figure 6 indicates that data set II is negatively skewed without any form of outlier

exhibiting an increasing failure rate.

Table 5. MLEs, their standard error (in parenthesis), confidence interval (curly) bracket for data

set II
Model a A p ¢
IPLP | 1.8844(0.2453) 0.0077(0.0040) 29.9580(20.5404) 2.2498(0.3983)
{1.6391,2.3652} | {-0.0001,0.0117} | {-10.3011,50.4984} | {1.4691,2.6481}
ILP - 10.4091(1.5213) —9.8683(0.3210) | 5.6043(1.2456)
) (7.4274,11.9304} | {—10.4975,—9.2391} | {3.1629,8.0457}
IPL | 3.5615(0.2042) 0.0025(0.0006) - -
{3.1613,3.5615} {0.0013,0.0031} (=) )
IL - 7.4952(8.9801) 39.5313(6.7337) -
(=) {—10.1058,25.0962} | {26.3333,52.7294} )
Table 6. Measures of goodness-of-fit value for data set II
Model -2l AICr BICr | CAICr | HQICr | KSM ADS CVMS PV
IPLP | 170.08 |{178.08 |184.83 [179.22 |180.52 |0.1038 |0.7661 0.1069 |0.7817
ILP 231.62 | 237.62 |242.69 [238.29 |239.56 |0.4346 |2.0806 |0.3355 |5.5e-07
IPL 182.12 | 188.12 | 193.19 | 188.79 189.96 (0.1756 |1.5482 |0.2406 |0.1698
IL 288.66 |232.67 |236.04 [232.99 |233.89 |0.4411 |2.2521 |0.3673 |3.5e-07

From Table 6 it can be observed that the new developed Inverse Power Lomax
Poisson model has better fit than other three notable competitive models because it
possesses the smallest value of AICr, CAICr, BICr, HQICr, KSM, ADS and CVMS as
well as the largest PV value in modeling the turbocharger data.
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Estimated Pdfs data set Il

Figure 7. Graph of the fitted density for data set II

Figure 7 clearly indicates that /PLP model provides a better fit than all other models
considered in the study.

Table 7. LR test for the two data sets

Model Hypothesis | LR P —value
Data set I
IPLP vs ILP Hy:a =1vs.Hy: Hyis false 31.96 < 0.001
IPLP vs IPL Hy:{ =1vs.Hy: Hyis false 4.92 < 0.00
IPLP vs IL Hy:a ={=1vs.H;: Hyis false 157.02 < 0.001
Data set II
IPLP vs ILP Hy:a =1vs.Hy: Hyis false 61.54 < 0.001
IPLP vs IPL Hy:{ =1vs.Hy: Hyis false 12.04 < 0.001
IPLP vs IL Hy:a={=1vs.Hy: Hyis false 58.58 < 0.001

It can be observed from Table 7 that in each of the cases considered we accept the
alternative hypothesis which is enough evidence that the I/PLP model has a better fit
than all other models considered for the two data sets and can effectively be used for
fitting the data.

5. Concluding remarks

We have developed and studied the IPLP distribution along with its properties

such as moments, incomplete moments, weighted moments, moment generating

functions, Rényi and q entropies, Bonferroni and Lorenz curves, reliability studies,

stress-strength reliability and multi component stress-strength reliability model.
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Maximum likelihood estimates are computed. Goodness-of-fit shows that the IPLP
distribution is a better fit. Applications of the IPLP model to glass fiber and
turbocharger data are presented to demonstrate its greater significance and better
flexibility. We have shown that the IPLP distribution empirically provides reasonable
fit for both the glass fiber and turbocharger data as supported by the graph of fitted
densities and the likelihood ratio test statistics. In view of the shapes of the density and
failure rate function, it can be concluded that the proposed model is a suitable candidate
model in reliability analysis, data modeling, and other related fields. For future study,
bivariate extension of the Inverse Power Lomax Poisson model can be considered.
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Exploring variation in data on income inequality across databases
and measures in post-socialist countries

Monika Wesolowska'

Abstract

Despite the growing interest in income inequality, cross-country evidence often shows
variation between measures and databases, which complicates research and policy evaluation.
The objective of the article is to compere the consistency of data on income inequality in post-
socialist countries from Central and Eastern Europe and Central Asia for the commonly used
measures on the basis of leading databases in this area. Other such analyses typically focus on
individual measures, databases or specific countries, which prompted the idea to fill the
research gap for a targeted country group. The formulated hypotheses were to test the con-
sistency of the following: development trends, the rankings of countries from the most to the
least equal in terms of income, and the values for different measures indicated by databases.
The study reveals high correlations in income inequality trends over the long term, particularly
among the EU subgroups. Certain consistency was observed in the context of identifying
countries with extreme income equality or inequality, and in the rankings between different
measures from the same database. However, there was no full consistency, especially in non-
EU countries, which highlights the impact of the methodological differences.

This article contributes to the existing body of research on income inequality by providing
a broad analysis of the consistency and variability of the related data across different measures
and databases, with a particular focus on post-socialist countries. It points to the importance
of careful data selection when analyzing income inequality in the indicated group of countries,
as individual differences between measures, databases and countries tend to affect the final
results of the research.

Key words: income inequality, post-socialist countries, statistical analysis.

1. Introduction

Measuring income inequality is a comprehensive task that involves complex and
multifaceted decisions. The process begins with selecting data collection methods and
defining how to process and interpret the values. Key decisions also include aspects
such as replacing missing responses, choosing the right measure, or interpreting
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findings in a social and economic context. In addition, inequality is measured at specific
points in time, not providing a complete picture of its evolution. Even the most precise
measures capture inequality only within a population at a given time, without reflecting
changes in individual income or wealth over time (Pascola, Rucha, 2017).

The aim of the article is to examine the variation and consistency in changes in
income inequality over time in post-socialist countries of Central and Eastern Europe
and Central Asia, using leading databases and common measures that differ in their
data collection methods, directly affecting the obtained results. Since the
transformation from the socialist system in 1989, there were significant changes
affecting income distribution in all studied countries, but with varying intensity among
them (Milanovic, 1998; Brzezinski, Salach, 2022). A group of post-socialist countries
began their economic transition with low levels of inequality and relatively small
disparities between them. Today, however, the variation in income inequality within
this group is substantial, ranging from low to high polarization.

The transformations of the past three decades pose greater challenges for
measuring income polarization than in countries without such systemic shifts.
However, studies on variation and homogeneity of income inequality mostly focus on
Western European countries rather than on the post-socialist group. The study
presented in this article focuses on a broad comparison of development trends, levels
and rankings of income inequality using data for the Gini coefficient, income shares of
individual deciles, Atkinson index, and Palma ratio from eight databases such as World
Inequality Database, Standardized World Income Inequality Database, Luxembourg
Income Study, OECD, World Income Inequality Database, World Development
Indicators, Eurostat, and Global Consumption and Income Project The results may
contribute to international analyses of income polarization within this group.

Section 2 discusses methodological issues related to inequality measurement and
differences between databases and measures, followed by an analysis of inequality
evolution since the 1990s. Section 5 examines trend stability, ranking consistency, and
value variation, while the final section presents conclusions.

2. Methodological issues of measuring inequality

To provide a detailed introduction to the problem under study, this section presents
the differences between the measures, databases, and data collection methods, as well
as an overview of empirical studies focused on these three dimensions. Each of these
components can affect the final values of income distribution equality differently,
leading to a more or less accurate representation of reality. The literature reports cross-
country variation in inequality levels, differences in data smoothing across sources, and
partial consistency in long-term trends or country rankings.
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2.1. Differences depending on methods of data collection

The choice of data collection method significantly affects inequality estimates and
their reflection of reality. Unfortunately, various methodological problems are
associated with different methods. The literature distinguishes three main approaches:
survey-based, fiscal, and mixed methods.

Standardized questionnaires are a common quantitative research method, valued
for structure and cross-respondent comparability. However, this method faces
challenges of nonresponse and underreporting, which may distort estimates,
particularly for high-income households (Vermeulen, 2016). Refusals to participate in
surveys can further skew the representation of the surveyed population, although this
approach ensures frequent data collection. Despite these limitations, surveys excel in
representing the incomes of lower-income individuals or households but may not fully
capture the impact of high earners on overall income inequality dynamics (Larrimore,
Burkhauser, Armour, 2018). Moreover, respondent errors in reporting income
introduce inaccuracies, potentially blurring the true income distribution, especially if
not uniformly distributed across respondents. Therefore, while survey-based methods
offer valuable insights, their integration with other data sources and rigorous statistical
techniques is essential for a comprehensive understanding of income inequality
dynamics.

Top incomes, although representing a small part of the population, contribute sig-
nificantly to total income and tax revenues, making them crucial for inequality indica-
tors (Alvaredo, 2011; Atkinson, Piketty, Saez, 2011; Blanchet et al., 2018). Tax data serve
as the primary source for capturing this income level, free from survey participation
biases. However, this method faces drawbacks, such as limited comparability over time
due to legislative changes and across countries due to tax-system differences (Atkinson,
Piketty, Saez, 2011). Additional challenges include tax evasion, underreporting, and
omission of income sources such as transfers, informal earnings, or agriculture
(Bukowski, Novokmet, 2017). These factors risk overestimating income inequality and
underrepresenting lower earners in the analysis.

The strengths and weaknesses of survey-based and tax-based approaches comple-
ment each other. Surveys capture poorer households well but tend to underestimate
inequality. Conversely, tax data accurately depict top incomes but may exaggerate
inequality levels. Mixed methods, such as the UK’s 'SPI adjustment’ (Larrimore,
Burkhauser, Armour, 2018) and the WID approach combining survey data for lower
incomes (below the 0.90th percentile) with tax data for the top ones (above the 0.99th
percentile) (Alvaredo et al., 2016), aim to reconcile these disparities. These methods
reduce under- and overestimation, resulting in a more accurate picture of reality. Such
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approaches contribute to providing comprehensive insights into income distribution
dynamics across different income percentiles.

In summary, the selection of data collection methods strongly impacts measure-
ments of inequality and introduces methodological hurdles. Surveys provide structured
data but suffer from downward bias, particularly for higher incomes. Fiscal data cap-
tures high earners but overlooks certain sources and lacks international uniformity.
Mixed methods aim to counter these shortcomings by merging survey and tax data.
Implementation challenges include limited access to fiscal data and methodological
complexity. Collaborative endeavors are vital to refining methodologies and
maximizing data utility for a comprehensive analysis of inequality. All this can lead to
differences of several p.p. between data based on various data collection methods at
specific points in time and even show different development trends over time.

2.2. Differences depending on selected measures of income inequality

The perception of income inequality depends not only on data collection methods
but also on the choice of inequality measures. The choice of a particular measure of
income inequality can significantly change the perceived level of it, and even, through
methodological differences, indicate differential development trends, even though they
are often really similar between measures (The Equality Trust, 2011). One of the
reasons for the varying empirical results is being sensitive to different parts of the
income distribution (De Maio, 2007).

The Gini coefficient (Farris, 2010) is a widely used measure of income inequality,
calculated as the average income difference between all pairs in a population divided by
twice the mean income. It ranges from 0 (perfect equality) to 1 (perfect inequality).
While intuitive and easy to visualize, it is most sensitive to changes in the middle of the
distribution and cannot be decomposed analytically (Solt, 2020). Moreover, identical
Gini values may correspond to different income distributions, and the measure ignores
demographic shifts or income mobility, which has raised methodological concerns
(Piketty, 2014; Corak, 2013).

The Atkinson index (Atkinson, 1970) provides a broader perspective by incorpo-
rating social preferences for equality through a welfare function. Its value depends on
the inequality-aversion parameter € (Dubois, 2016; Latty, 2015), which weights dispar-
ities at different income levels. Unlike the Gini coefficient, it is sensitive to changes
across the entire income distribution (De Maio, 2007). However, the index’s subjectiv-
ity complicates cross-study comparisons when different ¢ parameters are applied.
Despite being decomposable (Bellu and Liberati, 2006), it remains less commonly used
than the Gini coefficient.
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Income shares across quartiles, deciles, or percentiles provide valuable insights into
distributional dynamics (Jedrzejczak, Pekasiewicz, 2018). While aggregate measures
offer a general picture, examining individual distribution segments, especially pre- and
post-transfer data, allows deeper analysis of who benefits from policy or economic
change (Eurostat, 2020; Voitchovsky, 2005; Sitthiyot, Holasut, 2020). On this basis,
positional indicators such as the Palma ratio compare the income share of the richest
decile with that of the poorest 40% (Cobham, Schlégl, Sumner, 2016), focusing on the
distribution tails, assuming stability in middle deciles (Cobham, Summer, 2013).

Income inequality analysis involves various measures that present slightly different
calculations of the level of inequality in the income distribution, with individual sets of
both the advantages and disadvantages. While the Gini index is popular and simple to
interpret, it can take exactly the same values with widely varying income distributions
skewing the final picture of inequality. The Atkinson Index provides a unique perspec-
tive based on social preferences, but this can be a problem when drawing conclusions.
Data on average income and social group shares help to understand the dynamics of
specific segments of society, but do not provide a clear, straightforward answer about
the level of inequality in society as a whole. In contrast, using the Palma ratio, targeting
the extremes of the distribution can better respond to changes in key areas of inequality,
but it ignores 50% of income distribution. Therefore, a full understanding of income
inequality can require a combination of different measures to capture the multifaceted
nature of this complex phenomenon.

2.3. Differences between databases

The third factor affecting inequality estimates is the choice of database and its
underlying methodology. Many databases are secondary sources but differ in
interpolation, data types, and the treatment of missing observations or zero incomes.
All these aspects can affect the outcomes, even if the original, primary-source dataset
was identical among few databases. The most important databases include Luxembourg
Income Study, Eurostat, Global Consumption and Income Project, Standardized
World Income Inequality Database, World Income Inequality Database, OECD -
Income Distribution Database, World Development Indicators, and World Inequality
Database.

Luxembourg Income Study (LIS) provides harmonised, survey-based microdata
collected by national statistical agencies under common protocols. These data are fully
based on surveys and are kept only for individual years without interpolation, unlike
most of the databases, where the coverage covers even several dozen years for individual
countries. Its great advantage is the full methodological consistency between the
countries surveyed, from the level of the questionnaire, which is compiled to make it
easy to understand for the recipients, to the way it is harmonized. However, LIS remains
vulnerable to top-income undercoverage and non-response (Ravallion, 2015).
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Eurostat provides primary survey data from the European Union Statistics on
Income and Living Conditions (EU-SILC) survey, which collects data on income,
poverty, social exclusion, and living conditions of households and individuals across
the EU. Data collection is outsourced to statistical offices in individual member states,
which tune into the methodology adopted by Eurostat. EU-SILC is not inequality-
specific; it primarily reports income (including quintiles) and poverty indicators.
Eurostat also provides the so-called "experimental" data calculated as part of the
Income, Consumption and Wealth (ICW) statistics, which are computed through the
statistical matching of three data sources: the EU Statistics on Income and Living
Conditions (EU-SILC), the Household Budget Survey (HBS) and the Household
Finance and Consumption Survey (HFCS). Another database based on primary
household survey data obtained from government statistical agencies and World Bank
country departments is World Development Indicator (WDI), but for high-income
economies data are incorporated mostly from the LIS database. Regardless of the
source, the data used are subject to a uniform estimation method.

In terms of secondary source databases, the dataset by Lahoti et al. (2016) - the
Global Consumption and Income Project (GCIP) - is another example based mostly on
survey data, though not exclusively. Its survey component compiles data from multiple
sources, mainly other databases focused on international comparisons, but also from
national statistical offices and academic studies on individual countries, creating a large
and diverse dataset built on a homogeneous methodology. The aim is comprehensive,
integrated coverage that mitigates source-specific errors, though survey-method
limitations remain. SWIID (Solt, 2009) also combines multiple sources and includes
more government-provided and fiscally-based inputs. However, the main difference
between the two databases lies in their approach to data standardization. Both use
econometric estimations, but SWIID follows the LIS methodology as its gold standard
(Solt, 2020), whereas GCIP applies its own quintile-specific consumption-income ratio
method and additionally interpolates missing data. The World Income Inequality
Database (WIID), compiled by WIDER, aggregates income data from numerous
sources and studies into a single accessible dataset but does not standardize them, which
distinguishes it from the two previous databases (UNU-WIDER, 2022). Similarly, the
OECD’s Income Distribution Database (IDD) combines multiple sources, mainly
surveys, with occasional tax data. However, results may differ due to its correction
procedure, which adjusts all household income components by the square root of
household size (OECD, 2017; OECD, 2023).

World Inequality Database (WID) takes a completely different approach than pre-
vious databases. When it is possible for some fiscal data to appear in other databases,
they are not subject to special treatment, at most averaged with the rest of the data.
WID, on the other hand, assumes that survey data accurately reflect the income of the
lowest part of society but underestimate the highest income, quite the opposite of fiscal
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data, therefore, it combines these data in an appropriate way to obtain more balanced
results (Alvaredo, Atkinson, Chancel, Piketty, Saez, Zucman, 2016).

Among the selected databases, the majority relies on survey data, often combined
with additional data from national offices. However, substantial differences between
them can significantly impact the obtained results. An exception is WID, which inno-
vatively employs fiscal and survey data. Notably absent are purely fiscal data sources,
due to variations in their availability among countries and possible discrepancies be-
tween providers of such data.

2.4. Empirical studies on the variation of income inequality depending on the
method of measurement, measure and database

Based on the presented data collection methods, inequality measures, and
databases, clear differences emerge that can lead to variation in estimated inequality
levels. Empirical studies show that estimates from administrative tax data often differ
markedly from survey-based results, both in levels and trends over time. Moreover,
methodological factors, including the choice of measure or database, can produce
similar discrepancies due to differences in harmonisation and data interpolation.

Studies comparing survey and tax-adjusted data show differences of several
percentage points (p.p.) in Gini coefficients, while maintaining consistent long-term
trends. Jenkins (2017) indicates that the Gini coefficient for gross individual income in
the UK estimated from tax data rose by 7-8%, whereas survey data showed a 5% decline
over the same period. According to Bartels and Metzing (2019), the income shares of
the top 1% in Germany were higher in the tax data than in the surveys by 3-6 p.p., but
the estimates of the income share of the top 10-5% and top 5-1% are of similar
magnitude in both data sources. Their research also indicates the relevance of the choice
of data pooling method, as their integrated approach indicated slightly lower levels of
income inequality than the decomposition method (Alvaredo, 2011). Similar gaps were
found elsewhere: about 6 p.p. in the US (Burkhauser et al., 2012), 12-14 p.p. in Russia
(Novokmet et al.,, 2018), and 14% in Spain (Ayala, Perez, and Prieto-Alaiz, 2021).
In Poland (1994-2015), Brzezinski, Myck and Najsztub (2022) found that adjusting
survey data with fiscal data on top incomes increased Gini values by 14-26% (4-8 p.p.)
relative to unadjusted estimates. The authors also show that the adjustment changed
the development trend of Ginis, with a sharp change in the level of inequality of income
distribution, which was invisible in survey-only data.

In terms of databases, Bartels and Metzing (2019) comparing nine countries using
EU-SILC and WID, found that differences are minor for some countries but reach up
to 9% for others. However, differences can also arise with similar methods. Similar
conclusions are also indicated by analyses focused on other databases such as LIS,
OECD, EU-SILC, and WDI (Galbraith et al., 2016). Jenkins (2015), based on two
secondary databases, SWIID and WIID, shows that differing data implementation can
distort inequality estimates, with SWIID tending to over-smooth results. Ferrerira,



134 M. Wesotowska: Exploring variation in data on income inequality across...

Lustig and Teles (2015), comparing eight databases (including LIS, WIID, SWIID, IDD,
among others), found a high degree of consistency in long-term trends across most
countries. However, for specific country-year observations, methodological differences
cause substantial discrepancies, sometimes leading to divergent conclusions depending
on the chosen dataset. These discrepancies concern not only inequality levels but
sometimes even the direction of year-to-year changes. In a similar comparison,
Galbraith et al. (2016) also presented the overall consistency with the occurrence of
large differences in specific countries, and added indications of significant deviations
from other databases compared to data from the WDL.

Moreover, in terms of the measures, according to Trapeznikova (2019), research
shows general agreement on trends and rankings of countries in terms of levels of in-
come inequality, although the author notes the importance of including measures sen-
sitive to changes in marginal income in order to arrive at more precise conclusions.
However, Goda (2016) argues that due to methodological issues, the choice of a partic-
ular measure can indicate divergent development trends, even if they are often similar
between the measures.

The literature has examined how the above aspects affect income distribution
equality. Researchers note fluctuations between countries, varying degrees of data
smoothing depending on the source, and inconsistent long-term trends or rankings
across measures. However, most studies focus on individual countries or groups of
countries from Western Europe or the US. Post-socialist countries have experienced
some of the largest observed changes in income inequality in recent decades, with
significant changes occurring both in individual countries and the group as a whole.
However, research in this area has mainly focused on a few examples like Poland,
Russia, or the Czech Republic, leaving a gap in studies analyzing the group as a whole.
This article aims to address that gap.

Based on the analyzed studies, three research hypotheses were formulated. First,
the analysis will examine whether post-socialist countries exhibit long-term trend
consistency across different measures and databases. Second, the study will assess the
consistency of country rankings within the group at specific points in time. While
measures and databases may show similar inequality trends for a given country,
rankings can still differ in identifying which countries are most or least equal at a given
time. The differential ranking may be the result of significant differences in the
measurement of values, for this reason, consistency of the measurement of inequality
levels over the entire study period will also be tested. The research hypotheses are:

H1: A cohesive pattern is evident in the evolution of income inequality trends among

post-socialist countries, irrespective of the measures and databases used;

H2: The classification of post-socialist countries based on income inequality reveals

a consistent homogenization within the same measures from different database;

H3: Values for the same inequality measures exhibit consistent stability and limited

varijation across different databases in post-socialist countries.
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3. Data selection and analytical strategy

This analysis examines the consistency of income inequality levels and trends over
30 years across selected measures and databases. The study includes eight major
sources: World Inequality Database, Standardized World Income Inequality Database,
Luxembourg Income Study, OECD - Income Distribution Database, World Income
Inequality Database, World Development Indicators, Eurostat, and Global Consump-
tion and Income Project. These databases, both primary and secondary, differ in data
collection, processing, and implementation. The selected inequality measures - Gini
coefficient, income shares by decile, Atkinson index, and Palma ratio - capture both
overall inequality and distributional segments. More details on these databases and
measures were discussed in the previous section. Table 1 outlines the selected measures
from each source, with variations due to data availability.

Table 1. Summary of variable and database selection

Database Measure

Gini coefficient

World Inequality Database Income shares of individual deciles

Palma ratio

Gini coefficient

Atkinson index

Global Consumption and Income Project
Palma ratio

Income shares of individual deciles

Standardized World Income Inequality Database | Gini coefficient

Gini coefficient

Luxembourg Income Study
Atkinson index

Gini coefficient

OECD - Income Distribution Database
Palma ratio

Gini coefficient

Palma ratio

World Income Inequality Database
Atkinson index

Income shares of individual deciles

World Development Indicators Gini coefficient

Gini coefficient (EU SILC)

Eurostat

Gini coefficient (EU SILC - experimental)

Source: own compilation.
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To confirm each of the three hypotheses, the following analyses were conducted.
For the first hypothesis (H1), which posits cohesive patterns in inequality trends,
Pearson correlation coefficients were calculated to assess their consistency over time.
These correlations were examined both between databases for the same measure (cross-
source consistency) and between measures within the same database (internal con-
sistency). To confirm H2, which concerns the consistency of country classifications
based on income inequality, country rankings were created for each measure and com-
pared across datasets. The rankings, ordered from most equal to most unequal, were
generated separately for each measure and analyzed across selected years to assess
whether countries maintained similar rankings within a given year. For the third hy-
pothesis (H3), concerning the stability and limited variation of inequality, we statisti-
cally analyzed variation in inequality levels across measures. Detailed results are pre-
sented in Section 5.

4. Data on income inequality in post-socialist countries

Income inequality trends across countries, based on the previously discussed
measures and databases, indicate an initial rise in inequality until around 1995 or 2000,
varying by country. Future EU members generally experienced a milder and shorter
polarization phase than other post-socialist nations, followed by a period of relative
stability. The time-series evidence confirms a broad consistency among different data-
bases and inequality measures regarding long-term dynamics, which aligns with the
findings of Ferrerira, Lustig, and Teles (2015). Nonetheless, individual observations re-
veal some notable discrepancies.

Starting with the Gini coefficient, the only measure analyzed in the study with data
available from the Standardized World Income Inequality Database, the trend analysis
confirmed the issue identified by Jenkins (2015) regarding excessive smoothing of data
from this database over time. Consistent with previous studies (Vermeulen, 2016;
Alvaredo, 2011; Atkinson et al., 2011; Blanchet et al., 2018), the World Inequality
Database reports the highest Gini values across nearly all countries. While long-term
trends align, year-on-year changes differ between databases, as noted by Ferrerira,
Lustig, and Teles (2015). At the country level, the average year-to-year difference be-
tween databases was 11.83 points (on a scale of 0-100). The Czech Republic and
Hungary showed the highest consistency, with only minor deviations, whereas
Azerbaijan exhibited the largest discrepancy - exceeding 30 points in a single year -
suggesting significant income polarization.

The data on the Palma ratio confirm conclusions similar to those drawn from the
Gini coefficient. Once again, the World Inequality Database exhibits the widest spread
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in values, with several significant outliers. This issue is particularly evident in Lithuania,
where between 2018 and 2019, the Palma ratio surged from 3.23 to an implausible
16.32—an error also reflected in the pre-tax data, indicating an almost 24-fold increase
in one year. Due to this anomaly, observations for Lithuania had to be partially excluded
from subsequent analyses to prevent data distortion. A similar problem with outlier
observations appeared in the Global Consumption and Income Project, affecting
Armenia and Kyrgyzstan, as well as in the World Income Inequality Database for
Kyrgyzstan and Russia, though in these cases, the maximum change was 10.7 points.

The Atkinson index differs due to varying parameter ¢ settings across databases:
0.5 in the World Income Inequality Database, 1.5 in the Luxembourg Income Study,
and unspecified in the Global Consumption and Income Project. According to Latty
(2015) the difference significantly affects the level of the obtained WIID data points out
values from 1.87 to 27.34, the LIS value does not exceed 0.2, and in the case of GCIP it
is a range of 0.9-0.93. Hence, the data are comparable only in terms of rankings and
correlations, not absolute levels. Notably, WIID and GCIP provide data spanning a
much longer period than LIS and cover all countries, revealing recurring development
patterns consistent with previous measures, as well as similar cases of outlier
observations.

The data on income shares by decile particularly highlighted the earlier differences
between the databases. For the total income of the poorer half of the population, the
databases again converge on the direction of change and the overall development trend.
Consistency is particularly evident between the World Inequality Database and the
Global Consumption and Income Project, where income shares stabilized after a period
of significant declines. However, the World Income Inequality Database indicates an
additional partial increase in shares during the later period. Similar patterns are ob-
served for the top 10% of income. All databases in this case show an increase in shares,
with the largest changes occurring until around 1995, though the magnitude of these
changes varies significantly between countries. This example also illustrates why WID
shows the highest inequality among the measures, as its post-2000 values exceeds the
highest values indicated by WIID, reflecting a much greater enrichment of the wealthy
and impoverishment of the poorer population after 1989. This difference is particularly
significant when examining the average inequality values over time, which are shown
in Figure 1. WIID is the only database that shows an equalization of the incomes of the
bottom 50% with the top 10%, followed by an increase in the incomes of the poorer
50%. These values also highlight the significant impact that the inclusion of non-survey
data has on the final inequality measures. The WIID, based solely on survey data,
indicated that on average during the period studied, the incomes of the richest 10%
accounted for 0.95% of the incomes of the bottom 50%. The GCIP, which includes
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national accounts data, indicates a relationship of 122%, while the WID's inclusion of
fiscal data results in a nearly doubled difference, at 199%. Given the significant meth-
odological differences among the three databases, these discrepancies confirm De
Maio's (2007) findings on differences in empirical results when targeting different parts
of the income distribution, particularly in obtaining more precise data on the top decile.
Moreover, the database containing fiscal data indicates greater fluctuations and more

dynamic changes.

35

30

Mean value

25

1990 1995 2000 2005 2010 2015 2020
Year
— GCIP - share of bottom 50% —— WIID - share of bottom 50% —— WID - share of bottom 50% |
GCIP - share of bottom 10% —— WIID - share of bottom 10% —— WID - share of bottom 10%

Figure 1. Average income shares of the 50% bottom earners and 10% top earners

Source: own compilation based on: Global Consumption and Income Project, World Income Inequality
Database, World Inequality Database.

The data review confirms overall consistency in long-term trends but highlights
inconsistencies in year-on-year changes, varying across countries. Outliers appear
in each measure, with notable differences between EU and Central Asian countries. The
analysis also reinforces concerns about data oversmoothing and the impact of survey-
only vs. mixed data sources. This study further assesses how these inconsistencies in-
fluence income inequality research.

5. Findings

To properly conduct the study, the analysis was divided into three subsections
aligned with the research hypotheses. The analysis begins with inequality trends
previously observed in other country groups but not empirically verified for post-
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socialist countries. The focus then shifts to country rankings, moving from the level of
individual countries to the entire group over time. The third stage involves value
differentiation, which may not occur even if countries are ranked similarly and their
development trends are perfectly correlated. Since differences in the data between EU
and non-EU countries became apparent, the dataset was divided into subgroups for
part of the analysis. In addition, because data availability for these subgroups is uneven,
this division will provide more accurate results. Similarly, the issue of outlier
observations and the inability to fully analyze variations in Atkinson index values due
to differing € parameters were addressed.

5.1. Consistency between the trends of income inequalities

The actual occurrence of consistency in income inequality trends was checked by
analyzing correlation coefficients from available databases. This includes correlations
within data for a single measure and between different measures, as methodological
differences may result in more consistent data for specific metrics. The analysis covered
the entire group of countries studied and two subgroups defined by membership in the
European Union. Trend consistency analysis is particularly vulnerable to result
distortion if there are unequal outcomes for any subgroup, as significantly higher (or
lower) correlations in one group could skew the overall study results.

At the group level, correlation analysis of the Gini coefficient shows mostly high
correspondences. The only low result (35%) was observed between Global
Consumption and Income Project (GCIP) and World Development Indicators (WDI).
World Inequality Database (WID) consistently exhibits lower correlations (0.63-0.83)
with other datasets. This is expected as WID is the only database incorporating fiscal
data which can inflate inequality estimates and capture fluctuations not visible in sur-
vey-based sources. All correlations are positive, confirming a consistent long-term
trend, despite previously noted year-on-year inconsistencies. At the subgroup level,
high correlations predominate among EU countries, where values exceed 0.9, reaching
0.98 in some cases, except for WID. Non-EU countries show much weaker or non-
existent correlations, particularly in SWIID, WID, WIID, and GCIP, which provide the
most data for this group.

Other measures show similar patterns. Palma ratios exhibit medium to high corre-
lations across the entire group and EU countries, particularly after excluding
Lithuania’s 2019 outlier, which distorted results. Again, WID shows slightly lower cor-
relations, but values remain high for EU countries (68-85%), compared to non-EU
countries (37%-46%).

The correlation analysis for the Atkinson index leads to similar conclusions, with a
correlation of 0.48 between GCIP and WIID (LIS provides single observations) for non-
CEE countries. The last two measures examined—the income of the top 10% and
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bottom 50%—are also consistent with the above observations, showing a negative
correlation as expected, since an increase in one measure should correspond to a
decrease in the other. The lowest correlations were observed for WID, with -65% for
EU countries and -22% for non-EU subgroups compared to WIID and GCIP. This
highlights the impact of fiscal data on inequality estimates and the challenges of meas-
uring inequality in post-Soviet countries. Methodological differences between data-
bases, particularly the inclusion of fiscal data, result in higher recorded inequality levels
(see Section 2) and distort comparisons with survey-based sources, which face their
own methodological biases. Therefore, lower correlations reflect methodological rather
than accuracy differences between fiscal and survey-based data.

Correlations occur not only within a single measure but also between different
measures. Despite concerns that focusing on different parts of the income distribution
could alter trends (Goda, 2016; De Maio, 2007), correlations remained high and posi-
tive between the Gini coefficient, Palma ratio, Atkinson index, and top 10% income
shares. Likewise, high negative correlations were observed between bottom 50% income
shares and the other indicators, as expected. Importantly, strong correlations were
found not only within the same database (up to 99%, indicating internal consistency)
but also across different databases measuring different inequality metrics. This suggests
that regardless of the inequality measure chosen, the data indicate the same trend, min-
imizing the impact of methodological differences. For EU countries, the choice of in-
come inequality measure does not affect the overall trend, as the data consistently re-
flect the same direction of change. In contrast, for non-EU countries, selecting the ap-
propriate database and methodology is more crucial than the specific measure when
analyzing long-term national trends.

In conclusion, for EU countries, high or very high correlations exist regardless of
the measure or data source, with a consistent trend direction. This indicates stable re-
lationships between inequality trends and long-term data consistency. The slightly
lower correlations for WID, due to its inclusion of fiscal data, underscore the value of
incorporating such data to capture inequality trends overlooked by survey-based
sources, as observed in Poland (Bukowski & Novokmet, 2019) and Russia (Neef, 2020).
In contrast, post-Soviet, non-EU countries show significant inconsistencies, with some
datasets lacking any measurable correlation. The absence of fiscal data in these coun-
tries further complicates analysis, making dataset and measure selection crucial, as
choices can substantially impact results. Finally, the apparent consistency of income
inequality trends across measures and databases was largely driven by EU countries,
masking methodological disparities and data availability issues. The inclusion of fiscal
data in WID, contrasted with SWIID’s excessive smoothing, further distorts inequality
estimates, creating a misleading picture of actual trends. Ultimately, the first hypothesis
is not confirmed for all post-socialist countries, shifting the analysis from long-term
national trends to short-term group-level dynamics.
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5.2. Consistency between the trends of income inequalities

The long-term consistency of development trends, particularly in EU countries,
suggests persistent dependencies across individual nations. However, a dominant
direction of change over time does not guarantee actual consistency, nor does it reflect
relative changes between countries. To further investigate these findings, an individual-
year analysis was conducted.

Following Trapeznikova (2019), who noted a consensus on country rankings by
inequality, rankings for post-socialist countries were compiled across all datasets,
sources, and measures. Rankings were prepared for key years: 1993, the earliest year
with reliable data (earlier years, like 1991, posed analytical challenges); 2000, marking
the stabilization of major inequality shifts; 2004, aligned with EU accession; and 2010,
2015, and 2020, representing later trends. Observing rankings at multi-year intervals
allowed verification of trend consistency across different countries. For each dataset,
the country with the lowest inequality received a rank of 1, while the country with the
highest inequality was ranked 25. If fewer than 25 countries were available, rankings
were adjusted accordingly. To ensure comparability, bottom 50% income shares were
ranked inversely—higher values (indicating greater equality) received a rank of 1,
aligning them with other measures where lower values indicate more equality.

Due to conceptual differences between measures, hypothesis H2 examines ranking
homogeneity within the same measure rather than across different ones. Among the
Gini coefficient, Palma ratio, Atkinson index, and income shares, no full consistency
exists in rankings of post-socialist countries, and greater data availability often increases
ranking discrepancies. Over time, ranking consistency does not show a clear improve-
ment. However, when comparing complete or nearly complete rankings, noticeable dif-
ferences emerge between measures. In the selected years, the Atkinson index exhibited
the highest ranking stability (43% of observations had a maximum deviation of +2
places), while the Palma ratio showed the greatest discrepancies (only 21% of observa-
tions within the same range). For the Gini coefficient and income shares, consistency
within a +2-place range was 27% and 26%, respectively.

The analysis also highlights differences between EU and non-EU countries.
Splitting rankings into smaller subgroups reveals significant differences in consistency.
Among EU countries, the Atkinson index rankings remained exactly the same in over
30% of cases, with a +2-place deviation occurring in 91% of observations. Slightly lower
consistency was found in income shares of the bottom 50% (45% and 74%), Palma ratio
(39% and 70%), and top 10% income shares (38% and 67%). The Gini coefficient, which
had the largest dataset, showed the lowest consistency—33% of rankings were identical,
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while 48% had only minor deviations. Among non-EU countries, the highest con-
sistency was also observed for the Atkinson index (44% and 61%), while other measures
ranged between 19% and 26%, with ranking differences reaching over 10 places in some
years.

Subgroup analysis showed increasing ranking consistency over time for EU coun-
tries, a pattern not observed in non-EU nations. This improvement became apparent
between 2004 and 2010, continued in 2015, and by 2020, rankings for Palma ratio and
bottom 50% income shares remained within a +2-place range for all countries.

Due to conceptual differences, comparing inequality measures is challenging. How-
ever, the Gini coefficient and Palma ratio allow for partial comparison, and databases
that provide full rankings for both (WID and WIID) show very high consistency.

At the broadest level, rankings of the most and least income-equal countries show
high consistency across measures and sources, remaining stable over time. Countries
with low inequality in the 1990s—Czech Republic, Slovakia, Slovenia, Hungary, and
Belarus—have maintained their positions, although Belarus's ranking may be influ-
enced by unreliable data. Conversely, the most unequal countries are post-Soviet, non-
EU states, including Armenia, Azerbaijan, Turkmenistan, and Georgia. This pattern
holds even in incomplete rankings, where Georgia, for example, has appeared in posi-
tions “8” or “18”, depending on dataset coverage.

In conclusion, full homogeneity in rankings of the same inequality measures across
sources cannot be confirmed, although the Atkinson index rankings show the highest
consistency. However, marginal rankings remain stable over time, particularly in EU
countries, where rank variation is lower. Additionally, comparable measures show
strong internal consistency when sourced from the same database. Given that databases
differ significantly in methodology, choosing the right data source is more impactful
than selecting a specific inequality measure, as it has a greater effect on final rankings.

5.3. Variation in income inequality values

The previous analysis assessed consistency in individual country trends and group-
wide rankings over time. In both cases, some degree of inconsistency emerged, which
can be linked to data variance. High variance can distort inequality trends and rankings,
particularly when it affects multiple countries. To quantify this variation, statistical
methods including analysis of variance, coefficient of variation, and data range were
applied. Table 2 presents average values of these measures for the Gini coefficient,
Palma ratio, bottom 50% income share, and top 10% income share, based on all availa-
ble sources. The Atkinson index was excluded due to variability in the & parameter,
which prevents meaningful cross-source comparisons. While trends and rankings
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could still be analyzed, value variance was assessed separately for each measure due to
their different scales.

Table 2. Summary of average values of variation and range of data on income inequality

Gini coefficient Palma ratio Bottom 50% Top 10%
country ~ _ ~ _
2 cv Mg v M2 oy TV 2 gy T
min min min min
CZ 326 0.16 4.18 | 1.24 037 0.80 | 0.01 0.18 0.07 0.01 0.35  0.13

HU ‘10.06 0.09 7.56|0.17 0.24 0.85|0.00 012 007 | 001 024 0.11

SI ‘14.35 0.13 896 | 022 033 1.02 | 000 0.5 008 | 001 030 014
MK ‘14.91 0.08 833 | 041 025 130 | 000 012 008 | 001 028 0.11
BG ‘19.55 0.17 10.38| 135 036 1.56 | 001 017 0.0 | 001 034 0.12
LV ‘21.98 0.11 10.54| 0.63 034 1.65 | 000 0.4 009 | 001 032 0.3
SK ‘22.89 0.13 11.39| 500 035 0.89 | 000 0.6 007 | 001 031 014
™ ‘25.18 0.13  5.89 | 487 035 4.01 | 000 016 0.8 | 001 031 0.13
GE ‘30.09 0.11 10.68| 229 034 268 | 001 0.5 013 | 000 030 009

RU ‘31.90 0.10 9.48|3.03 0.46 2.9o|0.01 021 0.6 | 001 034 013

LT ‘35.69 0.12 12.o4| 769 037 622 | 0.00 013 009 | 001 032 0.12
EE ‘36.02 0.14 13.71| 132 042 236 | 001 018 013 | 001 035 0.14
TJ ‘36.94 0.10  9.49 | 148 039 225 | 00l 0.9 014 | 001 033 013

UA ‘37.89 0.13 12.02|4.71 0.35 1.45|0.01 0.16 0.12 001 031 013

AL ‘38.73 0.12 12.38| 053 026 150 | 000 0.3 009 | 000 030 011
HR ‘40.01 0.16 14.00| 047 033 150 | 000 0.5 009 | 001 032 0.4
Uz ‘41.74 0.10 9.07 | 485 051 377 | 001 022 018 | 001 008 012
PL ‘43.17 0.17 16.44| 079 039 185 | 001 019 0.2 | 001 031 0.3
AM ‘43.24 0.14 13.26| 1.99 035 244 | 001 0.6 0.13 | 000 033 0.12
RO ‘44.34 0.16 16.35| 117 039 2.6 | 001 020 013 | 001 031 012
MD ‘46.55 0.15 13.84| 074 028 1.79 | 000 0.3 009 | 001 032 013
KG ‘59.55 0.16 14.49| 1.80 034 2.16 | 001 017 0.3 | 000 031 0.11
KZ ‘62.75 0.17 14.88| 159 039 232 | 001 019 0.4 | 001 034 014

|
|
|
|
|
|
|
|
|
|
|
|
BY ‘37.58 0.16 11.75|0.60 0.36 1.36|0.00 018 0.12 ‘ 001 031 0.4
|
|
|
|
|
|
|
|
|
|
‘0.01 034 0.17

AZ ‘187.2 0.29 25.77| 1.96  0.47 2.43|0.01 024 0.17

Where: s2- variance, CV - coefficient of variation.

Source: own compilation.
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Compared to the previous two aspects of data consistency tested, value consistency
showed the greatest variation. For EU countries (excluding Poland), the range of in-
come shares (bottom 50% and top 10%) does not exceed 20 p.p., with the average vari-
ation between the maximum and minimum value of the bottom 50% income share be-
ing less than 10 p.p. and 11-15 p.p. for the top decile. In non-EU countries, average
variation exceeds 10 p.p., and in some cases, data sources are less consistent in estimat-
ing bottom 50% shares than top 10% shares. Across the entire group, standard deviation
remains below 10%, but the coefficient of variation highlights issues with top-income
measurement. While for lower-income groups it remains below 20% (except for Azer-
baijan—24%, Uzbekistan—22%, and Russia—21%), at the top decile, even in countries
with previously high consistency (e.g., Czech Republic), it exceeds 30%. This explains
trend correlation differences found earlier in the analysis.

The Gini coefficient results showed different patterns. At the national level, the av-
erage difference between sources each year was 11.83 (on a 0-100 scale), meaning
a country could be placed in different inequality groups in the same year. Czech
Republic (4.18) and Hungary (7.58) showed the highest consistency, while Azerbaijan
(25.77, and a maximum exceeding 30) exhibited the greatest variation. Poland (16.44)
was the second least consistent, with twice the difference reported by Brzezinski, Myck,
and Najsztub (2022). Regarding the coefficient of variation, most countries remained
around 15%, except Azerbaijan (26%). Notably, both Czech Republic and Kyrgyzstan
had the same variation level (16%), though their absolute data ranges differed signifi-
cantly—3.3 vs. 60, respectively. This suggests a large spread in values despite a relatively
stable ratio to the mean.

The Palma ratio again reveals substantial differences between subgroups. In EU
countries (excluding Lithuania), the average variation between maximum and mini-
mum values remained below 2, with Czech Republic (0.8) and Poland (1.85) showing
the lowest fluctuation. In contrast, Central Asian countries exhibited significantly
higher variation, with Uzbekistan (3.77) and Turkmenistan (4.01) indicating an average
difference of nearly 4 in the income shares of the richest two deciles vs. the bottom 40%.

The value consistency analysis found no widespread stability in measures, disprov-
ing hypothesis 3. While EU countries exhibited lower variation, differences between
subgroups persisted. In some cases, specific measures showed relatively stable values
with low dispersion, but this stability was country-specific rather than measure-specific.
The observed variation aligns with Bartels and Metzing (2019), who found that some

countries exhibit minimal fluctuations, while others show significant discrepancies.
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6. Conclusions

This article examines the consistency of income inequality data in post-socialist
countries, from Central and Eastern Europe and Central Asia, across common
measures and databases, considering the impact of methodological differences. Such
analyses were mainly carried out for single measures, databases, or selected countries,
and this article aimed to fill the research gap for a selected group of countries. The for-
mulated hypotheses tested the consistency of development trends, the stability of coun-
try rankings, and the constancy of values across different measures. The analysis cov-
ered both long-term trends for individual countries and comparisons across time peri-
ods. Data were sourced from leading inequality databases—including WID, SWIID,
WIID, OECD-IDD, GCIP, WDI, and Eurostat—and examined using the Gini coeffi-
cient, Palma ratio, Atkinson index, and income shares of the bottom 50% and top 10%.

The analysis of hypothesis H1 confirmed high consistency in long-term income in-
equality trends for EU countries where different measures showed aligned trajectories.
In contrast, non-EU countries exhibited lower consistency, with occasional contradic-
tory trends (Goda, 2016; De Maio, 2007). While databases focused solely on inequality
and broader economic datasets produced similar trends, methodological differences re-
mained relevant, particularly in WID data, which diverged due to its fiscal-data focus.
For EU countries, correlations often exceeded 90%, confirming stable trends regardless
of measure or source. However, in non-EU countries, database choice played a much
greater role in determining trends.

Methodological choices significantly affected data consistency, particularly
SWIID’s oversmoothing and WID’s fiscal-data inclusion, which lowered correlations
in some cases (De Maio, 2007; Alvaredo et al., 2016). This conclusion particularly ap-
plies to post-Soviet countries that are not part of the EU, where the richest individuals
may have disproportionately more income than in most CEE countries, and where ac-
cess to high-income data may be more difficult, resulting in significantly lower data
consistency.

Hypothesis H2 tested the stability of country rankings over time. Results showed
that EU countries exhibited greater ranking consistency, particularly after 2004, likely
due to improved data quality from EU statistical integration. In contrast, non-EU coun-
tries showed significant variation, with rankings shifting by up to 10 places for some
measures.

Despite inconsistencies, some ranking patterns remained stable. Czech Republic,
Slovakia, Slovenia, and Hungary consistently ranked among the least unequal, while
Georgia and Turkmenistan were among the most unequal. Within each database, rank-
ings remained largely consistent, typically shifting by only one place. This suggests that
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for non-EU countries, the choice of database has a stronger impact than the choice of
measure.

Hypothesis H3 examined value consistency across databases, revealing that full
consistency was not found. Variation was more limited in EU countries, while non-EU
countries showed greater inconsistencies, particularly for measures like the Palma ratio.

In conclusion, the article indicates a high level of consistency in income inequality
trends over the long term and highlights strong correlations between different data
sources for the same measures. However, they are inflated by the high consistency of
data for EU countries, which is why only for this subgroup it would be possible to truly
confirm the existence of consistent trends. The ranking of countries is most consistent
in the context of extreme equality or inequality and between measures from the same
database, while the occurrence of full consistency in the values of individual measures
practically does not occur, which is the result of inconsistency at the level of the values
of given measures, even if the level of their variance is moderate.

The key finding is that data selection is crucial when studying income inequality,
requiring awareness of methodological challenges across measures, sources, and coun-
tries. The analysis revealed that SWIID's oversmoothing and WID's use of fiscal data
led to significant data divergences, sometimes even producing contradictory year-on-
year trends. The extent of these issues depends on the country and research focus. For
EU countries, data from a single database tend to show consistent development trends,
regardless of the measure. However, in international comparisons, where country dif-
ferences play a larger role, the choice of data source becomes more critical—although
its influence weakens over time. For instance, selecting a Palma ratio dataset for 2000
requires greater caution than for 2020 due to historical inconsistencies. For non-EU
post-socialist countries, low correlations between datasets, significant discrepancies be-
tween measures, and unstable rankings highlight the need for careful selection of both
the measure and data source. In such cases, any choice can lead to vastly different re-
sults, making methodological justification essential. This applies both to analyses for
single countries and especially to broad international comparisons.
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On a new goodness-of-fit test for multivariate normality with fixed
parameters based on the David-Hellwig test idea

Grzegorz Konczak'

Abstract

The article presents a proposal for a goodness-of-fit test for multivariate normality. The idea of
the test is based on the empty cells test, which is well known in the literature. In the empty cells
test, the area of the random variable's variability is divided into m disjoint cells. Assuming the
truth of hypothesis Hy, which proclaims the multivariate normality of the distribution with
given parameters, disjoint cells are arranged in such a way that random values with equal
probabilities are in each cell. Based on the n-element sample, the number of empty cells, i.e. the
cells without any elements from the sample, is determined. Crucial to the proposed procedure
is the division of the multidimensional area of variation into disjoint cells. The advantage of
this test is that it can be used for relatively small samples. In the article, a simulation comparison
of the proposed test's properties and the Kolmogorov-Smirnov test's multivariate version is
carried out.

Key words: multivariate normality, inferential statistics, empty cells test, Monte Carlo study.

1. Introduction

Evaluating normality is essential for various statistical methods that rely on the
assumption of data being normally distributed. Normality assessments aim to ascertain
whether a data assemblage deviates markedly from the Gaussian distribution (Hernan-
dez, 2021). A variety of normality tests are employed in practice, with the most preva-
lently utilized being the Shapiro-Wilk test (Shapiro and Wilk, 1965), the Kolmogorov-
Smirnov test (Kolmogorov, 1933; Smirnov, 1939), the Lilliefors test (Lilliefors, 1967),
the Anderson-Darling test (Anderson and Darling, 1952), and the Jarque-Bera test
(Jarque and Bera, 1980). The normality tests mentioned above represent merely a small
component of such methodologies. Hernandez (2021) delineates a comparative
analysis of 55 normality assessments. This plethora of normality assessments arises
from the fact that deviations from normality can exhibit a wide variety.
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The evaluation of multivariate normality is considerably more complex. Multivar-
iate normality constitutes a vital presumption in numerous multivariate statistical anal-
yses, ensuring the integrity of methodologies such as MANOVA and PCA. Many sta-
tistical tests of multivariate normality have been documented in the literature. Tradi-
tional assessments for multivariate normality, such as those formulated by Mardia
(1975), concentrate on evaluating skewness and kurtosis within multivariate datasets.
These assessments have been foundational in discerning deviations from normality.
Mardia (1975) elaborates on various methodologies for assessing multivariate normal-
ity, underscoring significant advancements such as techniques based on Mahalanobis
angles and distances. Malkovich and Afifi (1973) discuss the generalization of univari-
ate skewness and kurtosis statistics, in conjunction with the W statistic by Shapiro and
Wilk, to evaluate multivariate normality using Roy's union-intersection principle.
Kankainen, Taskinen, and Oja (2007) introduced assessments for multivariate normal-
ity that extend classical univariate measures to a multivariate context. These assess-
ments are based on the Mahalanobis distance between multivariate location vector es-
timates and the distance between scatter matrix estimates. The authors developed an
asymptotic theory to provide approximate null distributions and assess the asymptotic
efficiencies of these assessments. These evaluations are particularly advantageous in
practical applications where data may not strictly conform to normality assumptions,
offering a reliable alternative to classical methodologies.

Liang and Yang (2022) proposed a novel assessment that amalgamates necessary-
only characterization and statistical representative points. They also present an illustra-
tive example, accentuating the assessment's supplementary function alongside existing
assessments in the literature. Mudholkar, McDermo, and Srivastava (2024) presented
a multivariate adaptation of the Lin and Mudholkar (1980) z-assessment for evaluating
univariate normality, offering an accessible methodology. The research contributes to
the understanding of multivariate normality evaluation and provides empirical refine-
ments for the Zp assessment. Székely and Rizzo (2013) examined the theory and appli-
cations of energy statistics, showing their efficacy in inference and multivariate analysis.
They discuss energy distance, a statistical distance that characterizes the equivalence of
distributions of random vectors, drawing an analogy to Newton's gravitational poten-
tial energy. Mardia (2024) discussed the statistical properties of multivariate distribu-
tions, mainly focusing on multivariate skewness and kurtosis measures. It presented
alternative forms of these measures and their applications in testing multivariate nor-
mality. The author derived exact moments and new approximations for the distribu-
tions of certain bilinear forms under multivariate normality. Additionally, the paper
examines the impact of non-normality on the size of normality theory tests for covari-

ance matrices.
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1.1. Types of departures from the multivariate normality

Deviations from multivariate normality can take various forms. There are some
typical departures from multivariate normality. Below, we present several typical
examples of departures from multivariate normality distribution (Domanski, 2009;
Domanski, 2011; Joenssen and Vogel, 2014; Ebner and Henze, 2020; Mardia, 2024):

e Uneven distribution of data in multidimensional space

When data comes from a mixture of normal distributions, clusters with distinct

locations and scales may occur. For example, a mixture of two normal distributions

may generate bimodal data, i.e. with two distinct maxima. Quantile-quantile plots

(qq-plot), probability plots, perspective plots, and contour plots can reveal such

uneven distributions.

e Deviations from linearity on diagnostic plots

On quantile-quantile and probability plots, deviations from linearity suggest

departures from normality. For instance, a curved shape on a gg-plot may show

skewness or kurtosis in the distribution.
e Non-zero values of multivariate measures of skewness and kurtosis

Multivariate measures of skewness b, and kurtosis b,, measure deviations from

symmetry and the shape of the normal distribution. Non-zero values of these

measures suggest departures from multivariate normality.
e Presence of outliers

Outliers can significantly affect the results of multivariate normality tests. For

example, on gg-plot, outliers often manifest as points far from the regression line.

Removing outliers may lead to changes in test results and better fit to the normal

distribution.

o Elliptical distributions

Elliptical distributions form a broader class of distributions to which the normal

distribution belongs. Multivariate normality tests may not be sensitive to deviations

from normality within this class.
e Non-normal marginal distributions

Therefore, it is essential to use multivariate normality tests, not just assessing the

normality of particular variables.

Outliers can significantly affect the results of multivariate normality tests, and their
removal can lead to a better fit for the normal distribution. It should be noted that even
if the multivariate distribution is not normal, individual marginal variables may show
a normal distribution.

There are many ways in which data can deviate from multivariate normality,
including the uneven distribution of data in multivariate space, deviations from
linearity in diagnostic charts, outliers, and elliptical distributions.
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1.2. Types of tests for multivariate normality

Numerous methodologies for testing multivariate normality represent
advancements in univariate normality testing. The majority of existing multivariate
probability tests can be classified into four distinct categories (Domanski and Pruska,
2000; Cramer and Howitt, 2004; Domanski, 2009):

1. Procedures predicated upon graphical representations and correlation metrics,
2. Goodness-of-fit assessment methodologies,

3. Tests formulated based on skewness and kurtosis statistics,

4. Consistent methodologies derived from the empirical characteristic function.

The first of these categories involves visual data analysis using graphs, such as
quantile-quantile charts (Royston, 1982). Perspective and contour charts can also be
used for two-dimensional data (Korkmaz, Goksuluk, and Zararsiz, 2014). These charts
allow one to assess whether the data follow the expected normal distribution (Koziol,
1993; Liang and Ng, 2009). For example, deviations from linearity in a qq-plot suggest
deviations from normality.

Generalized goodness-of-fit tests make it possible to compare the empirical distri-
bution of data with a theoretical normal distribution. Examples of such tests include
the extension of the Anderson-Darling test proposed by Hawkins (Domanski, 2011),
the Kolmogorov-Smirnov test (Kesemen et al., 2021), the Cramér-von Mises test
(Hernandez, 2021), and the chi-square test.

Tests based on measures of skewness and flattening use multivariate generaliza-
tions of skewness and flattening statistics to assess normality. Tests based on the
measures mentioned above include Mardia (Mardia, 1975; Domanski, 2009), the
Doornik and Hansen omnibus test (Doornik and Hansen, 2008), and tests based on
a multivariate version of the Shapiro-Wilk test (Domanski, Gadecki, and Wagner, 1989).

Procedures based on empirical characteristic functions use an empirical character-
istic function to compare the sample distribution with a normal distribution. An exam-
ple of such a test is the Henze-Zirkler test (Szekely and Rizzo, 2013).

Many multivariate normality tests are extensions of one-dimensional normality
tests. The appropriate test choice depends on the specifics of the research problem,
sample size, and expected deviations from normality (Joenssen and Vogel, 2014).

1.3. Testing multivariate normality

Multivariate normality tests allow us to assess whether a multivariate dataset
follows a multivariate normal distribution. The multivariate normal distribution is an
essential assumption in many statistical modeling and inference methods. Many
multivariate normality tests are available, each with its advantages and disadvantages.
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Researchers have extensively explored various statistical approaches to evaluate the
multivariate normality assumption due to its critical role in ensuring the validity of sta-
tistical inferences. The literature on multivariate normality tests encompasses a range
of methodologies developed to assess the assumption of normality in multivariate dis-
tributions. Traditional tests such as Mardia's test (Mardia, 1974) focus on multivariate
skewness and kurtosis, providing a measure that helps identify deviations from nor-
mality based on these higher moments. Henze-Zirkler's test (Henze and Zirkler, 1990)
employs statistics based on the Mahalanobis distance, offering robustness against sam-
ple size variations and good power against alternatives. The Royston test (Royston,
1983) for multivariate normality extends the Shapiro-Wilk test for univariate normal-
ity. It involves transforming the Shapiro-Wilk statistic into one that Royston claims to
be approximately chi-squared distributed with equivalent degrees of freedom, calcu-
lated based on the cumulative distribution function for the standard normal distribu-
tion. The test statistic combines the Shapiro-Wilk statistics for the separate variables.

The energy multivariate normality test (Székely and Rizzo, 2013, 2017; Mori,
Székely, and Rizzo, 2021) is a distance-based test that assesses multivariate normality
by comparing the energy of the observed data with the energy of data sampled from a
multivariate normal distribution. The energy of a dataset is a measure of dispersion or
spread, calculated based on the distances between observations in the dataset. This test
computes a test statistic based on the difference in energy between the observed data
and simulated multivariate normal data. Departures from multivariate normality are
detected if the observed energy significantly differs from the expected energy under the
null hypothesis.

Recent approaches include copulas and bootstrap methods, allowing for more flex-
ible testing in complex data structures. These modern techniques address the limita-
tions of classical tests, such as their sensitivity to outliers and dependency on large sam-
ple sizes. The literature also discusses the practical applications of these tests in fields
ranging from finance and economics to the biological sciences, where the correct iden-
tification of data normality significantly impacts the conclusions of empirical research.
Opverall, the evolution of multivariate normality tests reflects a broader trend toward
more computationally intensive and more accurate statistical methodologies in the face
of increasingly complex data.

Commonly employed methods include multivariate extensions of univariate nor-
mality, distance-based, and transformation-based tests. Multivariate normality tests
typically examine the distributional properties of multivariate data while considering
the interrelationships among variables. Among these, tests such as Mardia's, Henze-
Zirkler, and Royston's tests are widely used, leveraging sample moments and distribu-
tional properties to assess departures from multivariate normality. On the other hand,
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distance-based tests rely on measures of distances or dissimilarities between observa-
tions to evaluate deviations from multivariate normality. Examples include the Ma-
halanobis distance criterion and the correlation ratio criterion, which assess the ade-
quacy of the observed data distribution compared to the multivariate normal distribu-
tion.

Furthermore, transformation-based tests involve transforming multivariate data to
conform more closely to a multivariate normal distribution and assessing the goodness
of fit of the transformed data. Despite the availability of these diverse methodologies,
challenges persist in their application, including the sensitivity to sample size, dimen-
sionality, and underlying distributional characteristics. Additionally, the choice of
a proper test depends on the specific characteristics of the dataset and the research con-
text. As such, further research is warranted to develop robust and versatile methodolo-
gies for assessing multivariate normality across diverse research domains.

In statistical research, the inference of unknown population parameters is often
carried out based on random samples. In the case of characteristics measured on strong
scales (interval and ratio), samples of relatively small sizes are sufficient to carry out the
inference effectively.

The multivariate goodness-of-fit multivariate normality test is proposed in the pa-
per. The hypothesis regarding the distribution of the multivariate random variable will
be examined. The idea of this proposal is based on the empty cells test.

2. The proposal of a goodness-of-fit multivariate normality test based on
the idea of David-Hellwig empty cells

The empty cells test (David, 1950; Hellwig, 1965; Domanski, 2012) is one of the
goodness-of-fit tests. The hypothesis regarding the form of the distribution of random
variables can be assessed with this test. A random variable's entire area of variability is
divided into m cells, and the number of elements from the random sample in each cell
is counted. Then, the number of empty cells is counted. This number of empty cells is
compared to the critical value. Domanski and Pruska (2000) presented the interpolated
critical values for the empty cells test statistic.

Let us assume that an n-elements random sample was taken from the population.
We will test the hypothesis about the form of the distribution

Hy: F(x) = Fy(x)
against the alternative
Hy:F(x) # Fy(x)

where F, is the specified distribution.
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First, we divide the random variable's variability area X into m disconnected cells
M.i. It could be written as (Konczak, 2005, 2008):

X=UR M (1)
where X is the area of variability X of the random variable X, and
M;nM; =@, for,i,j € {1,2,...,m}i#jfori=1,2,...,m and

P(x€M) =, )

fori=1,2, ..., m, if the hypothesis H is true.
The test statistic in the empty cells test has the following form:
K, = card{j:m; = 0}
where m; means the number of elements from a random sample in j-th cell.

The critical area of the empty target test is right-sided.

Under the assumption of the truth of the hypothesis H, for a division into m
targets, the probability of k empty cells, when an n-element sample is taken, is expressed
by the following formula (Hellwig, 1965):

n

pem) = () Zre - (M) (1- 5 ()

and the cumulative probability function has the following form:
— n
Penm) = 2 () 2w - (M, 7) (1- ) )
For the assumed significance level a the rejection region could be denoted as:
K={k:k>K,,}

where K. are taken from tables (e.g. David (1950), Hellwig (1965), Domanski and
Pruska (2000).

Domanski (2011) points out the superiority of the power of the empty cells test over
the Shapiro-Wilk test in testing unidimensional normality for sample sizes of n<20.

The one-dimensional and multivariate normality tests presented above over-
whelmingly do not consider the case of known parameters. Among the few exceptions
is the Kolmogorov-Smirnov test, which checks for conformity to a distribution, partic-
ularly a normal distribution, with fixed parameters. There are few goodness-of-fit tests
for multivariate normality, and those that exist are highly constrained. McAssey (2013)
presented a multivariate goodness-of-fit test based on Mahalanobis distances. Some
tests are extremely complex to implement, so much so that they can handle only three
or four p-variates (Romeu and Ozturk, 1993). Hanusz, Tarasinska, and Zieliniski (2012)
modified the Shapiro-Wilk test for the case of normality with a known mean.

Let X = (X3, X3, -+, X) be the k-dimensional continuous vector random variable
with the cumulative distribution function F(x). Let xq,x,,-,x, where x; =
(i1, Xi2,+++, xix) for i = 1,2, -+, n, be an n-element sample.
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Let us consider the simple null hypothesis of multivariate normality denoted by the

form:
HO: Fp(x) = Fop(x)

where Fo, (x)~Ny(x; to,Zo), Mo and Ey are given vector of means and covariance
matrix,

against the alternative hypothesis
H 1=~ H, 0

Ly +20y

y+ay

Ly =20y
ix— 20 ix = Ox i Lix+Ox i+ 2

Figure 1. The idea of constructing cells for goodness-of-fit test for bivariate normality (m = 20)

For the application of the empty cells test for multivariate normality, it is necessary
to identify disjoint cells that satisfy conditions (1) and (2). The idea of cells construction
is based on using confidence ellipsoids and then dividing the created areas into 27
targets, where p is the dimension of the space. A visualization of how the area of
variation is divided into cells is shown only for a two-dimensional distribution (p = 2).
Figure 1 shows the idea of target construction for the case of a two-dimensional normal
distribution with a vector of expected values pg = (uy, tty) and a covariance matrix

2
o Ox O,
o= * X ZY . The division of the area of variation into m = 20 cells is shown.
O0x0y Oy
For the indicated cell design, the probabilities of observations occurring in all cells

under H, are the same.
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The p-dimensional ellipsoids are determined by:

(x — o) E5 M (x — o) < X§,1—a 5)

where
x € RP,
Ho - given vector of expected values,
X, - given covariance matrix (dimension pxp),
Xp1-q - quantile of the chi-squared distribution with p degrees of freedom at
confidence level 1 — a.

The division of the elliptic strip into 2P cells is determined by the eigenvectors of

the X, matrix.

Figure 2 shows the partitioning into m = 20 cells for a two-dimensional normal

distribution with an expectation vector gy = (0,0) and a covariance matrix Xy =

[017 0i7]. The figure shows n = 20 element random samples from a two-dimensional

normal distribution. In the general case, the number of cells m may differ from the
sample size n. If m # n, the critical values can be determined based on (3) and (4). In
the case of m = n, critical values can be obtained from Domanski and Pruska (2000).
The theoretical contour plot represent the bivariate normal distribution with
parameters pg and Zg. The empirical contour plots in Figure 2 show estimates from an
n =20 element sample of the density of the distribution. Two variants of expected values
of X and Y variables were considered:

a) p=(1,0)

b) n=(22)

4 4

Figure 2. Sample of n = 20 elements with empirical and theoretical, under Ho, contour plot
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For the sample size n = 20, the number of cells m = 20, and the significance level
a=0.05, the interpolated critical value in the empty cells test equals 9.96 (Domanski and
Pruska, 2000). This means that hypothesis Hy is rejected if the number of empty cells is
greater than or equal to 10. In both cases shown in Figure 2, the number of empty cells
is k=11 (left) and k = 15 (right). In both cases presented in Figure 2, the hypothesis Ho
should be rejected for the assumed significance level @ = 0.05.

3. The properties of the test - Monte Carlo study

The simulation analyses carried out evaluated the probability of rejecting the H,
hypothesis. The size and power of this test were analyzed. Simulation analyses were
conducted for a two-dimensional normal distribution. Two variants were considered:

a X, U W — 1.0 0.0

) Nz( y Ho» 20), heleuo = (0’0),2 — [

b X, U ) wW. - 1.0 0.7
) NZ( » Ho» 0)) here H.O = (0,0), }:0 = [

Random values were generated for variant (a) or (b) assuming changes in expected

values
6y = 0.0,0.1,...,1.5; 8, = 0.0,0.1, ...,1.5.

If 8y = 6y = 0.0, then the hypothesis Hy was true, otherwise Hy was false. The
estimated probabilities of rejecting Hy were obtained by a Monte Carlo study. The
sample sizes considered were n = 12, 20, and 28. In all considered cases, the number of
cells was set to m = n, and the number of simulations was established to N = 1,000. The
largest possible standard error when considering rejection proportions of multivariate

normality with 1,000 simulations is g5 = \/ﬁ(lN—ﬁ) = \/ 0'5;1);3'5) ~ 0.0158.

In generating random samples from a two-dimensional normal distribution, the
rmvnorm function from the mvtnorm package in R was used (mvtnorm 2025). The
function allows to generate random values from a multivariate normal distribution with
a given vector of expected values pu and covariance matrix X .

The probabilities of rejecting Hy were estimated for the multivariate Kolmogorov-
Smirnov test (KS) and the described proposal multivariate normality test (mvnDH).
Figure 3 shows the power function of the mvnDH test of concordance and the KS test
for a two-dimensional normal distribution for independent variables (variant a). The
presentation includes sample sizes of n = 12, 20, and 28. It is noticeable that the power
of both tests increases as the sample size increases. In all cases, the KS test features
a slightly higher power. Figure 4 shows the power function of the mvnDH concordance
test and the KS test for a two-dimensional normal distribution for the dependent
variables (variant b). The presentation includes sample sizes of n = 12, 20, and 28. It is
noticeable that the power of both tests increases as the sample size increases. For
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simultaneous increases in the expected values of both variables (X and Y), the
probability of rejecting the Hy hypothesis for the KS test is higher than for the mvnDH
test. However, when increasing the expected value of only one variable (X or Y), the
probability of rejecting the Hy hypothesis for the mvnDH test is greater than for the KS
test. Depending on the type of deviation from Hy, the effectiveness of the analyzed tests
is not the same.

DH KS

=u

cl

Y
=u

/4

=u

8C

0.0 05 1.0 15 0.0 0.5 1.0 1.5
58X

. (0.0,0.1] . (0.2,0.3] . (0.4,0.5) . (0.6,0.7] (0.8,0.9]
. (0.1,0.2] . (0.3,0.4] . (0.5, 0.6] . (0.7, 0.8] (0.9, 1.0]

prob

Figure 3. Estimated probabilities of rejecting Ho for the case a) - independent variables
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. (0.1,0.2] . (0.3,0.4] . (0.5, 0.6] . (0.7,0.8] (0.9,1.0]

prob

Figure 4. Estimated probabilities of rejecting Ho for the case b) - dependent variables

4. Conclusions

In reality, many economic, social, or medical issues are complex and involve mul-
tiple dimensions. This article addresses the issue of statistical inference for multivariate
normality tests. A proposal for using the empty cells test to assess multivariate normal-
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ity is presented. The idea of this test is based on the concept of empty cells. In conduct-
ing an empty cells test, it is crucial to partition the area of variation into disjoint cells,
which is particularly significant in multivariate analysis. In the proposed testing proce-
dure, cells are defined by confidence ellipsoids and are further segmented along the
eigenvectors of the variance-covariance matrix. This division of the area of variation
ensures equal probabilities of observations in the cells under Ho. The proposed test val-
idates the conformity of the empirical distribution to a preset, precisely specified, mul-
tivariate normal distribution. Accordingly, it reacts not only to changes in the parame-
ters of the distribution, but also to deviations from normality, in particular to the
occurrence of a distribution type other than normal.

In simultaneous increases in the expected values of both variables (X and Y), the
probabilities of rejecting the H, hypothesis for the KS test are greater than those for the
mvnDH test. However, increasing the expected value of either variable (X or Y) en-
hances the likelihood of rejecting the Hy hypothesis in the mvnDH analysis compared
to the KS test. The performance of the analyzed tests is inconsistent, contingent upon
the form of deviation from H,. In some cases of deviation from multivariate normality,
the mvnDH test has greater power than the KS test. Due to the discrete nature of the
test statistic (number of empty cells), it is recommended that the researcher specify
a larger number of cells.

The advantage of the proposed mvnDH test is its intuitive idea and the possibility
of relatively easy programming of the relevant functions.
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The concept of a behavioral model of decision-making
under risk

Ewa Falkiewicz!
Abstract

This study outlines the decision-making process under risk considering the psychological

aspects of the decision-maker. The aim is to construct a principle of an optimal decision for

an individual decision-maker. The study considers a finite, d iscrete s et o f a cceptable deci-
sions, a set of possible world states and a system of probabilities of these states (where the

probabilities are either known or subjectively estimated by the decision-maker), and a utility

matrix of making each decision in particular world states. The proposed process of optimi-

zing the decision addresses not only the rationality of the person making but also emotional

aspects of the person making the decision. Rationality is represented by the value of the uti-

lity function of the benefits resulting from making a decision in a possible world state. The
behavioral part of the model involves two emotions important to decision-making: regret

over making a decision that brought less utility than possible in the given conditions and

satisfaction with the choice which proved better than the worst option. The first e motion is

represented by the regret function and the other by the satisfaction function. New notions are

defined: relative utility and expected relative utility of particular decisions used to construct
the principle of an optimal decision under risk.

The presented theory thus supplements the prospect theory, as it accounts for regret and

satisfaction in the decision-making process under risk. This idea is part of behavioral econo-

mics, yet not standing in opposition to classical economics. Its advantage is that it considers

both psychological and rational factors in the decision-making process.

Key words: utility function, prospect theory, decisions under risk, regret function, satisfac-
tion function, expected relative utility.

1. Introduction

This paper is inspired by the prospect theory (Kahneman and Tversky, 1979; Jajuga,
2008), which is part of behavioral economics and states that the actions of an individual
making economic decisions are guided not only by rationality, but also by psychological
factors.

A decision-making model is examined in which one decision-maker desires to make
a decision that is optimum under risk; that is, he knows the possible states of the outside
world and the distribution of their probabilities (these probabilities can be understood in the
classical sense and treated as objective) or does not know the probabilities of the particular
world states but estimates them subjectively (these are subjective probabilities in the cir-
cumstances (Sadowski, 1981), a concept first introduced by Savage (1954)). Savage pointed
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out that the probability of certain events (e.g., wars, natural disasters, economic crises) is
unknown in decision-making situations involving uncertainty. Subjective probability, intro-
duced by Savage, expresses the degree of someone’s conviction that a given event may take
place (Tyszka et al., 2004). Here, subjective probability should be understood as the extent
of belief that a given state will occur; although this degree, for a given state, in certain
circumstances, may differ among various decision-makers.

Let the following be given:

* a set of acceptable decisions M = {d,,...,d;}, which, for the sake of simplicity, is
discrete and finite,

* aset of external world states S = {s1,...,s,} with a corresponding system of probabi-
lities p1,..., pn, Where p; = P(S = s;) is the probability of the state s; for j=1,...,n,
with p; > 0 and ):7=1pj =1.

* a benefit function

k:MxS—R,
which assigns each possible pair (d;,s;) of a decision d; € M and external world state
sj € S to areal number x;; € R, to be known as the benefit of a decisiond;, i=1,...,k
inthe state s;, j=1,...,n:

k(d,’,Sj) :xij. (1)

The values of the benefit function (1) can be represented by a matrix of benefits (Table

1). Let
K :=k(M xS)

be a set of benefit function values (1).

Table 1. A matrix of benefit function

Probabilities Pt P2 .- Dj .- Dn
Decisions/states | s 2 ... Sj ... 8y
dl X11  X12 X]j Xin
dy X21 X2 ... X2j ... X
d; Xl X e Xij ..o Xin
dk Xkl Xk2 cee Xkjooeee Xk

It is the decision-maker’s aim to choose a decision that is optimal from his point of view.

The principle of maximizing the expected value (benefit), formulated by Pascal, is the
oldest method for selecting an optimum decision under risk. For any decisiond;, i =1,... k,
the expected value of benefits needs to be calculated, considering all the known states of the
external world and their probabilities:

n
EXi =) xijp;, 2
j=1
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The decision is optimal for which the expected value of benefits formulated with (2) is
maximum:
max EX;. 3)

Although the theory of maximizing expected value was the starting point for Marko-
witz’s portfolio theory (Markowitz, 1952), it has faced criticism. Its weakness consists in
the fact that it fails to address the risk or the decision-maker’s subjective approach, for in-
stance. It was already noted by Daniel Bernoulli, in 1738, in the so-called St. Petersburg
paradox, in which the value of the expected payoff is infinite (the game involves flipping a
coin and ends when tails are up, and the payoff is 2", where n is the number of tosses). Thus,
someone guided by the principle of maximizing expected profit should pay an infinite sum
to take part in the game, which sounds like a paradox. Bernoulli pointed out that people,
in practice, are driven in their decisions not by the rule of maximizing the expected pay-
off, but by maximizing the expected utility, which he understood as the psychological value
of money. Based on this observation, Bernoulli suggested a novel approach to evaluating
bets. As Daniel Kahneman (2012) writes: "His idea was simple: human choices are based
not on the monetary values of possible choices but on their psychological value, or utility.
The psychological value of a bet is therefore not a weighted average of possible financial
results, but an average of their utilities, where the utility of each result is weighted based on
its probability":

Eu(Xi) =Y u(xij)p;, 4)
=1

where u(x;;) is the utility of benefits from making the decision d; given the world’s state s;.
The optimum decision is the one for which the expected value of utility formulated as (4) is

maximized:
max Eu(X;). (5)
l

The utility of a certain amount of money is a subjective value that can vary among
individuals. In order to arrive at a reliable decision-making criterion, therefore, one should
be guided not only by the rule (5), but also take into account the value of standard deviation,
for example, a measure of risk, or the coefficient of variation. The classic version of the
theory of maximizing the expected utility is available in the monograph by von Neumann
and Morgenstern (1947). New theories emerged over successive years of selecting optimum
decisions under risk that began to consider psychological factors, for instance, Savage’s
theory of subjective expected utility (Savage, 1954) and the prospect theory (Kahneman
and Tversky, 1979) — for which Daniel Kahneman was awarded the Nobel Prize in 2002
— are based on the assumption that human choices are unstable and context-dependent,
chiefly on whether a decision is made when losses are sustained or profits are generated.
The theory of regret, introduced independently by Bell (1982) and Loomes and Sugden
(1982) and developed by Quiggin (1994), continues the concept of decision-making by
addressing behavioral factors. Regret is expressed as the difference between the utility of a
given decision’s result and the utility of the best result of all decisions in a given situation
(Zaton, 2010).
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2. The behavioral model of decision-making under risk considering
regret and satisfaction

In this study, a method for choosing the optimum decision under risk is proposed. This

method is an extension of the methods described in Chapter 1. It refers back to the theory
of regret (Bell, 1982; Loomes and Sugden, 1982) by considering the role of this emotion
in the decision-making process. It is also an expansion: an emotion contrary to regret —
joy, satisfaction — is taken into account. In addition, the model uses the utility function that
meets the assumptions of the prospect theory (Kahneman and Tversky, 1979). However, as
Daniel Kahneman (2012) states: "The prospect theory and the theory of utility are unable to
explain the phenomenon of regret. They both assume that all available options are evaluated
separately and independently when making a decision; then, the option with the maximum
value is selected. (...) such an assumption is certainly wrong."
Besides rationality, the considered model takes behavioral factors into account. Two strong
emotions are analyzed from the viewpoint of decision-making: regret at making a decision
that brings lesser utility than is possible in a given world state (this section refers back to the
regret theory, Quiggin (1994))—and an opposite emotion—satisfaction with making a choice
that is better than the worst in a given world state. Each emotion is represented by their
respective functions of regret and satisfaction.

Let u : K — R be the function of utility that, for each benefit x;; = k(d;,s;) € K C R of
making decision d;, i = 1,...,k in a world state s;, j = 1,...,n (described by the function
of benefit (1) and present in the matrix of benefits in Table 1), ascribes a certain subjective
value, which is individual for each decision-maker:

Xjj = u(xij). (6)

Since the function of utility depends on decision-makers’ individual preferences, it may
vary for different persons. It is assumed, nonetheless, that the function has certain charac-
teristics shared by all decision-makers. Namely, the utility curve u : K — R is assumed to
meet the assumptions of the value function from the prospect theory (Kahneman and Tver-
sky, 1979); that is, its shape is different for gains and for losses.

Assuming 0 € K is the reference point for the decision-maker’s gains and losses, the
utility function can be described as follows:

1. ueC? (K), i.e., it is continuous and has first and second order derivatives,

2. Vyek x>0 u(—x) <0 < u(x) Au(0) =0 - the utility of losses is negative, that of gains
is positive, and that of zero benefit is zero,

3. Yy, ek (x 1 <x2 = u(x1) <u(xz)) - the utility is an increasing function,

4. Viek x>0 |u(—x)| > u(x) - the function is steeper for losses than for gains (a loss is
more painful than a gain is enjoyable),

2 . . L
5. Viek <0 % >0A % > 0 - the utility function for losses rises in a convex manner,
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2 . . .
6. Viek x>0 % >0A % < 0 - the utility function for gains rises in a concave manner.

Where the sets of decisions M and external world states S are finite, the values of the
utility functions (6) can be illustrated with a matrix of utility (Table 2), as in the case of the
benefit function (1):

Table 2. Utility matrix
Probabilities p1 P2 ... Dj ... Dn
Decisions/states K| K .. s ... Sn
di u(xr)  u(x) o oulxyy) .. u(xig)
dy ulxar) u(xz) .o.oulxgy) ... u(xon)
d; ulxpy)  ulxp) ..oou(xg) ..o uxi)
di ulxer)  ulxa) oo u(xg) o u(X)

Definition 2.1 The general model for decision-making under risk (GMR) is called the
system (M,S,P,U), consisting of:

o the set M = {dy,...,dy} of acceptable decisions, discrete and finite for the sake of

simplicity,
* the set S = {s1,...,sn} of external world states,
s the probability distribution P = (p1,...,py) of the external world states, where p;j =

P(sj) for j=1,....n, with¥j—1 __,p; > 0 and Yi—1pj =1 (as part of the model,
the probabilities p ; may be either objective or subjectively estimated by the decision-
maker),

o the utility matrix U = [u(xij)|i=1,. k, j=1,..n» where u(x;;) is the utility of making de-
cisiond;, i=1,...,kin aworld state s;, j =1,...,n, i.e. the value of utility function
u that satisfies the above assumptions 1.-6. of the prospect theory.

Remark 1 Insofar as, there is precisely one benefit function (1) for all decision-makers
for a given decision-making system (M,S,P,U), there can be a different utility function (6)
for every decision-maker (the function of utility depends on the individual preferences of
persons making decisions).

It is the decision-maker’s intention to choose an optimum decision in probable world
states s1,...,S8,.

Remark 2 Note that the rows of the benefit matrix (Table 1) can be considered as the values
of random variables X1, ..., Xy, where X; is the benefit of making a decision d;, i =1,... k.
Therefore, for everyi=1,... k, the distribution of random variable X; is known (Table 3).

Table 3. Benefits distribution
Xij Xl X2 ... Xip
PXi=xij) | p1 P2 .. Pn
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Since the utility function u : K — R is continuous, from the theory of probability (Evans
and Rosenthal, 2009), it is known that u(X;) is also a random variable for every i = 1,.. . ,k.
What is more, since u is a monotonous function, the probability of the particular benefits’
utility is equal to the probabilities of these benefits, i.e.

P(u(X;) =u(xij)) =PX;=x;;)=p, fori=1,... .k, j=1,...,n. (7

Therefore, the probability distribution of the random variable u(X;) denoting the utility
of making i-th decision for every i = 1,...,k is the same as that for the random variable X;
(Table 4).

Table 4. Utility distribution

u(xi;) ulxin)  ulxp) oo ulxip)
P(u(X;)) =u(x;)) | p P2 - Pn

The present model of decision-making under risk is designed to consider not only the
rationality of a decision-maker but also psychological factors. The rational determinants are
the values of the utility function (from the utility matrix, Table 2) for the specific gains in the
subsequent world states. The behavioral determinants are two strong emotions associated
with decision-making: regret at selecting a suboptimal result possible in a given world state,
and satisfaction with choosing a result better than the worst in a given world state. Two
functions are defined for describing emotions: one of regret and one of satisfaction. Let U
be the set of values of the utility function u : K — R, i.e.

U :=u(K). (®)

Definition 2.2 Let
r:U—R_U{0} )

be a continuous function that attributes to the utility u(x;;) of making i-th decision in j-th
world state the difference between this utility and the maximum utility that can be derived
from any decision in a known j-th world state:

r(u(xij)) = u(xij) — g?gku(xu) 1= rij. (10)

The function r defined with (10) will be called the regret function.

Note that the values of the regret function are not positive; they are negative if, in a
given world state, the utility of gains from a decision under consideration is lower than the
greatest utility of another decision. The value of this negative number serves as a measure
of regret. They are zero if the utility of benefits from the considered decision is maximum in
a given world state. In the case of a finite, discrete set of decisions and a finite, discrete set
of world states, the values of the regret function for the particular decisions can be grouped
into a matrix that will be referred to as the matrix of regret:

M, = [rijli=1, .k, j=1,...n- (11)
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Example 1 Let a set of acceptable decisions M = {d),d»,ds,ds}, a set of external world
states S = {s1,82,53} and their corresponding probabilities py = 0.8, p» = 0.15, p3 = 0.05,
and a matrix of utility of making the particular decisions in the subsequent world states be

given:

Table 5. Utility matrix - example 1,2

Probabilities 0.8 0.15 0.05
Decisions/states S1 52 s3
di 8 14 20

dy 10 10 10

ds 15 0 -40
dy -10 80 100

Considering the first world state s, it is clear that the maximum utility of 15 can be
attained in the case of the third decision d3, namely

1) = 15.
lrgia§><4u(x,1)

Thus, relying on equation (10), the first column of the regret matrix, or the value of
regret in the first world state 51, can be calculated as:

i =u(x11)—1f£?1<§u(xil) =8—-15=-7,

ra1 = u(xa1) — 1@?2(4“()6“) =10—-15= -5,
o (12)
r31 = u(xs;) — lrgl;g(“u(x,'l) =15-15= 0,

ra1 = u(xq1) — 112?2(414()6,-1) =—-10—15= -25.

Proceeding likewise for the second state s;, with its maximum utility of 80 (max;<j<4 u(xj2) =
80) that can be reached for the decision dy4, the second column of the regret matrix is gene-
rated:

ri2 = u(x12) — max u(xp) = 14— 80 = —66,
1<i<4

o = u(x2) — max u(xp) = 10— 80 = —70,
1<i<4 (13)
r3 = u(x3y) — max u(xp) = 0—80= —80,
1<i<4
rap = u(xsp) — max u(xp) =80—80=0
1<i<4

and for the third state s3, where the maximum utility of 100 (max;<;<4 u(x;3) = 100) can be
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reached for decision d4, we generate the third column of the regret matrix:
ri3 = u(x13) — max u(x;3) = 20— 100 = —80,
1<i<4

r3 = u(xp3) — max u(x;3) = 10— 100 = —90,
1<i<4 (14)

r33 = u(x33) — max u(x;3) = —40 — 100 = —140,

1<i<4
= - 3) =100—100 = 0.
r43 = u(x43) o u(xi3)

Substituting the values (12), (13), and (14) of the regret function into (11), the following
regret matrix results:

-7 —66 —80
-5 =70 =90

M; 0 —-80 —140 (15)
-25 0 0

The elements of the matrix M,, the numerical values of the regret function, express the
scale of regret at not choosing a better option. For instance, rj; = —7 is equivalent to the size
of regret in the first world state relative to the decision d; producing the utility u(x;;) =8,
with the maximum possible utility in this world state being max;<;<4u(x;;) = 15. In the
world state s; for the decision d3, the value of regret is zero (i.e., this feeling is absent),
since the value of utility is u(x3;) = 15; that is, it is the maximum possible utility to be
achieved in this world state.

Besides regret, satisfaction with choosing a potentially better option than the worst in a
given external world state is another strong emotion. It is contrary to the feeling of regret.
Like in the case of regret, the level of satisfaction can be measured.

Definition 2.3 Let
s: U — Ry U{0}, (16)

be a continuous function that attributes to the utility u(x;;) of making i-th decision in j-th
world state the difference between this utility and the minimum possible value of the utility
in the j-th world state:

s(u(xij)) = uxij) — min u(x;) = sij. (17)

The function s, defined with (17), will be called the satisfaction function.

Note that the values of the satisfaction function are non-negative; that is, they are either
positive, where the utility of a decision is greater than the minimum utility of another deci-
sion (this positive number is then a measure of satisfaction) in a given world state, or zero if
the utility of benefit from a given decision is the lowest in a given world state (satisfaction is
absent in this case). In the case of a finite, discrete set of decisions and a finite, discrete set
of external world states, the values of the satisfaction function for the particular decisions
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can be grouped into a matrix that will be referred to as the satisfaction matrix:

M = [sijli=1,..k, j=1,...n- (18)

Example 2 As far as example 1 is concerned, satisfaction levels will be determined when
considering a decision from the set of acceptable decisions M = {d,dy,ds,ds} given the
set of external world states S = {s1,52,53}, where the utilities of making the particular
decisions in the successive world states are given in the utility matrix (Table 5).

Since the utility of benefits from the decision d4 is the minimum utility in the first world
state s1:
min u(x;;) = —10
1<i<4 (i) ’

relying on (17), the first column of the satisfaction matrix can be derived:
s11 = u(xi1) — 121%14”()‘!‘1) =8—(—10) =18,
_ ~ mi 1) = 10— (—=10) = 20
$21= u(xz1) — min u(x) (—10) =20, o)
s31 = u(xs1) = min u(x) = 15— (~10) =25,

S41 = M()C41) — 1122141/{()61'1) =—-10— (—10) =0.

For the second world state s, where utility is minimum for decision d3 and equals zero:

12’1;1414()6"2) =0,

the second column of the satisfaction matrix is the same as the second column of the utility
matrix (Table 5):
S12 = u(x12) — min u(xp) =14
12 = u(x12) [min, (xi2) ;
8§22 = u(ng) — m_in u(x,-z) = 10,
1<i<4
(20)

532 = u(x32) — 1%124“(961'2) =0,

s42 = u(x42) — lrgj&u(x,ﬁ = 80.

For the third world state s3, in which utility is minimum for decision d3:

i 3) = —40
lrg;‘u(xls) ;
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the third column of the satisfaction matrix results:
= — mi 3) =20—(—40) =60
513 = u(x13) 121&“(?613) (—40) ;
$23 = u(xp3) — min u(x;3) = 10— (—40) = 50, on
$33 = M(X33) — 121;14u(x,~3) =—-40— (—40) = 0,
= — mi i3) = 100 — (—40) = 140.
$43 = u(xg3) — min, u(x;3) (—40)

On substituting the calculated values (19), (20), and (21) of the satisfaction function into
(18), the following satisfaction matrix is generated:

18 14 60
20 10 50

Mi=19s o ol (22)
0 80 140

The elements of the matrix M;, the numerical values of the satisfaction function, express
the extent of satisfaction with choosing a better-than-the-worst option. For example, s =
18 is the scale of satisfaction in the first world state s; when considering the decision d;
that produces the utility u(x;;) = 8, where the lowest possible utility in this world state is
minj<;<4 u(x;1) = —10. Satisfaction is zero in the world state s1 for decision da, since utility
is u(x41) = —10, i.e., the lowest possible utility in this world state.

Some new notions are defined in the decision-making model introduced here: relative
utility and expected relative utility.

Definition 2.4 Relative utility of i-th decision d; in the j-th world state s is the total sum
of utility u(x;;) and the values of regret function r(u(x;;)) and the sum total s(u(x;;)) with
making the decision:

wy (xij) = u(xij) + 00 r(u(xij)) + (1 — o) - s(u(xi;)), (23)

where 0 < o < 1 is loss-aversion factor, i =1,....k, j=1,...,n. The expression u(x;;) will
be referred to as the rational part and o - r(u(x;;)) + (1 — o) - s(u(xi;)) - as the behavioral
part of the relative utility of i-th decision in the j-th world state (or, to be more brief - if it
does not give rise to misunderstandings - the rational and behavioral parts of the relative

utility).
Denoted by
Ra(u, (xij)) := u(x;;) and Be(uy(x;j)) = a - r(u(xij)) + (1 — a) - s(u(xij)), (24)
relative utility can be expressed briefly as the sum of the rational and behavioral parts:

uy (xij) = Ra(uy (xij)) + Be(uy (xij)). (25)
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The behavioral part of relative utility
Be(u (xi)) = o r(u(xij)) + (1 — o) - s(ulxij)), (26)

for 0 < a0 < 1, is a convex combination of the values of regret and satisfaction function
when making decision d; in the world state s;.

Remark 3 The loss-aversion factor o, depending on its value in the range [0;1], may en-
hance or weaken the values of regret and satisfaction functions. Thus, when considering a
given decision-making variant in a specified world state:

1. if 0 < a < 0.5, the feeling of satisfaction prevails over regret in the decision-making
process for the decision-maker,

2. if0.5 < a < 1, the feeling of regret prevails over satisfaction,

3. if a=0.5, the feelings of regret and satisfaction are balanced when making decisions.
Remark 4 In some economic studies, the o : (1 — o) ratio is like 2:1 (Kahneman, 2012).

Once the values of regret r(u(x;;)) and satisfaction s(u(x;;)) functions are replaced with
the formulas from (10) and (17) in the equation (23) as appropriate, the relative utility of
the i-th decision (i = 1,...,k) in the j-th world state (j = 1,...,n) becomes:

w (%) = u(xij) + o - (u(xij) — g?gku(xu)) +(1—a) - (u(x;j) — lrgigku(xij)). 27)

Relative utility is thus understood as utility relative to the maximum or minimum utility,
with reference to the extent of regret or satisfaction in a given world state.

Transforming (27) produces yet another equivalent form of relative utility of i-th deci-
sion in the j-th world state:

(i) = 2u(x;;) — ot lngl?gku(xzj) —(1-a) lgigku(xij) (28)
Definition 2.5 The system (M,S,P,U,,), where U,, = [u,,(X;})]i=1,.. k, j=1,..n IS a relative

utility matrix, will be called the behavioral model of decision-making under risk or shortly
BMR.

Based on definition 2.4 of relative utility of i-th decision in the j-th world state, ano-
ther notion is constructed that is needed to build the optimization criterion of behavioral

decisions:

Definition 2.6 Expected relative utility of i-th decision d; fori=1,... k is defined as:
n
Eu,(d;) =Y uy(xij) - pj, (29)
j=1

where p; is the probability of the world state sj, j=1,...,n.
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Remark 5 In the BMR model, the simple probabilities p1,...,p, can be replaced by the
so-called weighting function (from the prospect theory, (Jajuga 2008)) transforming the
probabilities:

:[0;1] — [0;1],
b
n(pj) =it 0<b<, (30)
j=1P]

Kahneman and Tversky (1979) noted that low probabilities close to zero are normally
inflated, whereas those high, approaching one, are depressed. The parameter b in (30) of
the weighting function fulfills the role of subjectively distorting the probabilities:

1. for b =0, the weighting function (30) distorts the probabilities into a uniform distri-

bution, i.e.
1

Vizt,.n ®(pj) = Py

2. for b =1, the distribution remains unchanged, that is

The criterion of decision optimization under risk in the BMR model:

Let the behavioral decision-making model under risk, described above, (M, S, P,U,,), be
given. For any decision d;, i = 1, ...k, the expected relative utility can be calculated (eq.
(29)). The decision dy for which the expected relative utility is maximum is the optimum

decision:
Ey = max Eu,(d;). (31)

i=1,...k
The foregoing criterion, besides rational factors represented in relative utility u,, by
utility in its classic sense, also considers behavioral factors represented by the values of the
regret and satisfaction functions. If, in equation (23), the relative utility of the i-th decision in
the j-th world state described by (25) is adopted, it becomes clear that the optimum decision
is dy, for which

(Ra(uy (x;5)) + Be(uw(xij))) - pj-

n n
Ey = maxkEuw(di) = max Z uy(xij) - pj = max
i= -

i=1,..., =1k = =Lk =
(32)
Remark 6 If there exist two different decisions d; # d,,, l,m =1, ... k, for which
Ey= iiI[lanEuw(di) = Eu,(d)) = Euy(dn), (33)

then, in order to decide which decision is optimal for the decision-maker, the standard de-
viations for both decisions should be calculated and, using their analysis, the optimal deci-
sion should be selected. The standard deviation for i-th decision is understood here as the
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standard deviation from the relative expected value:

suy (di) = \/i (o (xi) — Euy(di))?p;.- (34
=

3. BMR model in the matrix form

The behavioral decision-making model under risk described above, addressing the emo-
tions of regret and satisfaction, can be expressed in an equivalent matrix form.
Let (M,S,P,U,,) be the behavioral decision-making model under risk (BMR), where M =

{d1,...,d} is a set of acceptable decisions, S = {s1,...,s,} a set of external world sta-
tes with a corresponding system of probabilities py, ..., p,, where p; = P(s;), j=1,...,n,
and };_, pj = 1 are given. Let u : K — R be the utility function for making a decision d;,
i=1,...,kinthe world state s;, j = 1,...,n, with properties 1. - 6. referring to Kahneman’s
and Tversky’s prospect theory. Assuming that, for any benefit x;; € K of making the i-th
decision, i = 1,...,k, in the j-th world state, j = 1,...,n, the benefit’s utility is formulated
as

u(x,-j) = Uijj, (35)

a utility matrix can be created:

uil uin o Uy
ul uzp ... Uy

M = [ujjli=1, k, j=1,.n= ) ) . € Mixn(R). (36)
Ul 120%) Uen

On defining the regret function r : U — R_ U {0} by means of (10), where U is the set

of utility functions, the values of regret r;; at making the i-th decision, i = 1,...,k, in the
Jj-th world state, j = 1,...,n, are inputs to the regret matrix described with (11), expanded
as follows:
I ri2 . I'p
ny 2 ... Iy
M, = [r(uij)li=1,..k, j=1,.n= | . ) . € Mixn(R). (37
i1 14'9) e Fin

By analogy, when defining the satisfaction function s : U — Ry U {0} using the formula
(17), the values of satisfaction s;; resulting from the i-th decision i = 1,...,k in the j-th
world state j = 1,...,n are inputs to the satisfaction matrix described by (18), which is
expanded as follows:
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S11 812 ... Sin
$21 8§22 ... S

M, = [s(uij)]i=1,..k, j=1,..n = : : : € Mixn(R). (38)
Skl Sk e Skn

Considering definition 2.4 of the relative utility of the i-th decision d;, in the j-th world
state s; and (23), the matrix of relative utility is given by:

Uw:[uw(xij)]izl ..... k, j=1,..., nZM—F(X'M,«—F(I—(X)'M;Gkan(R), (39)

where 0 < o < 1. In (39), the matrix M accounts for the rational part of the decision, whereas
the convex combination of the matrices M, and M;, i.e., &¢- M, + (1 — &) - My, accounts for
the behavioral portion. On developing (39), the matrix of relative utility becomes:

i uw(xll) uw(xIZ) uw(xln)
Uy, (X21) Uy, (x22) cen uy, (x2n)
UW = =
L ”w(xkl) Uy (ka) ‘.- uw(xkn)
_u“ uin Uln -V11 ri2 Fln
uz1 Uy ... Uy my rp ... Iy
= . . e A T (40)
L Ukl Uk2 ... Ukn L "kl Tk2 -+ Tkn
S S12 ... Sin |
$21 $22 ... S
+(l—a)-
Skt Sk2 --- Skn

Based further on definition 2.6 of the expected relative utility of the i-th decision d; in the
J-th world state s, and using (29), the vector of the expected relative utilities of decisions
di,...,d; is defined:

Ey=[Euy(d)iz1. x =Up-p=M+a M, +(1—a) M) -p R, (41)
or in its expanded form:
Eu,(dy)

Eu,, (dz)
E, .

) (42)

Euw‘(dk)
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where p € R” is the vector of the probabilities py, ..., p, of the world states sy, ...,s,:

P1

P2
p=Ipili=ten=1| . |- (43)

Pn

The optimum decision dj is signaled by the maximum coordinate of the vector of the
expected relative utilities, i.e.:
Eg= lnaxkE”W(d")‘ (44)

1

=1,...,

Example 3 With reference to examples 1 and 2, the optimum decision will be determined
for the decision-maker considering the choice of a decision from the set M = {d;,d»,d3,ds}
in the external world states from S = {s1,52,53 }, whose utilities from making the particular
decision in the successive world states are given in the matrix of utilities (Table 5).

The matrix of relative utilities U, derived from (39), where the matrices of regret M,
and satisfaction M are (15) and (22), respectively, is:

Uy=M+a-M+(1—a) M;=

8§ 14 20 -7 —66 —80 18 14 60

_ 10 10 10 ta- -5 =70 =90 +(1-a) 20 10 50
I5 0 -40 0 —-80 —140 25 0 0|’

—10 80 100 =25 0 0 0 80 140

where 0 < o0 < 1. Depending on the value of ¢, various matrices of relative utilities may be
generated. Taking, for instance, @ = 0.66, which means that according to the classification
in Remark 3, the feeling of regret prevails over satisfaction (2:1), the following matrix of
relative utilities results:

95 -248 —124
13.5 —-328 324
235 =528 —1324

-26.5 107.2 147.6

Uy =

Further, relying on (41), the vector of expected subjective relative utilities is computed:

95 -248 —124 03 3.26
135 —328 —324 ' 426
Ev=Uv-P=1" 535 _s08 _1324 | g'ég ~ | 426
265 1072 147.6 ‘ 2.26

There are two coordinates of the maximum value 4.26, corresponding to decisions d;
and djs:
Eu,(dy) = Euy,(dz) = 4.26.
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Thus, using the formula (34) from Remark 6, we calculate the standard deviations from
the relative expected values for decisions d and d3:

sty (o) = /T3 (n(27) — 4.26)2p; = /34T 5164 = 18.48,
stty (d3) = \ /-1 (1 (x3)) — 4.26)2p; = V/I718.316 = 41.45.

Comparing the standard deviations from the relative expected values of 4.26, it can be
concluded that, from the perspective of a risk-averse decision-maker, decision d5 is optimum
because the standard deviation is lower. However, for a risk-taking decision-maker, decision
dsz appears to be optimal; due to the higher standard deviation, a higher payout is possible.

4. Conclusions

The BMR behavioral model of decision-making under risk demonstrates the method of
selecting an optimum decision for the decision-maker wishing to choose the single best de-
cision from a set of multiple acceptable decisions in a simple and clear manner. Introducing
the concept of relative utility allows for considering not only rational factors, such as the
utility of benefits, but also behavioral factors that address two opposing emotions impor-
tant to decision-making: regret at a choice that is worse than the best possible option and
satisfaction with a choice that is better than the worst in a given world state. This method
goes beyond the framework of the rational choice theory. It does not reject rationality, al-
though the relative utility introduced here is the total sum of the rational and behavioral
parts (25). It emphasizes the fact that human choices are a complex interplay of rational
and emotional elements. The study draws inspiration from the prospect theory (the utility
function, which treats profits and losses differently, and the weighting function that trans-
forms probabilities). Considering two strong emotions: regret, expressed by the values of
the regret function, and satisfaction, expressed by the values of the satisfaction function, is
an important addition to the prospect theory. These results are a starting-point for further
development of the rational-behavioral theory of decision-making.
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Mean estimation based on the factor-type estimator under an
adaptive cluster sampling design
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Abstract

If a sample is designated by a standard sampling strategy and if the character of the study
satisfies a predetermined statement for an independent unit in the sample, then the items
in the locality remain automatically in the sample. This type of method of selection of sampling
units is called adaptive cluster sampling. This manuscript emphasizes the use of the factor-type
estimator designed for population mean of the variable under study using the data of highly
correlated auxiliary (supplementary) variable under adaptive cluster sampling. The bias, mean
squared error and optimum mean squared errors up to the first order is obtained and a simula-
tion study is performed for comparison purpose.

Key words: adaptive cluster sampling (ACS), ratio estimator, factor-type estimator, auxiliary
variable, bias, mean squared error (MSE).

Mathematical Subject Code: 62D05.

1. Introduction

Thompson (1990) introduced an innovative sampling scheme called adaptive sam-
pling, which directly incorporates the knowledge of the study variable into the selection
process. This approach is distinct from traditional sampling strategies that rely solely
on predetermined sampling plans. The adaptive sampling scheme was proposed to ad-
dress situations where the study variable exhibits certain patterns or characteristics that
can inform the sampling process. For instance, in surveys involving rare species, re-
searchers may gather information on the number of individuals with specific charac-
teristics. Frequently, zero abundance is encountered, but when substantial abundance
is observed, it suggests that additional clusters of abundance might be found in nearby
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locations. This pattern is not limited to rare species but can be observed in various do-
mains such as whales, insects, trees, lichens, and more. The conventional approach
in sample surveys involves deciding on a sampling strategy before data collection
begins. However, this predetermined approach may not always be effective, especially
in certain scenarios. For instance, in epidemiological studies of infectious diseases,
encountering a diseased individual suggests a higher-than-expected incidence rate
among nearby individuals. In such cases, ground staff may deviate on or after the
predesignated selection plan and then combine adjacent or closely allied items to the
sample.

Thompson's (1990) adaptive sampling scheme addresses this need for flexibility
in sampling. It starts with drawing a preliminary sample of a predetermined size using
a standard sampling strategy. The values of the sampled items are then examined, and
if an elected item fulfils a specified condition, supplementary items are put in to the
sample from the locality of that item. Thus, adaptive process allows for the expansion
of the sample based on specific criteria or patterns observed in the study variable. The
design of the adaptive sampling scheme is demonstrated in Figure 1(a) and 1(b), which
likely provide visual representations of how the sampling process unfolds.

The Figure 1(a) illustrates the preliminary sampling stage of the adaptive sampling
scheme. A sample of 12 units is selected using a probability sampling procedure, which
could be any conventional sampling design. The key feature of adaptive sampling is that
when one or more units in the preliminary sample satisfy a specific criterion associated
to the variable under study, accompanying units from locality of those selected units
are included in the sample. The neighborhood is typically defined based on spatial
proximity, as indicated by the connected units on the left, right, top, and bottom
in Figure 1(a).

Figure 1(a). Preliminary sample of 12 units
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After the adaptive procedure is finished, the sample contains 54 units, as revealed
in Figure 1(b), where the symbol * represents the unit selected in preliminary sample
of size 12. It should be noted that the concept of neighborhood is not limited to spatial
proximity and is able to be express in numerous aspects subject to the condition and
the nature of the study. In summary, in the adaptive sampling scheme, a preliminary
subgroup of some units is selected using a probability sampling technique and if the
variable of interest for a carefully chosen item satisfies a given criterion, subsequent
units from the locality of that item are considered in the sample. This adaptive approach
allows for the expansion of the sample based on specific conditions or patterns observed
in the variable of interest.

* *® |k | K
x| x| x| *x *
E3EE S I *
*
S
* | x| *
*| x| % BN
s«
%
* *
EYE s x| %
IR
*| % &
s«
* | * *| x| %
* x| x| * *
* *

Figure 1(b). Adaptive cluster sample of 54 units

In the adaptive selection system, the criterion for picking additional neighboring
items can be defined in various ways, depending on the nature of the study. One
approach is to frame the criterion as an interval L that covers a specific range of values
related to the variable of curiosity. If a unit is considered in the sample, it should meet
the criteria fixed by the interval L. Mathematically, it can be represented as if i € L then
the uniti € S.

The provided definitions lay the foundation for understanding the structure and
components of the sampling process in the adaptive cluster sampling scheme. Let's
elaborate on each definition:

1) Neighborhood of a unit: The neighborhood of a unit i refers to a group of items
that contains unit i. These neighborhoods are determined on the basis of design
and selection process and are independent of the population values.
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2) Cluster: A cluster is the assembly of all units that are detected as per an outcome
of the preliminary choice of a specific item i. In ACS, the preliminary selection of
a unit (seed unit) leads to the insertion of entire units in the corresponding cluster
in the final sample. It is possible for a cluster to consist of the union of several
neighborhoods, which means that multiple neighborhoods can be grouped
together as part of the same cluster. The concept of clusters is important for
understanding the unit selection process and how ACS samples are formed.

3) Network: It is a set of items where the inclusion of any item in the preliminary
sample from that set ensures the inclusion of all units in that network in the final
sample. In other words, if a single unit from a network is selected, the entire
network becomes part of the sample. It is worth noting that units not satisfying the
condition L are also considered network, but they consist of a single unit only.
Networks play a significant role in adaptive sampling, where certain networks may
be oversampled to improve estimation efficiency.

4) Edge unit: An edge unit is a population item that does not satisfy the network
requirements but is in the neighborhood of an item that satisfies the condition L.
Essentially, edge units are on the boundary of clusters or networks. They play
a crucial role in ACS because their selection may influence the inclusion of entire
clusters or networks in the final sample.

The estimators taken into consideration as a relationship between neighborhoods,
clusters, networks, and edge units to obtain a reliable and efficient population estimate
and to make a valid statistical inference under adaptive cluster sampling. For further
study some useful and valuable contributions for readers are advise as Chao (2004),
Chutiman and Kumphon (2008), Dryver and Thompson (1998), Pochai (2008) etc.
This manuscript is concerned with to develop the factor-type estimator in adaptive
cluster sampling and discuss its properties. Furthermore, how we were motivating for
writing this manuscript is explained in Section 3 of this paper.

1.1. Notations

Let y be the variable under study based on a population U and let it consists of a set
of N units indexed by their labels U = {1, 2, ... N}. The population mean of yis ¥ = p,,

= % Yy LetVye = w, = % Yiiz1 Wy,; be the estimate of the mean in adaptive cluster
sampling. Let us consider:

n = Size of preliminary sample,

A; = Network which consists of the item i,

m; = The amount of the items in the network to which i item belongs.
Let wy; and wy; represent the mean of y and the mean of x in the network which

. o 1 1 . .
consist of unit 4, viz., wy,; = o Yjea; yj and wy; = o Y jea, Xj respectively. According to
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Dryver and Chao (2007) adaptive cluster sampling is considered as SRSWOR when the
means of networks are considered under study. Let us use the notations w,, and w, to
denote the sample means of the study and supplementary variables in the transformed
sample respectively. We calculate w), and w, as

1 1 @n
Wy, = 21 1 Wyiand w, = nZi=1Wxi

For simplicity we write,

n =2 2 __1 yn = 3\2
Zi:l(wyi - Wy) > Swx = n—1 Zi=1(wxi Wx)
are unbiased estimators of

1

SZy, = —— Liwy; — V)2, 82, = —Z V(Wi — X)?  respectively,

2 _
Swy =31

1 S\7 3 . .
and ., = m i:1(Wyi — Y) (w,; — X)*; where r,s are positive integers.

s2 SZ . ..
Also, C2, =222 and C2, = 22X are the coefficient of variations of w,, and w
wy 72 wx 32 y x

respectively,

and pyyyy =

is the coefficient of correlation between w,, and w,.

Swy wx
Using the concept of large sample approximations, let ¢ = % —land7n = % -1,

for specified w,,, W, respectively, then

Cay Ciy
E(e) = E(n) = 0, E(£2) = 22, En?) = %%, E(¢7) = pyyyx Coy
and E(e'n/) = 0if i +j>2;i,j=0, 1,2, v
The expectations as derived above under the concept of large sample
approximations will be used for further mathematical treatments.
1 — Ba(Wy) - 1 .
1+C\:/x’ Ba(Wx)+ Ciyxe ’ 1+ B3 (W) ’
- JB g - %  p_(hg —0.) V= Cwy
1= 050 92T arfEec =(0; — 05); V—Pwyxcwx-
The above symbols will be used for further algebraic treatments.

Remark: Assume, a =

2. Existing estimators and their characteristics in adaptive cluster sampling

Some existing estimators under adaptive cluster sampling are considered in this

wa ( x) _X
, Biwy) = By = B

section. Note that, the constants Cj, = > Uy = — and

X =u, = % YN % Coxes B2 (Wy) of the aux1l1ary variable are known in advance by

past experience.
The unbiased Hansen and Hurwitz estimator for the population mean of main

variable is given by [see, Thompson (1990), Thompson and Seber (1996)]

> 1 —
Yoo = N ?I:l(wy)i =Wy (2.1)
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where, (w,); is mean of the main variable in the network that contains item i of the
preliminary sample.
The variance of Y, is
V(Tye) = -y — w2 =¥ns2 22
( ac) - Nn(N-1) i=1[(Wy)i Hy] T4 ( . )
The ratio type estimator under adaptive cluster sampling strategy projected by
Dryver and Chao (2007) as

— D ¢ ~ =

B YRac =Wy Wy = Rgc X (2.3)

where, ﬁac = % . The estimator ?Rac in relationships of € and 77 can approximate up to
X

the first order and is expressed as
Yo, =Y[1+e—n—en+n?]
This estimator is biased and its bias up to the first order is

> )4
B(YRaC) = n [Cvzvx - pwyxcwycwx] (2.4)
The expression of MSE is
— Y2
M(YRac) = [Cvzvy + Cv%/x - prywawax] (2.5)
Chutiman (2013) suggested some estimators in adaptive cluster sampling described
as below
S — 1+ Cyx
(A) YRacz = Wy (m) (26)

and the estimator Y in relationships of & and 77approximate up to the first order,
can be expressed as
Yracr = Y[1 + ¢ — an — aen + a?n?]
This estimator is biased and its bias up to the first order is

S Y
B(YRacz) ~n [azc\%/x - apwyxCWwax] (2.7)
The equation of MSE is
— 72
M(Yr,.,) =— [Chy + @®Chx = 2aPuyxCivy Cua| (2.8)
V4 — B (Wx)+ C\j(vx
®) Yhoca™ Wy [Bz s c;m] 29)

and the estimator YRac , in relationships of € and 77approximate up to the first order,
can be expressed as
Yoo, =Y [1 4 & — wn — wen + 0?n?]
This estimator is biased and its bias up to the first order is
B(Vyey) = = [02Chx — 0Py Cuny Cu] (2.10)
The equation of MSE is

— }72
M(YRacz) y [C\%’y + w?Chy — 20Pywyx Cwy Cyx] (2.11)
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— _ 1 * »
(©) Vages = Wy [ LML (2.12)

Uwxt+ B3 (Wy)

and the estimator Yy__ in relationships of & and 73 approximate up to the first order,
can be expressed as
Ye,.. =Y [1+&—8n—8en+ 57

This estimator is biased and its bias up to the first order is

v Y
B(YRacs) - [SZC\E/X - 6pwyxCWwax] (2.13)
The equation of MSE is
MY, ) =2 [C2, + 62C2 — 28PyyxCury Covs] (2.14)
Rges n Lowy wx Pwyxbwybwx .

The proofs of the above expressions are simple and readers can obtain them similar
manner to that described in Section 4 for the proposed factor-type estimator using large
sample approximations.

3. Proposed Estimator in adaptive cluster sampling

Singh and Shukla (1987) proposed a factor-type (F-T) estimator for estimating
population mean and Singh and Shukla (1993) derived an efficient factor-type
estimator family for estimating the similar population mean. Shukla (2002) suggested
factor-type estimator for estimation in two-phase sampling. Also, Shukla and Thakur
(2008), Thakur and Shukla (2022) developed factor-type estimator as a device of
imputation used for dealing with missingness of the data.

Deriving motivation from all of these, we advocate the modified factor-type
estimator for adaptive cluster sampling is

= —  (A+CO)X+fBwy
Y = W P ———
FTc Y (A+fB)X+CWy

where, A= (k—1)(k—2); B=(k—1)(k —4);
C=(k—-2)k—-3)k—4);f = %and 0< k <0 is a constant.

(3.1)

The estimator Yy, is biased and the expressions of bias, MSE and optimum MSE
up to the first order of approximations are obtained ahead in Section 4. Theoretical and
numerical comparisons of different estimators as discussed earlier, with Y. is
presented in Section 5 and Section 7 respectively.

For some specified values of k, the estimator Ygr, provides some well-known
estimators like - ratio, product, dual to ratio and unbiased unit mean estimator for
population mean, i.e. at k = 1, 2, 3 and 4, the estimator Ypr, is as special case in the
following Table 3.1.
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Table 3.1. Adaptive factor-type estimator as special cases

Value of k Estimators Value of k Estimators
_ _ X _ Wy
k=1 YFTc:WyW_x k=2 Yrre =Wy %
_ — NX-nw, _ _
k=3 YFTe = Wy (N-m) % k=4 YFTe = Wy

For k = 1 the estimator ygr. provides the ratio estimator for mean, for k = 2 the
proposed estimator is termed in product estimator, for k = 3 the estimator ypr. is
converted as dual to ratio estimator and for k = 4 the factor of auxiliary information
vanishes and the estimator Y7 is the same as unbiased unit mean estimator in adaptive
cluster sampling.

4. Bias, MSE and optimum MSE of the proposed estimator

Let B(é), M (9) and M (é)min represents the bias, MSE and minimum MSE of the
estimator 6. Further, the equations of bias, MSE and minimum MSE of the proposed
estimators in terms of population parameters and other constants (as available) up to
the first order are represented in the subsequent theorems using the concept of large
sample approximations.

Theorem 4.1. The estimator Ypy. in terms of e and 7 up to the first order, could be
stated as
Vere =Y[1+ e+ P( + en —1n?6,)] (4.1)
Proof:From equation (3.1), we have
= _ — (A+O)X+fBwy
Yere = wy (A+fB)X+Cwy
and by using the concept of large sample approximation as discussed in Section 1.1

v _y (A+O)X + fBX(1+m)
Yere =Y (1 +¢) [(A+f3))?+ cX (1+ 77)]

=YA+eA+6mM(1+6,7")

=Y+ +0,m(+0,m+05n*—-)

=Y[1+e+Pm+en—n26,)]
Theorem 4.2. Bias of Yy, in the relationships of population parameters is

> Y
B(YFTC) I P[ezcvzvx + pwywayCWx] (4.2)
Proof: B(YFTC) = E(YFTC - ?)
Y
i P[ezcv%/x - pwywawax]

Theorem 4.3. MSE of Yzr, in the relationships of population parameters is

— Y2
M(YFTC) = n [C\Azzy + P? C\Azzx + 2Ppwywawax] (4.3)
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Proof: M(YFTC) = E(YFTC - 7)2
172
= 7 [Cvzvy + chv%lx + ZPpwywaycwx]
Theorem 4.4. The minimum MSE of (Yzr.), when P = -V is
— sz
M(YFTc)min= Ty (1- p\i/yx) (4.4)

Proof: Minimum MSE occurs when

d —

—5 MYere) =0
or 2PCx + 2PuwyxCuyCux = 0
the optimal condition is

Cw
P=—pyyx C_ij( ==V (let) (4.5)
_ s%
Hence, MYere)min = (1 - p\%/yX) Ty

By simplifying the optimality condition P = —p,,yx % = —V, we will get a cubic

equation in terms of k and the roots of this equation will provide us best choice of
parameter k for minimum mean squared error with lowest bias.

4.1. Bias control estimator Y pr,

The condition of optimality provides from equation (4.5)
AV+V+1DfB+(V -1C=0 (4.6)
The equation (4.6) is an equation of degree 3 in terms of k.
Obviously, at most three values of k (kq, k,, k3) are possible for which MSE is
optimum.
The choice criteria for best estimation is:
1) Compute
|BFeredi | for j=1,2,3
2) From computed values, choose k; as
|BTered| = min [|[BFeredy || 57=1,23.

So, it is clear that the estimator Ygy, is bias control for the optimum MSE.

5. Comparisons

This section compares the proposed estimator ¥y, with existing estimators as
discussed in Section 2 of this manuscript. Let 8;, 85, 0,...0 be k estimators of the
population parameter 6 and there exist an estimator § of the population parameter 8
such that

Vi, var(f)<var(8,),i=1,2,3, ...,k
i.e., variance of @ is minimum among all existing estimators 8;, i =1, 2, 3,..., k, then
is best estimator of the population parameter 6.
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The theoretical comparison between the existing and proposed estimators, has been
performed in this section, and the conditions of better performance of Yzr. have been
derived.

[A]: The variance of ¥, in SRSWOR is given by
> N-n
V¥ae) =5 Sivy
and the MSE of Vg, is
— 5‘%’
M(YFTc)min: Ty (1- p\?vyx)
Now, let
D, = V(Yac) - M(YFTc)min
_N-np Sk 2
= Wswy - Ty (1 - pwyx)

Yprc is better than Yy, if D; > 0

. N-n sz

1.e. WS,f,y —Ty(l _p\%/yx) >0
N-—
Tn> (1- p\%/yX)
n < Npjy»

If the conditionn < N p,f,yx holds, then Ypr, is always better than Y.

[B]: The mean squared error of YRM is
— Y2
MSE (YRaC) = n [C\%/y + C\%vx - pryway wa]
Let D, = [M(?Rac) - M(YFTc)min]

v? v?
= [Cvzvy + Cv%/x - pryxcwycwx] - [C\f/y - Cvzvypvzvyx]

= . = . : c
Yprcis better than Yy, if Dy > 0,1.e. Py x< C‘”"

wy

If the above condition satisfies then Yy, is better than Yz,

[C]: The mean squared error of YRM Y
_ 72
M(YRacl) = n [C\Azzy + aZC‘f,x - 2Olpwyxcwycwx]
Let D3 = [M(YRacl) - M(YFTc)min]
v?2 v?2
= [C\f/y + O(ZC‘,%,x - 2Ofpwyxcwycwx] - [C\Azzy - C\%/yp\%/yx]

Yerc is better than YRM if D3>0
. c
ie pyyx<a ﬁ

If the above condition satisfies then Yy, is better than YRM .



STATISTICS IN TRANSITION new series, December 2025 195

[D]: The mean squared error of YR is
M(YRaC2 [CMZ,y + w?C?, — Zwaywawax]
LetD, = [M(YRMZ) - M(YFTc)min]
Y212 202 Y212 2 2
= n [Cwy +w wa - prwyxcwycwx] “h [Cwy - Cwypwyx]
Yere is better than YRacz’ ifDy >0
. Cwx
ie. <w=>2=
Pwyx Cury
If above condition satisfies then Ygr, is better than YRMZ
[E]: The mean squared error of Yy _ is
MYz, )= [cvzvy + 62C2, — 28PyyxCuyCux]
Let Ds = [M(Y,,,) — M(YFTc)mm]
YZ
= [Cv%/y + SZlezx - 26pwyxc wx] [Cz Cv%/yp&/yx]
Yerc is better than YRacs’ if Dg >0
. Cux
ie. Pyx<d —

wy

If the above condition satisfies then Yy, is better than YRMS.

6. Empirical study

Appendix A displays an engendered simulated population covering amounts of y
and x respectively. Summary of population is calculated as

N =400 Y =1.2275 X =0.56500 Sy =12.6791 S2, =3.79790
Cuwy =2.9008 Cyyx = 3.44920 Pwxy =0.80710  B,(wy) = 92.63470
Ba(wy) =23.0357 Sy = 5.60070 V =0.67877

Taking random sample of size 5, 10, 20 and 40 by SRSWOR and, by solving
optimum condition (4.6) i.e., the equation of degree 3 in terms of k we got three
k-values for different sample sizes as shown below in Table 6.1.

Table 6.1. Values of k for different sample sizes

Sample Size kq k, k3
n=>5 7.1827013 1.8390406 2.1566182
n=10 7.2310521 1.7829198 2.2299408
n=20 7.3283849 1.7091097 2.3370733
n =40 7.5273670 1.6156457 2.4928638
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Table 6.1 reveals that for sample size n = 5, by simplifying the optimality condition
(4.6) we obtained a cubic equation of variable k and using the available constants the
three values of k are k, k, and k3. A similar procedure is used for sample sizes 10, 20
and 40.

7. Simulation study

In this section, we conducted a simulation using the population data of appendix
A. The population was visualized through appendix A, and data were provided to
describe the population. The simulation process involved the following method.

A preliminary sample of n units was carefully chosen by SRSWOR. Once the
preliminary sample was selected, the y-values and x-values were obtained for each unit
in the sample. The criterion for inclusion of items in the sample is L = {y: y > 0}. Every
estimator was obtained for 5,000 iterations. The estimators were then applied to these
samples to estimate population parameters of interest. By repeating this process, the
study aimed to obtain accuracy estimates for the estimators.

The determination of this simulation is likely to assess the presentation of different
estimators under adaptive sampling (ACS) scheme using various preliminary sample
sizes. The bias is calculated by the formula

B) = s ZEN°IG) — 7 (7.1)
and the mean squared error is calculated by the formula
M) = 5500 Z°1G) - 717 (7.2)

The size of the preliminary sample is considered as n =5, 10, 20 and 40 and repeated
5,000 times for each and every sample size n.

Table 7.1. Bias and MSE of Existing and Proposed Estimators

A Bias () MSE (9)
Yy

n=>5 n=10 n=20 n =40 n=>5 n=10 n=20 n =40
Yac 0 0 0 0| 2.53582 1.26791 0.63395 0.31697

YR | -0.25727| -0.24622| -0.25663| -0.27817| 0.35221 0.26310| 0.12222| 0.11167

Ve 1.61925| 1.78461 1.89083 | 1.88892| 4.87287| 4.41820| 4.18421| 4.04436

Yroes 3.94233| 3.85695 3.87888| 3.88283| 30.22787| 21.38539| 18.33143| 17.80784

YR, | -0.21504| -0.19859| -0.20757| -0.28289| 0.34885| 0.24523| 0.10370| 0.11321

YFT% 0.03349| 0.08942 0.11107| 0.12835| 0.32494| 0.23383| 0.10168| 0.07645

YFTCZ 0.21346| 0.30079 0.36296| 0.41172| 0.48638| 0.39157| 0.25440| 0.27200

YFTCS -0.34290| -0.54661| -0.78513| -1.56488| 0.57626| 0.63471| 0.91916| 3.16843
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By observing Table 7.1 the proposed estimator Yz, has minimum mean squared
error for k = k; and minimum bias as well. The proposed estimator is better over all
the estimators under consideration and the estimator YFTCI is best overall.

8. Discussion and conclusion

In the present manuscript some estimators are discussed with their properties using
the concept of large sample approximations in adaptive cluster sampling [see Chutiman
(2013)] and discussed about factor-type estimator of Singh and Shukla (1987), Shukla
and Thakur (2008), etc. Then raising idea from these all we experimented on the factor-
type estimator under the same sampling design and found that the factor-type
estimator of Singh and Shukla (1987) performed excellently overall in the adaptive
cluster sampling design. The bias and mean squared error (MSE) of factor-type
estimator are obtained up to the first order in terms of population parameters. The
condition of optimality is derived as well.

From the results of simulation (table 7.1), it is clear that modified ratio estimators
in ACS design have more bias and mean squared error as compared to the factor-type
estimator at optimum value of k, i.e. YFTCI, Y’FTCZ and Y’FTCS. Also, it is proved that the
proposed estimator is closer to the true value of average cases. The proposed estimator
Yere, results in the lowest MSE as compared to all the estimators considered in this
article. This proves that the proposed factor-type estimator has a greater efficiency than
all the estimators under consideration.
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Appendix A

Population for Empirical Study

Observations of Study Variable (Y)

21

12

Corresponding Observations of Auxiliary Variable (X)
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