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From the Editor  

The March issue of Statistics in Transition new series, which opens this year's series 
of our quarterly, contains a set of twelve articles by twenty-two authors from seven 
countries (in order of appearance): Lithuania, Poland, India, Morocco, Iran, Malaysia, 
United Kingdom.  

Let me take this opportunity to share with our readers wonderful news about  
a long-awaited promotion of Statistics in Transition new series in the international pub-
lication space thanks to its selection for inclusion into the prestigious Emerging Sources 
Citation Index (ESCI) database. The Clarivate-Web of Science evaluation report states: 
"Congratulations! ‘Statistics in Transition’ has been selected for inclusion in Web of 
Science™. Welcome to Web of Science, the most trusted, publisher-independent global 
citation database." The indexing of ‘SiTns’ in the Journal Citation Reports (JCR) brings 
increased recognition of our periodical and increases its impact on the development of 
statistical science.   

On behalf of the entire Editorial Office, I would like to personally thank all our 
colleagues and partners for their contribution to these successful efforts: authors, 
reviewers, readers, and promoters – members of the Editorial Board and Associate 
Editors. 

Needless to say, this important achievement makes all of us not only more assertive 
about the way we proceed but also more motivated to do everything we can to ensure 
our journal is included in other prestigious indexing/abstracting databases as well. 

This issue is structured as usual: Original research papers are followed by selected 
Conference papers and by Research Communications and Letters. 

Original research papers 

The first paper by Dalius Pumputis entitled Optimal sample allocation in multi-
variate stratified sampling: a comparison of deterministic and stochastic optimization 
algorithms addresses the problem of optimal sample allocation in multivariate strati-
fied sampling, where survey accuracy and cost-efficiency are the key concerns. Two 
optimization formulations are examined: one aims to minimize the total survey cost 
subject to constraints on the precision of the estimators of the population totals, while 
the other seeks to minimize a weighted sum of the relative variances of these estimators, 
given a fixed total survey budget. Classical and modern optimization approaches are 
reviewed and evaluated, including Integer Programming Algorithms (IPA), Bethel’s 



VIII                                                                                                                      W. Okrasa: From the Editor 
 

Algorithm (BA), Constrained Optimization by Linear Approximations (COBYLA), 
and three stochastics, namely Generalized Simulated Annealing Algorithm (GSAA), 
Particle Swarm Optimization (PSOA) and Biased Random-Key Genetic Algorithm 
(BRKGA).  

Jacek Białek’s article Sampling techniques in the CPI measurement discusses 
general concepts and techniques of survey sampling that are crucial for the construction 
of price indices. Both probability and non-probability sampling techniques are 
discussed and illustrated with real data, also embracing sampling scanned products. 
One of the approaches used for such data is the dynamic approach, which involves 
monthly sampling by applying appropriate data filters. This technique can be seen as  
a special form of cut-off sampling. The empirical study investigates the effect of data 
filtering on the level of price indices. The main conclusion is that the low-sales filter has 
the most significant impact on reducing the size of the scanner dataset. The second 
important conclusion is that changing the order of data filtering has minimal impact 
on the value of the price index. 

In the next paper, by Mahamood Usman, Optimality of classical difference esti-
mators of finite population variance under random non-response with comparative 
study, the issue  of calculating the finite population variance when faced with random 
non-response is discussed  with focus on dealing with data in such fields like medical 
sciences, environmental sciences and business studies. Using the range of an auxiliary 
variable across three different methodologies of random non-response, the author 
developed several novel difference-type estimators of population variance along with 
their optimal models. The properties of the proposed estimators under large sample 
approximations and determined their optimum situations in each strategy were 
studied. The introduced estimators can be viewed as an advancement of traditional 
difference estimators. A comparative analysis based on some real datasets as well as 
simulated datasets was conducted. The proposed estimators showed reduced variances 
when assessed in terms of the enhanced percentage relative efficiencies (PRE) 
compared to some standard ratio and difference-type estimators relevant to the 
respective methodologies. 

The article The impact of Cyber Supply Chain Risk Management on Supply Chain 
4.0, by Abdellah Sassi, Mohamed Ben Ali, Oumaima Oullada, and Said Rifai, inves-
tigates the influence of Cyber Supply Chain Risk Management (CSCRM) on Supply 
Chain 4.0 (SC 4.0) using a causal model to evaluate the connection between Cyber 
Security (CS), CSCRM, and SC 4.0. The link between CS and CSCRM, and between 
CSCRM and the levers of SC 4.0 are under evaluation. The results highlight that 
CSCRM significantly influences various supply chain activities. The findings show that 
the integration of CSCRM, supported by CS is essential for improving the performance 
of SC 4.0.   
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The paper by Abbas Eftekharian, Morad Alizadeh, Vahid Ranjbar, Omid 
Kharazmi, and Gholamhossein Hamedani, An extended odd log-logistic-Lindley 
distribution with properties, applications and Bayesian estimation introduces a four-
parameter extended odd log-logistic-Lindley distribution from which moments, 
hazard, and quantile functions are subsequently  obtained. The statistical properties of 
this distribution show the high flexibility of the proposed distribution. The maximum 
likelihood and OLS estimators of the extended odd log-logistic-Lindley parameters are 
studied and  a simulation study is carried out for evaluating the performance of the 
estimation methods; the usefulness of the new distribution is illustrated using two real 
data sets. Finally, Bayesian analysis and efficiency of Gibbs sampling are provided on 
the basis of two real data sets. 

Julia Fidler’s and Łukasz Matysiak’s article Modeling the impact of demand, 
supply, and budget constraints on consumer preferences combines Paul Samuelson’s 
classical theory of revealed preferences with dynamic demand and supply mechanisms, 
using Afriat’s theorem and extensions by Varian and Mas-Colell to construct utility 
functions without survey data. Critical voices (e.g. Dryzek) prompt a reexamination of 
the assumptions of full information and fixed preferences, inspiring to propose the  
F(w, z) function that accounts for the strength of market fluctuations. Empirical 
simulations and an analysis of market equilibrium stability provide new insights into  
economic policy and marketing strategies. 

The next paper entitled The comparison of the hidden Markov model with 
machine learning techniques in agricultural prediction by Muraleedharan Vyshnavi 
and Madaswamy Muthukumar demonstrates that Hidden Markov Models (HMMs) 
significantly outperform other predictive methods in forecasting agricultural data. 
HMMs exhibit the lowest Mean Absolute Error (MAE) and the highest R-squared 
values, signifying their superior accuracy and reliability. The residual analysis further 
confirms the model's robustness, as the residuals are randomly distributed with no 
identifiable patterns, indicating a strong model fit. HMMs have proven to be highly 
effective in capturing the temporal and stochastic characteristics of agricultural data, 
surpassing traditional machine learning techniques in performance. These results 
underline the potential of HMMs as a reliable tool for agricultural forecasting, enabling 
stakeholders to make data-driven decisions and develop strategic plans based on 
accurate predictions. 

The article by Jayanthi Arasan, Jackknife-based diagnostics for non-monotonic 
hazard survival model with interval-censored data focuses on jackknife-based model 
diagnostics for a non-monotonic two-parameter hazard survival regression model 
(TBPR) when data is interval and right-censored. This distribution is very flexible, 
because it accommodates both monotonic and bathtub-shaped hazard rates. This 
research proposes a bias-corrected jackknife harmonic mean and a random imputation 
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technique to obtain the altered Cox-Snell (r∗Ci), adjusted Martingale (r∗Mi) and 
Schoenfeld (r∗ Si ) residuals. Two simulation studies were conducted to assess the 
performances of the altered residuals and their ability to detect extreme observations 
and outliers at various censoring proportions (cp) and sample sizes (n) for this model. 
The results indicated that the altered residuals based on jackknife outperformed other 
residuals at cp and n levels. The proposed methods are employed to a real dataset on 
Hodgkin’s Disease with the prior treatment group as the covariate. The results showed 
that the altered residuals work well to address model adequacy and identify potential 
outliers in the dataset. 

Conference papers 

XXXXII Multivariate Statistical Analysis 2024, Lodz, Poland 

The next paper The application of BERTopic models to in the analysis of Polish 
research publications in the field of economics and management by Paweł Lula 
analyzes topics from the field of economics and management discussed in the Polish 
publications from 2000 to 2024. The research process allowed the identification of the 
main topics and the evaluation of their importance in subsequent years covered by the 
analysis. The BERTopic model was chosen as the main research method. The paper 
presents both the theoretical basis of the employed research method and the results of 
its application to the analysis of the Polish publication achievements registered in the 
Scopus database. The paper presents a description of topics identified, a specification 
of the relationship between them and changes in the importance of each topic between 
2000 and 2024. All calculations were performed using computer programs prepared in 
Python language. 

Wioletta Grzenda’s and Agnieszka Marszałek’s article The role of education and 
gender in shaping career paths of Polish millennials: a shared frailty survival model 
analysis examines the influence of gender and the level of education on job mobility 
among young employees, using the Polish labor market as an example. When analyzing 
job changes, the authors go beyond previous studies by considering the duration of 
individual job episodes and the time-varying nature of some characteristics in young 
people, such as the level of education or the marital status. The analysis was based on 
survival analysis methods, including frailty models. Using data from the Generation 
and Gender Survey, it was found that the impact of the examined factors on job mobility 
varied by gender. The influence of having a child on job mobility was significant only 
for women. Mothers have a lower risk of job change than childless women. The 
stabilization of men's careers takes place over time and is associated with leaving the 
family home and marriage. Moreover, having higher education has a greater impact on 
the risk of job changes for men than for women. 
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XV Scientific Conference MASEP 2024 – Measurement and Assessment  
of Social and Economic Phenomena, Warsaw, Poland 

Agnieszka Choczyńska’s paper Is the GPT model suitable for sentiment analysis? 
Testing for geographical, political and gender bias focusses on the GPT-4o-mini 
model by OpenAI which is tested for the presence of geographic, political and gender 
bias in the case of Polish economic news headlines. It has been found that the model 
consistently differs in sentiment scores for the same sentence, depending on the 
country mentioned. A remedy to this problem is proposed, which masks the references 
to countries and nationalities using the GPT model. Some differences in sentiment 
scores resulting from explicit references to gender or political parties are also identified, 
although these types of bias are considerably weaker than geographical bias. 

Research Communicates and Letters 

Olena Kaminska, in the paper Survey sampling in wartime: addressing challenges 
for cross-national and longitudinal studies, outlines the design of two samples: one for 
a cross-national European Social Survey in Ukraine (ESS), and the other for the longi-
tudinal household panel study, UKRAINS. By carefully addressing these complex sam-
pling challenges, it is possible to develop high-quality probability samples that account 
for population mobility and unpredictability in a wartime context. A cross-sectional 
study, such as the ESS, is easier to plan since its purpose is to capture a snapshot of the 
population at a single point in time. Although the population described in such a study 
may quickly become invalid, it remains relevant to a critical historical moment in the 
country’s life. However, analysts must be aware of missing subgroups: IDPs living in 
non-private households, servicemen (who now constitute a larger proportion of the 
population than in non-conflict circumstances), and individuals who are abroad unless 
specifically covered. 

Włodzimierz Okrasa 
Editor  

 

 
 
 
 
 

© Włodzimierz Okrasa. Article available under the CC BY-SA 4.0 licence   
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Optimal sample allocation in multivariate stratified 
sampling: a comparison of deterministic and stochastic 

optimization algorithms
Dalius Pumputis1

Abstract

This study addresses the problem of optimal sample allocation in multivariate stratified sam-
pling, where survey accuracy and cost-efficiency are the key concerns. Two optimization
formulations are examined: one aims to minimize the total survey cost subject to constraints
on the precision of the estimators of the population totals, while the other seeks to minimize
a weighted sum of the relative variances of these estimators, given a fixed total survey budget.
Classical and modern optimization approaches are reviewed and evaluated, including Inte-
ger Programming Algorithms (IPA), Bethel’s Algorithm (BA), Constrained Optimization by
Linear Approximations (COBYLA), and three stochastics, namely Generalized Simulated
Annealing Algorithm (GSAA), Particle Swarm Optimization (PSOA) and Biased Random-
Key Genetic Algorithm (BRKGA). Using synthetic and real-world populations, numerical
experiments demonstrate that IPA consistently achieves the global minimum and serves as
the benchmark. While BA underperforms, BRKGA emerges as a competitive alternative,
closely matching IPA in most scenarios. Results also highlight the impact of variable skew-
ness on allocation efficiency, with real-world datasets being more complex and thus having
higher sampling demands. The findings underscore the importance of adaptive, integer-
feasible optimization methods for accurate and cost-effective survey design.

Key words: constrained optimization by linear approximations, integer programming, mul-
tivariate stratified sampling, optimal sample allocation, stochastic optimization.

1. Introduction

To obtain accurate estimates, surveys often employ stratification of a finite population.
This statistical technique involves dividing the survey population into several distinct, non-
overlapping, and internally homogeneous groups known as strata. Independent samples are
then drawn from each of these groups. When stratified sampling is selected as the sampling
method, the initial task is to define the boundaries of the strata.

After the strata boundaries have been established and the total sample size n has been de-
cided, the next step involves allocating the sample size across the strata. Various allocation
strategies are available, such as equal, proportional, or Neyman allocation (Neyman 1934).
Equal and proportional methods are generally efficient when within-stratum variances are
similar. In contrast, the Neyman method is more appropriate when strata vary significantly,
as it prioritizes drawing fewer samples from more homogeneous strata and more from those
with greater internal variability.

1Vilnius Gediminas Technical University (VILNIUS TECH), Lithuania.
E-mail: dalius.pumputis@vilniustech.lt. ORCID: https://orcid.org/0000-0003-0954-0663. 
© Dalius Pumputis. Article available under the CC BY-SA 4.0 licence
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Neyman allocation relies on a formula designed to minimize both the survey cost C and
the variance of the estimator for a single study variable. However, modern surveys often
focus on multiple variables. In such cases, an allocation optimized for one variable may
not be optimal for others, resulting in what is known as the multivariate optimal sample
allocation problem.

This issue has been addressed by several researchers, beginning with Yates (1960), who
proposed minimizing a weighted sum of the variances of the estimates for all survey vari-
ables, under the constraint of a fixed total sample size. Later, Chatterjee (1967) extended this
line of inquiry by deriving an expression for the increase in variance when a non-optimal
allocation is used, offering a framework for quantifying the deviation from optimality in
multivariate settings.

Ahsan and Khan (1982) formulated the multivariate allocation problem with stratum-
level overhead costs as a nonlinear program, minimizing total cost subject to variance con-
straints. Bethel (1985) proposed a convex programming algorithm that is simple to imple-
ment and converges efficiently. He later extended this work (Bethel 1989) by incorporating
linear variance constraints and deriving optimal allocations using Lagrangian multipliers,
providing a practical algorithm with demonstrated convergence.

Subsequent work has focused on obtaining integer and compromise allocations. Khan
et al. (1998), Khan and Ahsan (2003), and Khan et al. (2010) developed dynamic and
goal programming methods to derive integer-valued, compromise solutions, incorporating
auxiliary information where available. Swain (2013) and Varshney et al. (2014) also applied
goal programming to balance efficiency and practicality in multivariate settings.

Kadane (2005) introduced a dynamic sampling plan that minimizes variance at every
stage, extending Neyman’s approach to sequential designs. Brito et al. (2015) proposed
a binary integer programming model that offers improved performance over existing algo-
rithms in complex survey scenarios.

Since study variable parameters are often unknown in advance, Dayal (1985) suggested
using auxiliary variables correlated with the variable of interest to guide sample allocation,
showing that proportional allocation based on such variables can outperform approxima-
tions of Neyman allocation. Reddy et al. (2018) used auxiliary data with dynamic program-
ming to optimize stratum boundaries and sample sizes in health surveys, greatly improving
estimation efficiency over traditional methods.

While many allocation methods rely on approximations or rounding to achieve prac-
tical sample sizes, these approaches may lead to suboptimal or even infeasible results.
Wright (2017) addressed these limitations by proposing exact optimal allocation algorithms
that avoid common issues with Neyman allocation, such as non-integer solutions, post-
rounding inefficiencies, and allocations exceeding stratum sizes. Expanding on this,
Wright (2020) developed an exact algorithm with cost and sample size bounds, using cost-
weighted function decomposition to offer a flexible, efficient framework that includes sev-
eral traditional methods as special cases.

Recent studies propose methodological advances for optimum and compromise alloca-
tion in multivariate stratified sampling, tackling issues like non-response, cost, uncertainty,
fuzzy environments, and practical constraints.



STATISTICS IN TRANSITION new series, March 2026 3

Haq et al. (2020) tackled compromise allocation in multivariate stratified sampling un-
der non-response and fixed costs by converting an integer non-linear problem into a binary
goal programming model, solved with flexible fuzzy goals for population mean estimation.
Mahfouz et al. (2023) proposed a stochastic compromise allocation model using multi-
objective programming to minimize survey cost and stratum variances. Through chance-
constrained programming and simulations, they showed it provides the most efficient allo-
cations. Raghav et al. (2023) addressed compromise allocation under response and non-
response using multi-objective intuitionistic fuzzy programming with optimistic and pes-
simistic strategies, demonstrating applicability through simulations in wildlife, agriculture,
and marketing surveys. Jalil et al. (2023) proposed a hierarchical multi-level program-
ming model for compromise allocation under non-response and budget constraints, using
fuzzy methods to optimize allocations and improve survey efficiency, flexibility, and cost-
effectiveness. Gupta et al. (2024) modeled compromise allocation as deterministic integer
programming solved with intuitionistic fuzzy programming, showing via computations that
it reduces variances and errors, improving precision in microeconomic surveys. Wesołowski
et al. (2024) developed a recursive Neyman algorithm (RNABOX) for stratum sample sizes
under box constraints, proving optimality with Karush-Kuhn-Tucker theory and implement-
ing it in R as a generalization of classical Neyman allocation.

To obtain optimal or near-optimal solutions for multivariate sample allocation problems,
general-purpose optimization techniques such as the Generalized Simulated Annealing Al-
gorithm (Tsallis, 1996) and other metaheuristic methods can be applied, as demonstrated in
this study.

Unlike prior work (e.g. Mahfouz et al., 2023) that developed specific stochastic models,
our study introduces a broader comparison of stochastic, deterministic, and hybrid optimiza-
tion algorithms under two canonical allocation formulations. We benchmark results against
a globally optimal integer programming solution and apply the methods to both synthetic
and real populations, including high-dimensional, skewed, and correlated data, providing
new insights into practical performance under diverse conditions.

The structure of the paper is as follows. Section 2 outlines fundamental concepts and
definitions related to stratified sampling and introduces two multivariate sample allocation
problems along with relevant algorithms. Section 3 presents simulation results illustrat-
ing the performance of different allocation methods. Lastly, Section 4 offers concluding
remarks.

2. Formulations and algorithms for sample allocation

Consider a finite population denoted by U = {u1,u2, . . . ,uN}, consisting of N distinct
units. Assume there are m study variables y(1),y(2), . . . ,y(m), each defined over the popu-
lation U and taking real values. For each variable y( j), the corresponding values for all
population units are given by y( j)

1 ,y( j)
2 , . . . ,y( j)

N , where j = 1,2, . . . ,m.
Now, suppose the population is partitioned into H non-overlapping and exhaustive strata,

denoted by U1,U2, . . . ,UH , such that:

U =
H⋃

h=1

Uh,
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with each stratum Uh containing Nh units, for h = 1,2, . . . ,H. From each stratum, a simple
random sample sh ⊂ Uh of size nh is selected without replacement. The overall sample s,
the total population size N, and the total sample size n satisfy the following relationships:

s =
H⋃

h=1

sh, N =
H

∑
h=1

Nh, n =
H

∑
h=1

nh.

The quantities of interest are the finite population totals for each variable:

t j =
N

∑
i=1

y( j)
i , j = 1,2, . . . ,m.

These totals, t1, t2, . . . , tm, can be estimated using the Horvitz-Thompson estimator
(Horvitz and Thompson 1952):

t̂ j =
H

∑
h=1

Nh

nh

nh

∑
i=1

y( j)
hi , j = 1,2, . . . ,m,

where y( j)
hi denotes the i-th observed value of variable y( j) in the sample sh from stratum Uh.

The variance of the estimator t̂ j for each j = 1,2, . . . ,m is given by:

V (t̂ j) =
H

∑
h=1

N2
h

(
1− nh

Nh

) s2
h j

nh
, (1)

where s2
h j denotes the variance of variable y( j) within stratum Uh.

Because the variance (1) of the estimators is determined solely by the sample sizes
chosen for each stratum – given that the number of strata (H), population sizes within strata
(Nh), and within-stratum variances (s2

h j for h = 1,2, . . . ,H and j = 1,2, . . . ,m) are fixed
once the stratification is set – the level of variance can be managed through the appropriate
selection of sample sizes n1,n2, . . . ,nH . Consequently, decreasing these sample sizes leads
to higher variance and a greater coefficient of variation in the total estimates, which in turn
can reduce the accuracy of the results. Nonetheless, to limit the total survey cost, expressed
as ∑

H
h=1 chnh, where ch is the per-unit cost of sampling in stratum Uh, it is often necessary to

reduce sample sizes. To address this trade-off, various sample allocation strategies – such as
those developed by Kokan and Khan (1967), Bethel (1985, 1989), Ahsan and Khan (1982),
Brito et al. (2015), among others – have been proposed to balance the need for precision in
the survey variables of interest with cost efficiency.

Kish, L., (1976), Khan and Ahsan (2003), Garciá and Cortez (2006), Khan et al. (2011),
and others have addressed the problem of optimal allocation in multivariate stratified sam-
pling, focusing on optimizing allocation strategies with respect to the variances of estima-
tors, under constraints such as total sample size or cost. Their work involves various mathe-
matical programming approaches – including nonlinear, dynamic, and convex optimization
– to balance precision and resource limitations in survey design.
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The contributions discussed above allow us to distinguish two main directions in ap-
proaching the sample allocation problem. These perspectives form the basis for the two
problem formulations presented below.

Problem 1. Find strata sample sizes n1,n2, . . . ,nH , which minimize the total survey cost

C =
H

∑
h=1

chnh (2)

and satisfy the following inequalities:

nmin ≤ nh ≤ Nh (h = 1, . . . ,H), (3)√
V (t̂ j)

t j
≤CVj ( j = 1, . . . ,m), (4)

where CVj, for j = 1,2, . . . ,m, are the pre-specified coefficients of variation of the estimators
t̂ j, j = 1,2, . . . ,m.

In this formulation, constraint (3) ensures that each stratum receives a sample size be-
tween nmin and its population size. Constraint (4) keeps the coefficient of variation of each
estimator within the target CVj.

Problem 2. Find strata sample sizes n1,n2, . . . ,nH that minimize the weighted sum of
the relative variances of the estimators of totals

m

∑
j=1

w j
1
t2

j

H

∑
h=1

s2
h j

N2
h

nh

(
1− nh

Nh

)
(5)

and satisfy the following inequalities:

nmin ≤ nh ≤ Nh (h = 1, . . . ,H), (6)
H

∑
h=1

chnh ≤C∗, (7)

where C∗ is the total cost, defined as a function of the available survey budget. The weights
w j, for j = 1,2, . . . ,m, are predetermined values associated with the importance of each
variable of interest, such that 0 < w j < 1 and w1 +w2 + . . .+wm = 1.

The constraint in (6) is identical to that in (3), while the constraint in (7) ensures that the
total cost is less than or equal to C∗, which is defined based on the available survey budget.

Bethel’s Algorithm (BA). Bethel (1985, 1989) solved Problem 1 without incorporat-
ing constraint (3), and developed an algorithm that is guaranteed to converge to a solution
(when one exists). This was achieved by applying the Kuhn and Tucker (1951) Theorem
and the method of Lagrange multipliers to tackle the optimization problem. Later, some
implementations – such as the bethel() function in the SamplingStrata package for the
R programming language – modified the algorithm to incorporate constraint (3).

In this work, we also employ the Generalized Simulated Annealing Algorithm (GSAA)
introduced by Tsallis and Stariolo (1996), designed for global optimization of real-valued
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functions C(n) : RH → R, where C(n), in the context of our paper, corresponds to the sur-
vey cost function or a weighted sum of the relative variances of the estimators of totals, and
n = (n1,n2, . . . ,nH). While originally formulated for unconstrained problems, GSAA can
be extended to constrained settings by incorporating penalty terms into the objective or by
applying constraint-preserving sampling strategies.

The algorithm is based on a generalized entropy functional from nonextensive statistical
mechanics:

Sq = k
1−∑i pq

i
q−1

, q ∈ R,

which reduces to the Shannon (1948) entropy as q → 1. Here, {pi} denotes the probabil-
ities of the microscopic configurations, and k is a conventional positive constant. The two
main parameters of GSAA are qV and qA, which control the sampling distribution and the
acceptance probability, respectively.

Candidate moves are generated using a power-law visiting distribution gqV (∆nt), con-
trolled by the parameter qV , and the annealing temperature T (V )

qV (t) at iteration t.
The acceptance of uphill moves is governed by a generalized Metropolis rule:

PqA(nt → nt+1) =


1 if C(nt+1)<C(nt),(

1+(qA −1)
C(nt+1)−C(nt)

T (A)
qA (t)

) 1
1−qA

otherwise,

where T (A)
qA (t) is the acceptance temperature at iteration t.

The temperature follows a generalized cooling schedule:

T (V )
qV (t) = TqV (1)

2qV−1 −1
(1+ t)qV−1 −1

,

ensuring slow enough cooling to maintain ergodicity and eventual convergence to the global
minimum.

Thus, at each iteration t, a candidate solution nt+1 is proposed by drawing a displace-
ment ∆nt from the visiting distribution gqV (∆nt) centered at the current solution nt . The
candidate is accepted with probability PqA(nt → nt+1), and the relevant temperatures are
updated according to their respective cooling schedules. The process repeats until conver-
gence criteria are met, typically when the energy stabilizes or the maximum number of
iterations is reached.

For constrained problems, the objective may be modified as C∗(n)=C(n)+a ·Penalty(n),
where a > 0 controls the penalty strength.

Thus, GSAA offers a powerful and flexible global optimization method, especially suit-
able for complex landscapes and adaptable to both unconstrained and constrained scenarios.

In derivative-free optimization with nonlinear constraints, Powell (1994) introduced
Constrained Optimization by Linear Approximations (COBYLA). The method builds
local linear models of the objective C(n) : RH → R and constraints Gi(n) : RH → R, i =
1, . . . ,r, by interpolating their values at the vertices of a non-degenerate H-simplex. From
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a simplex {x(0),x(1), . . . ,x(H)} ⊂ RH with full affine span, linear approximations C̃(n) and
G̃i(n) are constructed to match the true functions at each vertex.

At each iteration, COBYLA solves a linear subproblem

min
n∈RH

C̃(n)

subject to G̃i(n)≥ 0, i = 1, . . . ,r,

∥nt+1 −nt∥2 ≤ ∆t ,

where nt is the current best vertex (minimizing a merit function) and ∆t > 0 is the trust-
region radius. The radius is reduced if sufficient merit decrease is not achieved, regardless
of simplex geometry.

The merit function used to compare candidate points is defined as

Φ(n) =C(n)+µ · max
1≤i≤r

[−Gi(n)]+ ,

with penalty parameter µ > 0 dynamically updated to balance objective and constraint sat-
isfaction. If the linearized subproblem is infeasible, COBYLA minimizes maximum con-
straint violation under the trust region. The simplex is then updated either by incorporating
a new feasible point or by improving the interpolation geometry.

Although theoretical convergence guarantees are limited, COBYLA performs well in
practice for low-dimensional problems without reliable derivatives, making it useful for
black-box or noisy applications in engineering and science.

Consider the optimization of a real-valued objective function C(n) : RH → R, defined
over a bounded search domain Ω ⊂ RH , where the goal is to find n∗ ∈ Ω such that C(n∗) =

minn∈Ω C(n). To solve this, we use the Particle Swarm Optimization Algorithm (PSOA)
(Kennedy and Eberhart 1995), which models a swarm of particles sharing positional infor-
mation to locate the global minimum. Each particle i has a position ni,t ∈ Ω, velocity vi,t ,
personal best position pi,t , and neighborhood best position li,t . Velocities evolve as

vi,t+1 = F(vi,t ,pi,t −ni,t ,Ii,t −ni,t),

and positions update iteratively by

ni,t+1 = ni,t +vi,t+1,

with C(ni,t) guiding updates of pi,t and li,t .
To ensure convergence, Clerc and Kennedy (2002) introduced a constriction factor χ ,

yielding the standard PSOA update:

vi,t+1 = χ (vi,t +α1βββ 1(pi,t −ni,t)+α2βββ 2(li,t −ni,t)) ,

where α1,α2 are acceleration coefficients, and βββ 1,βββ 2 are vectors of independent random
samples drawn from the uniform distribution U(0,1). Clerc (2012) later formalized Stan-
dard PSOA versions with reproducibility, rigorous topologies, and boundary handling.
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Further developments include the phasor PSOA (PPSOA) (Ghasemi et al. 2018), which
uses trigonometric phase-based updates for parameter-free adaptivity, and the multi-phase
PSOA (Li et al. 2021), which segments optimization into phases with distinct strategies for
improved performance.

For constrained optimization, modified PSOA methods incorporate strategies such as
penalty functions, feasibility rules, and repair operators to enforce constraints while pre-
serving swarm behavior (Rini et al. 2011).

PSOA has broad applicability. In statistical sampling, it optimizes stratum boundaries to
minimize estimator variance under Neyman allocation (Al-Kassab and Ali 2015). In power
systems, it is widely used for economic dispatch, optimal power flow, and reactive power
control (del Valle et al. 2008). Numerous enhancements – such as inertia weight schedules,
topology control, and hybridization with mutation operators – have been surveyed by Imran
et al. (2013), underscoring the algorithm’s adaptability and continued development.

In all cases, the central aim remains to iteratively improve candidate solutions ni,t such
that C(ni,t) approaches the global minimum, exploiting both individual and collective expe-
rience within the swarm framework.

In this study, we utilize the Biased Random-Key Genetic Algorithm (BRKGA)
(Gonçalves and Resende 2011), an extension of the original Random-Key Genetic Algo-
rithm (RKGA) proposed by Bean (1994), which can be applied to optimize a real-valued
objective function C(n) : RH → R. In the RKGA, candidate solutions are encoded as chro-
mosomes – vectors of real numbers drawn from the interval [0,1] – which are decoded into
feasible solutions using a problem-specific mapping. This indirect encoding offers flexibil-
ity and is well-suited for combinatorial optimization problems.

The BRKGA, as applied by Brito et al. (2022), modifies the standard RKGA by in-
troducing biased selection during crossover. In each generation, a population of N∗ chro-
mosomes is divided into an elite set (best-performing solutions), a non-elite set, and a set
of mutant chromosomes randomly generated to preserve diversity. Crossover is performed
between pairs where one parent is always selected from the elite set and the other from
the non-elite set. A uniformly random auxiliary vector vaux ∈ [0,1]H and a predefined bias
parameter δe > 0.5 guide gene inheritance: if vaux,i ≤ δe, the offspring gene at position i is
inherited from the elite parent; otherwise, from the non-elite.

Each chromosome γγγ = (γ1, . . . ,γH), where H is the number of strata, is decoded into
a vector ν = (n1, . . . ,nH) of sample sizes via a decoder. For the formulation that minimizes
the total survey cost under precision constraints (Problem 1), assuming unit costs ch = 1 for
all strata, h = 1, . . . ,H, the decoding is given by:

nh = nmin + round(γh · (Nh −nmin)) ,

ensuring that nh ∈ [nmin,Nh], h = 1, . . . ,H. For the formulation that minimizes a weighted
sum of relative variances under a fixed total survey cost (Problem 2) – which reduces to the
total sample size n when ch = 1 for all h = 1, . . . ,H – the decoding follows:

nh = nmin +

(
(n−Hnmin) ·

γh

∑
H
k=1 γk

)
for h = 1, . . . ,H −1, nH = n−

H−1

∑
h=1

nh.
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After decoding, each solution is evaluated using the objective function. To enforce
feasibility, a penalty term is added if any constraint is violated. For instance, in Problem 1,
the penalized objective becomes:

Cp =
H

∑
h=1

nh +P,

where P=T M , T ∈R, if any CV (t̂( j)
y )>CVj, and zero otherwise. Here, M =max j

{
CV (t̂( j)

y )
CV j

}
.

This procedure ensures that only feasible or near-feasible solutions persist across gen-
erations. The BRKGA evolves the population by keeping elites, adding mutants, and
producing biased offspring, balancing exploration and exploitation. As shown by Brito
et al. (2022), it yields high-quality integer-feasible solutions under nonlinear constraints,
rivaling exact integer programming methods.

Most approaches used to derive optimal sample sizes face challenges related to round-
ing, which can be particularly problematic in certain scenarios. These include: (1) surveys
involving small areas, where adding or removing even a single unit from the sample can no-
tably affect the variance estimates, and (2) surveys with a very high number of strata, where
the total sample size n may differ considerably from the sum of the individually rounded
sample sizes allocated to each stratum.

To address these issues, Brito et al. (2015) proposed Integer Programming Algo-
rithms (IPA) to solve Problems 1 and 2, with the following additional constraint imposed:
nh ∈ Z+, for h = 1, . . . ,H. They used simple algebraic techniques to achieve linearity either
in the objective function or in the constraints. Specifically, Brito et al. (2015) introduced
a new binary variable z defined as:

zhk =

{
1, if the sample size k ∈ {nmin, . . . ,Nh},h = 1, . . . ,H, is allocated to stratum Uh;
0, otherwise.

Through this variable, the second constraint in Problem 1 – which is originally nonlinear
– can be reformulated as a linear expression in terms of the values of the binary variable z:

H

∑
h=1

Nh ph j

Nh

∑
k=nmin

zhk

k
−

H

∑
h=1

ph j ≤ 1, ph j =
Nhs2

h j

t2
j CV 2

j
, j = 1,2, . . . ,m.

Similarly, the nonlinear objective function in Problem 2 can be reformulated as a linear
expression in terms of the binary variable z:

m

∑
j=1

w j
1
t2

j

H

∑
h=1

(
Nh

∑
k=nmin

zhk

k

)
N2

h s2
h j.

Although not shown here, the remaining constraints in Problems 1 and 2, as well as the
linear objective function in Problem 1, are also reformulated in terms of the binary variable
z, resulting in fully linear expressions.
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After achieving linearity either in the objective function or in the constraints, Brito et
al. (2015) solved the resulting integer programming problems using the Branch and Bound
method (Wolsey 1998). This optimization approach guarantees attainment of the global
minimum.

3. Numerical comparisons

This section presents the findings from a comparison of various multivariate optimal
allocation techniques applied to a specific subset of population datasets. All computations
were performed using the R programming language. The evaluation focuses on several al-
gorithms employed to solve Problem 1, including Integer Programming (IPA) (Brito et al.
2015a), Bethel’s Algorithm (BA) (Bethel 1985, 1989), the Generalized Simulated Anneal-
ing Algorithm (GSAA) (Tsallis and Stariolo 1996), Constrained Optimization by Linear
Approximations (COBYLA) (Powell 1994), Particle Swarm Optimization (PSO) (Kennedy
and Eberhart 1995), and the Biased Random Key Genetic Algorithm (BRKGA) (Gonçalves
and Resende 2011; Brito et al. 2022). The IPA, GSAA, COBYLA, PSOA, and BRKGA
algorithms are also applied to solve Problem 2, along with the textbook method given in
Cochran (1977), which is denoted as TBA. Specifically, according to this method, the opti-
mal sample size nh from stratum Uh is calculated using the following formula:

nh = n

√
∑

m
j=1
(
n(N)

h j

)2

∑
H
h=1

√
∑

m
j=1
(
n(N)

h j

)2
,

where n(N)
h j denotes the optimum sample size in stratum Uh for variable j, calculated ac-

cording to the Neyman (1934) allocation.
Initially, the comparisons are performed on two synthetic populations, each contain-

ing N = 10000 units. In each population, four study variables are specified. To establish
a predetermined dependence structure among them, a Gaussian copula is first constructed.
This copula serves as a probability distribution where each of the four random variables has
a uniform marginal distribution. Next, these uniformly distributed variables are converted
into the target distributions by applying the inverse transform method.

Thus, for Population 1, the variables are simulated from asymmetric distributions: y(1) ∼
E (0.005), y(2) = |y|, where y ∼ t(3), y(3) ∼ Γ(1,2), y(4) ∼ χ2(2), with ρ(y(1),y(2)) =
0.13, ρ(y(1),y(3)) = 0.39, ρ(y(1),y(4)) = −0.31, ρ(y(2),y(3)) = 0.12, ρ(y(2),y(4)) = 0.13,
ρ(y(3),y(4)) = 0.30.

Population 2 consists of study variables following a combination of normal, expo-
nential, and Fisher distributions: y(1) ∼ E (0.005), y(2) ∼ N (3000,300), y(3) ∼ F (5,4),
and y(4) ∼ N (100,20). Here, the second parameter in the normal distributions repre-
sents the standard deviation. The correlations between these variables are given as fol-
lows: ρ(y(1),y(2)) = 0.19, ρ(y(1),y(3)) = 0.13, ρ(y(1),y(4)) = 0.27, ρ(y(2),y(3)) = 0.12,
ρ(y(2),y(4)) = 0.20, ρ(y(3),y(4)) = 0.17.

For extended analysis, Population 3 is introduced, originating from a statistical survey
on the area and yield of agricultural plants in Lithuanian agricultural companies and en-
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terprises, with a total population size of N = 6204. To assess different sample allocation
methods, the following four skewed variables are selected: y(1) - total yield of cereals and
oilseed rape, y(2) - total yield of cereals and oilseed rape after cleaning and drying, y(3) - to-
tal area of cereals and oilseed rape, and y(4) - total harvested area of cereals and oilseed rape.
The relationships between these variables are characterized by the following correlation co-
efficients: ρ(y(1),y(2)) = 0.64, ρ(y(1),y(3)) = 0.66, ρ(y(1),y(4)) = 0.71, ρ(y(2),y(3)) = 0.86,
ρ(y(2),y(4)) = 0.87, ρ(y(3),y(4)) = 0.93.

All populations are stratified using the traditional k-means approach implemented in
the stats package in R (R Core Team 2023). The number of strata, H, along with their
respective sizes, N1,N2, . . . ,NH , are detailed in Table 1.

Table 1. Population strata sizes and number of strata

Population Number of strata (H) Strata sizes (N1,N2, . . . ,NH )

1 10 1024, 531, 501, 1253, 1761, 649, 1616, 1211, 731, 723

2 7 1083, 831, 245, 1397, 2719, 1123, 2602

3 6 680, 438, 557, 695, 2596, 1238

For the numerical analysis conducted in each population, unit survey costs are assumed
to be the same across all strata, and the weights w j, for j = 1,2, . . . ,m, are considered equal
for all survey variables. A minimum sample size per stratum of nmin = 2 is maintained
for all methods and populations examined. The predefined coefficients of variation for the
total estimators in Problem 1 are set at 5%, 10%, and 15%. In Problem 2, the total sample
sizes for allocation are determined based on sampling fractions of 5%, 10%, and 20% of the
respective population sizes (N).

The algorithms are implemented using their respective R packages, with specific pa-
rameter configurations as detailed below. The Integer Programming Algorithms (IPA) em-
ploy the functions BSSM_FC() and BSSM_FD() from the MultAlloc package (Brito et al.
2015b) to solve Problem 1 and Problem 2, respectively. Bethel’s Algorithm (BA) is ex-
ecuted via the bethel() function from the SamplingStrata package (Barcaroli 2014),
where precision constraints are defined in terms of coefficients of variation for each stud-
ied variable. The textbook method (TBA) is developed by us using the R programming
language. For the generalized simulated annealing algorithm (GSAA), the GenSA() func-
tion from the GenSA package (Xiang et al. 2013) is used, with the parameters set as
follows: temperature = 1 000, parameter for visiting distribution = 2.63,
and parameter for acceptance distribution = -12. Constrained Optimization by
Linear Approximations (COBYLA) employs the nloptr() function from the nloptr pack-
age, with the algorithm parameter assigned the value NLOPT_LN_COBYLA. Particle Swarm
Optimization (PSO) is carried out using the psoptim() function from the pso package
(Bendtsen 2022), where the swarm size is configured as 300. By default, this algorithm
adheres to the Standard PSOA 2007 framework established by Clerc (2012). Lastly, the
Biased Random Key Genetic Algorithm (BRKGA) is executed using the brkga() function
from the BRKGA package (Brito et al. 2023), with the following parameter settings: size of

the algorithm population = 2 000, percentage of elite chromosomes = 0.2,
percentage of mutant chromosomes = 0.2, crossover probability = 0.6,
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number of generations = 2 000, and penalty factor = 1 000. Any other hyperpa-
rameters that are not explicitly stated remain at their default values. The R code defining
the objective function and constraints for GSAA, COBYLA, PSOA, and BRKGA is created
externally from their respective function environments.

Table 2. Comparison of Algorithms for Population 1 and Problem 1

Alg.: IPA BA GSAA CBLA PSOA BRKGA

CVj = 5%

∑ni 457 462 458 460 460 457
f (in %) 4.570 4.620 4.580 4.600 4.600 4.570
CV (t̂(1)y ) 3.408 3.386 3.389 3.389 3.418 3.401
CV (t̂(2)y ) 4.996 4.967 4.999 4.978 4.997 4.999
CV (t̂(3)y ) 4.550 4.522 4.519 4.537 4.582 4.581
CV (t̂(4)y ) 4.485 4.459 4.479 4.472 4.504 4.492

CVj = 10%

∑ni 119 124 119 119 120 120
f (in %) 1.190 1.240 1.190 1.190 1.200 1.200
CV (t̂(1)y ) 6.809 6.695 6.778 6.809 6.985 6.702

Alg.: IPA BA GSAA CBLA PSOA BRKGA

CV (t̂(2)y ) 9.983 9.777 9.999 9.983 9.998 9.980

CV (t̂(3)y ) 9.047 8.896 9.049 9.047 9.185 8.953

CV (t̂(4)y ) 8.948 8.750 8.948 8.948 8.921 8.959

CVj = 15%

∑ni 54 59 54 54 54 54
f (in %) 0.540 0.590 0.540 0.540 0.540 0.540

CV (t̂(1)y ) 10.313 9.786 10.214 10.306 10.214 10.070

CV (t̂(2)y ) 14.937 14.269 14.974 14.889 14.968 14.987

CV (t̂(3)y ) 13.636 12.831 13.520 13.576 13.432 13.495

CV (t̂(4)y ) 13.418 12.750 13.388 13.276 13.353 13.447

Table 3. Comparison of Algorithms for Population 2 and Problem 1

Alg.: IPA BA GSAA CBLA PSOA BRKGA

CVj = 5%

∑ni 773 776 773 774 774 773
f (in %) 7.730 7.760 7.730 7.740 7.740 7.730
CV (t̂(1)y ) 2.497 2.473 2.459 2.495 2.455 2.478
CV (t̂(2)y ) 0.192 0.190 0.189 0.192 0.189 0.190
CV (t̂(3)y ) 4.998 4.982 4.999 4.992 4.995 5.000
CV (t̂(4)y ) 1.002 0.994 0.995 1.001 0.983 0.995

CVj = 10%

∑ni 305 308 305 306 306 305
f (in %) 3.050 3.080 3.050 3.060 3.060 3.050
CV (t̂(1)y ) 4.266 4.140 4.166 4.264 4.144 4.127

Alg.: IPA BA GSAA CBLA PSOA BRKGA

CV (t̂(2)y ) 0.328 0.318 0.319 0.328 0.318 0.317

CV (t̂(3)y ) 9.988 9.928 9.999 9.967 9.997 9.999

CV (t̂(4)y ) 1.710 1.665 1.681 1.709 1.648 1.655

CVj = 15%

∑ni 153 156 153 155 153 154

f (in %) 1.530 1.560 1.530 1.550 1.530 1.540

CV (t̂(1)y ) 6.042 5.714 5.773 6.038 5.903 5.702

CV (t̂(2)y ) 0.465 0.438 0.442 0.464 0.451 0.436

CV (t̂(3)y ) 14.976 14.823 14.993 14.868 14.998 14.993

CV (t̂(4)y ) 2.419 2.301 2.347 2.418 2.402 2.303

Table 4. Comparison of Algorithms for Population 3 and Problem 1

Alg.: IPA BA GSAA CBLA PSOA BRKGA

CVj = 5%

∑ni 745 747 745 747 745 745
f (in %) 12.008 12.041 12.008 12.041 12.008 12.008
CV (t̂(1)y ) 4.996 4.987 4.999 4.987 4.998 5.000
CV (t̂(2)y ) 3.758 3.748 3.771 3.754 3.817 3.735
CV (t̂(3)y ) 4.242 4.238 4.293 4.240 4.400 4.077
CV (t̂(4)y ) 3.521 3.516 3.579 3.519 3.649 3.427

CVj = 10%

∑ni 229 231 229 229 229 229
f (in %) 3.691 3.723 3.691 3.691 3.691 3.691
CV (t̂(1)y ) 9.984 9.936 10.000 9.976 9.995 9.982

Alg.: IPA BA GSAA CBLA PSOA BRKGA

CV (t̂(2)y ) 7.390 7.271 7.337 7.407 7.587 7.309

CV (t̂(3)y ) 7.455 7.592 7.605 7.821 8.443 7.790

CV (t̂(4)y ) 6.421 6.351 6.376 6.618 6.997 6.575

CVj = 15%

∑ni 107 110 107 107 107 107
f (in %) 1.725 1.773 1.725 1.725 1.725 1.725

CV (t̂(1)y ) 14.953 14.735 14.989 14.953 14.982 14.992

CV (t̂(2)y ) 10.795 10.649 10.825 10.795 10.848 10.824

CV (t̂(3)y ) 10.858 10.797 10.908 10.858 10.874 10.001

CV (t̂(4)y ) 9.100 9.028 9.130 9.100 9.121 8.656
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Table 5. Comparison of Algorithms for Population 1 and Problem 2

Alg.: IPA TBA GSAA CBLA PSOA BRKGA

n = 500, f = 5%

CV (t̂(1)y ) 3.228 3.603 3.247 3.238 3.205 3.238
CV (t̂(2)y ) 4.787 5.281 4.788 4.789 4.806 4.789
CV (t̂(3)y ) 4.255 4.581 4.272 4.254 4.292 4.254
CV (t̂(4)y ) 4.275 4.532 4.250 4.266 4.318 4.266

∑CV (t̂(i)y ) 16.545 17.997 16.557 16.547 16.621 16.547

n = 1000, f = 10%

CV (t̂(1)y ) 2.206 2.479 2.212 2.214 2.211 2.209
CV (t̂(2)y ) 3.287 3.635 3.290 3.290 3.287 3.287
CV (t̂(3)y ) 2.933 3.164 2.944 2.933 2.929 2.929

Alg.: IPA TBA GSAA CBLA PSOA BRKGA

CV (t̂(4)y ) 2.940 3.122 2.931 2.942 2.940 2.941

∑CV (t̂(i)y ) 11.366 12.400 11.377 11.379 11.367 11.366

n = 2000, f = 20%

CV (t̂(1)y ) 1.455 1.654 1.465 1.453 1.453 1.453

CV (t̂(2)y ) 2.179 2.437 2.184 2.177 2.177 2.178

CV (t̂(3)y ) 1.950 2.124 1.970 1.954 1.954 1.953

CV (t̂(4)y ) 1.961 2.096 1.957 1.961 1.961 1.961

∑CV (t̂(i)y ) 7.545 8.311 7.576 7.545 7.545 7.545

Table 6. Comparison of Algorithms for Population 2 and Problem 2

Alg.: IPA TBA GSAA CBLA PSOA BRKGA

n = 500, f = 5%

CV (t̂(1)y ) 2.919 2.362 2.926 2.726 2.920 2.914
CV (t̂(2)y ) 0.222 0.187 0.223 0.208 0.223 0.222
CV (t̂(3)y ) 7.199 21.043 7.198 7.499 7.198 7.201
CV (t̂(4)y ) 1.189 0.859 1.190 1.113 1.189 1.194

∑CV (t̂(i)y ) 11.529 24.451 11.537 11.546 11.530 11.531

n = 1000, f = 10%

CV (t̂(1)y ) 1.847 1.627 1.859 1.854 1.854 1.847
CV (t̂(2)y ) 0.140 0.129 0.142 0.141 0.141 0.141
CV (t̂(3)y ) 4.142 14.438 4.136 4.137 4.137 4.141

Alg.: IPA TBA GSAA CBLA PSOA BRKGA

CV (t̂(4)y ) 0.755 0.591 0.759 0.758 0.758 0.755

∑CV (t̂(i)y ) 6.884 16.785 6.896 6.890 6.890 6.884

n = 2000, f = 20%

CV (t̂(1)y ) 1.155 1.093 1.184 1.162 1.162 1.161

CV (t̂(2)y ) 0.087 0.087 0.090 0.088 0.088 0.088

CV (t̂(3)y ) 2.463 9.475 2.453 2.458 2.458 2.458

CV (t̂(4)y ) 0.472 0.396 0.480 0.476 0.476 0.475

∑CV (t̂(i)y ) 4.177 11.051 4.207 4.184 4.184 4.182

Table 7. Comparison of Algorithms for Population 3 and Problem 2

Alg.: IPA TBA GSAA CBLA PSOA BRKGA

n = 310, f = 5%

CV (t̂(1)y ) 8.825 9.895 8.881 8.844 8.825 8.825
CV (t̂(2)y ) 5.843 7.218 5.852 5.827 5.843 5.843
CV (t̂(3)y ) 4.963 5.225 4.937 4.984 4.963 4.963
CV (t̂(4)y ) 4.392 4.966 4.359 4.409 4.392 4.392

∑CV (t̂(i)y ) 24.023 27.304 24.029 24.064 24.023 24.023
n = 620, f = 10%

CV (t̂(1)y ) 5.906 6.697 5.905 5.940 5.930 5.904
CV (t̂(2)y ) 3.888 4.896 3.884 3.948 3.901 3.889
CV (t̂(3)y ) 3.376 3.556 3.382 3.363 3.359 3.377

Alg.: IPA TBA GSAA CBLA PSOA BRKGA

CV (t̂(4)y ) 2.970 3.379 2.976 2.976 2.950 2.971

∑CV (t̂(i)y ) 16.140 18.528 16.147 16.227 16.140 16.141

n = 1241, f = 20%

CV (t̂(1)y ) 3.657 4.292 3.638 3.657 3.657 3.657

CV (t̂(2)y ) 2.377 3.182 2.392 2.378 2.378 2.378

CV (t̂(3)y ) 2.177 2.323 2.189 2.177 2.177 2.177

CV (t̂(4)y ) 1.886 2.209 1.895 1.886 1.886 1.886

∑CV (t̂(i)y ) 10.097 12.006 10.114 10.098 10.098 10.098

Tables 2-4 present the sample allocation resulting from the solution to Problem 1, along
with the total sample size, sampling fraction f , and the achieved coefficients of variation for
the estimators of all variables across the populations, as well as the pre-specified coefficients
of variation. Note that COBYLA is abbreviated as CBLA in the tables to ensure a better fit
within the table format.

Among all the methods examined, only the Integer Programming Algorithm (IPA) at-
tains the global minimum. Thus, other methods can be compared to IPA’s results to evaluate
deviations from the minimum objective value. Bolded values in the tables indicate the
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global optimum, making it easier to visually compare the results of IPA with those of the
other algorithms.

As shown in the tables, the total sample size n produced by Bethel’s Algorithm (BA) is
never smaller than that obtained by the other methods. The only case where BA matches
another method is in Population 3 for CVj = 5%, where it yields the same total sample size
as COBYLA. The greatest deviations from the global minimum for BA are observed in
the skewed Population 1. Notably, BA does not achieve the global minimum in any of the
analyzed populations.

Tables 2-4 also show that the algorithms GSAA, COBYLA, PSOA, and BRKGA achieve
the global minimum in 88.89%, 44.44%, 55.56%, and 77.78% of the cases, respectively.
In the remaining cases, the differences from the global minimum for these methods are not
substantial. The lowest percentage of global minimum attainment, when GSAA, COBYLA,
PSOA, and BRKGA are considered together, is observed in Population 2. In real Popula-
tion 3, the methods discussed in this paragraph reach the global minimum in nearly all cases.
The proportion of cases in which the global minimum is reached in Population 1 is similar
to that in Population 2. We further observe that even if an algorithm finds the global mini-
mum, the specific solution it yields may differ from that produced by IPA. As an example,
in Population 2 where CVj = 10%, IPA produces the values n1,n2, . . . ,nH as 24, 42, 118, 8,
43, 48, and 22. Although GSAA also reaches the global minimum, it results in a different
allocation: 24, 46, 113, 9, 42, 49, and 22. It is also worth noting that a method capable of
achieving the global minimum for a fixed population and a particular value of CVj may not
consistently reach the global minimum when CVj varies. As an illustration, in Population 2,
PSOA successfully attains the global minimum at CVj = 15%, yet it does not achieve this
outcome when CVj is set to 5% or 10%.

The comparison of artificial Populations 1 and 2 indicates that both stratum and total
sample sizes are sensitive to the distributional characteristics of the study variables. In
Population 2, despite two variables being normally distributed, the presence of two skewed
variables – particularly the one following a heavily skewed Fisher distribution – leads to
a notable increase in the total sample size. Compared to other populations, real Population
3 demonstrates the most pronounced increase in sampling fraction for every pre-specified
coefficient of variation.

Tables 5–7 present the comparative results of six algorithms – IPA, TBA, GSAA,
COBYLA, PSOA, and BRKGA – for the previously considered populations under Prob-
lem 2. The objective in this setting is to minimize the weighted relative variance of the
Horvitz-Thompson estimators of totals across multiple survey variables, given fixed overall
sample sizes corresponding to sampling fractions of 5%, 10%, and 20%. Each table presents
the sample allocations across strata, the corresponding coefficients of variation for each
survey variable, and the total sum of coefficients of variation, ∑CV (t̂(i)y ), which serves as
a summary measure of overall efficiency across all survey variables. The global minimum
of this total is indicated in bold.

In these experiments, IPA is again used as a benchmark, as it achieves the global mini-
mum in every case. Other methods are evaluated against IPA’s performance in terms of both
efficiency and allocation stability.
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Thus, IPA serves as the reference algorithm, consistently achieving the lowest possible
value of ∑CV (t̂(i)y ) across all populations and for each fixed total sample size. Its allocations
are well-balanced and establish the best-case baseline against which all other methods are
compared. BRKGA closely matches IPA in all settings, often reaching the same total CV
values and producing well-balanced and robust allocations. It proves to be a competitive
and stable alternative to IPA. COBYLA performs slightly worse than BRKGA, sometimes
matching IPA and BRKGA in total CV . It provides consistent and efficient allocations,
especially in Populations 1 and 3, making it quite a reliable method in practice. GSAA
delivers results similar to COBYLA and BRKGA in some instances but shows occasional
variability in allocation that slightly affects performance. PSOA performs moderately well
across all populations, with results typically falling slightly above the optimal ∑CV (t̂(i)y )

values. Its allocations are generally balanced, although not as consistently efficient as IPA
or BRKGA. TBA, while effective in select settings, often exhibits unstable behavior, partic-
ularly in Population 2. It tends to heavily over- or under-sample certain strata, which leads
to significantly inflated coefficients of variation for some estimators (e.g. estimator t̂(3)y ).
These outliers frequently result in high total CV values, thereby undermining the method’s
overall reliability.

4. Conclusions

The study finds that the Integer Programming Algorithm (IPA) is the most robust and
accurate method for multivariate optimal allocation in stratified sampling. As an exact ap-
proach, it guarantees the global minimum, directly handles integer constraints, and avoids
rounding errors – crucial for many strata or small-area surveys.

Bethel’s Algorithm (BA), while widely used, consistently underperforms. It never
reaches the global minimum and often yields the largest sample sizes, particularly struggling
in populations with skewed distributions. Despite typically converging, Bethel’s Algorithm
often produces suboptimal results compared to more advanced methods.

Among stochastic approaches, the Biased Random-Key Genetic Algorithm (BRKGA)
proves to be the most competitive. It frequently finds solutions that match or closely ap-
proximate IPA’s and consistently delivers stable, well-balanced allocations. Its efficiency
and adaptability make it a strong practical alternative, especially in scenarios where flexi-
bility or faster approximate solutions are preferred over exact methods. The Generalized
Simulated Annealing Algorithm (GSAA) also performs well, often reaching the global
minimum, although with slightly more variability. COBYLA is reliable, especially with
real-world data in Problem 1, although less consistent in achieving optimality in Problem 2.
Particle Swarm Optimization (PSOA) offers reasonable results but tends to be more variable
and less efficient under tighter precision constraints in certain cases.

The textbook method (TBA) is unstable in variance minimization, often yielding poor
allocation balance and high coefficients of variation in some strata and variables.

The study shows that variable distribution affects allocation: skewed variables require
larger samples in Problem 1 and yield higher variation in Problem 2, stressing the need for
adaptive, precise methods.
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In the real population case (Population 3), under Problem 1, for each predefined pre-
cision level (CVj = 5%,10%, and 15%), the sampling fraction is consistently higher than
in the artificial populations, highlighting the greater complexity and variability inherent in
real-world data. In Problem 2, which aims to minimize overall variance given a fixed total
sample size, the highest coefficients of variation across all survey variables are also observed
in the real data case.

This increase – whether in the sampling fraction under Problem 1 or in the coefficients
of variation under Problem 2 – is primarily driven by the skewed distribution of the study
variables, which necessitates larger samples to meet precision requirements in Problem 1
and leads to higher variances in Problem 2.

This study offers a comparative analysis of exact and approximate optimization meth-
ods. By benchmarking against exact integer programming and testing on diverse real and
synthetic populations, it stands as one of the most comprehensive empirical studies of mul-
tivariate stratified sampling allocation. These results not only affirm the strengths and lim-
itations of different algorithm classes but also provide actionable guidance for practitioners
and survey designers facing real-world complexity in cost and variance trade-offs.
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Sampling techniques in the CPI measurement

Jacek Białek1

Abstract

The procedure used by a National Statistical Office (NSO) for collecting prices to produce 
the Consumer Price Index (CPI) is based on sample surveys. The universe (or population) 
of items has three dimensions: product, geographical, and time, all of which are described 
in the paper. This paper presents and discusses general concepts and techniques of survey 
sampling that are crucial for the construction of price indices. In particular, both probability 
and non-probability sampling techniques are discussed and illustrated with the real-world 
examples. A separate section discusses sampling scanned products. One of the approaches 
used for such data is the dynamic approach, which involves monthly sampling by applying 
appropriate data filters. This technique can be seen as a special form of cut-off s ampling. The 
empirical study investigates the effect of data filtering on the level of price i ndices. The main 
pragmatic conclusion is that the low-sales filter has the most significant impact on  reducing 
the size of the scanner dataset. The second important conclusion is that changing the order 
of data filtering has minimal impact on the value of the price index.

Key words: probability sampling, non-probability sampling, Consumer Price Index, scanner 
data, dynamic approach, multilateral indices

1. Introduction

The procedure used for price collection by a National Statistical Office (NSO) when pro-
ducing a Consumer Price Index (CPI) is a sample survey. Here, the CPI (or the Harmonised 
Index of Consumer Prices, HICP) can play a role of a target quantity which is defined with 
respect to (CPI Manual, 2004): (1) a universe that comprises finite population of units (e.g., 
products or outlets); (2) variables, which are defined for the units in the universe (e.g., 
prices and quantities of products or expenditure shares of outlets); (3) a parameter, which 
is a single value obtained on the basis of values of those variables (e.g., the Jevons (1865) 
or the Laspeyres (1871) price index).

In general, there are three sampling dimensions (HICP Methodological Manual, 2018; 
CPI Manual: Concepts and methods, 2020): (I) a product dimensions, which consists of 
all purchased products and varieties of products; (II) a geographical and outlet dimension, 
which consists of all places (e.g., small shops, supermarkets, petrol stations, web-pages, 
etc.) where the product is sold; (III) a time dimension, which comprises those days of the 
month for which the applicable price index is determined.

For each of these dimensions, there is a general population from which a sample will be 
drawn. The population (universe) of products from the CPI basket is divided into COICOP
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5-digit sub-classes, although this division can go down to a lower level of data aggregation
(e.g., COICOP 6-digit level) for web-scraped data or scanner data (see Section 5). A sample
of products is drawn from each product sub-class, with a common practice being to decide
on representative products in each sub-class. The population (universe) of outlets includes
all places that sell consumer products in a given COICOP product group. Since outlets
have specific locations on the country map, the outlet universe has a geographical character.
For the time dimension, the universe consists of all sub-periods of the month since the
consumer may buy products on any day of the month. The CPI Manual (2004) pays less
attention to the time dimension because “price variation is usually smaller over a short time
span.” However, at least for web-scraped datat, this aspect may be more relevant.

Depending on the product group, the above-mentioned dimensions have differing de-
grees of importance when collecting data to measure inflation (HICP Methodological Man-
ual, 2004). For instance, fresh fruits (COICOP 5: 01161) have highly volatile prices within
a month, so the price sampling strategy should not focus only on the product and outlet
dimension but also on the time dimension. In contrast, prices for actual rentals paid by
tenants (COICOP 0411) are generally fixed for at least a month; thus, the time dimension is
irrelevant in the sampling procedure.

Sampling is an alternative to conducting a full survey on all observations from a pop-
ulation, which is obviously impossible in practice and would be too costly. Additionally,
excessive workload for interviewers in the field could substantially reduce their efficiency
and the quality of the data collected. However, while this remark is valid for traditional data
collection, it has limited applicability when dealing with alternative data sources. For ex-
ample, in the case of scanner data, the use of multilateral indices generally does not require
any random sampling of products (Eurostat, 2022). Instead, all data from all outlets from
a given retail chain are included. However, to ensure the representativeness of the data while
simultaneously reducing analysis time, various data filters are then applied. This thread will
be discussed in more detail in Section 5.

In the simplest terms, probability sampling involves selecting units in such a way that
each one (e.g., product, outlet, or day) has a known non-zero probability of being included
in the sample. For example, in an outlet draw, we can determine that each outlet has an
equal probability of being included in the sample or that this probability is proportional
to the number of people employed at that outlet or its sales revenue. In contrast, in non-
probability sampling, the probability of selecting any particular unit is unknown (and often
impossible to determine). Although probability sampling is the recommended approach for
sampling in statistical surveys, non-probability sampling techniques still dominate the CPI
measurement in most countries.

The main aim of the paper is to discuss and verify the effectiveness of selected sampling
techniques used in the CPI measurement. This article addresses two gaps in the existing
literature. First, it illustrates the sampling techniques discussed for constructing an inflation
basket with respect to scanner data. To the best of the author’s knowledge, there is a lack
of studies in the literature that apply these techniques using scanner data; this article not
only fills that gap but also provides practical scripts written in the R environment. Second,
no existing research examines the impact of the sequence in which data filters are applied
to scanner data on the resulting price index. Data filtering is a recommended method for



STATISTICS IN TRANSITION new series, March 2026 23

selecting scanned product samples within the so-called dynamic approach (see Section 5.2).
Therefore, addressing this second research gap may be of substantial importance to statisti-
cal offices that employ the chain Jevons index to estimate inflation based on scanner data.

The structure of the paper is as follows: Section 2 discusses the main probability sam-
pling techniques; Section 3 describes non-probability sampling methods; Section 4 presents
the main results obtained when trying to estimate bilateral population price indices; Section
5 discusses the problem of sample selection when using scanner data to compile the CPI,
and Section 6 is an empirical study which compares the effectiveness of selected sampling
techniques based on real scanner data sets. The main conclusions from the empirical study
are discussed in Section 7.

2. Probability sampling techniques

This section presents, discusses and illustrates methods of survey sampling that are
implemented when measuring a CPI. In particular, the sub-sections focus on three main
probability sampling techniques, i.e., simple random sampling, systematic sampling (in two
variants) as well as probability proportional to size sampling (for a broader overview on
that topic see Särndal et. al. (2003)). Please note that both Section 2 and Section 3 concern
the traditional CPI data collection, and Section 5 discusses sample selection for scanner CPI
data.

The survey sampling approach assumes that the universe (population) consists of a finite
number N of observational units. The sampling procedure selects a sample S that comprises
n units out of N available, where the inclusion probability πi = P(i ∈ S) is known for each
unit i ∈ {1,2, ...,N}.

The universe can be divided into strata, denoted here by h ∈ {1,2, ...,H}. Each stratum,
which can be treated as mini-universe with sampling taking place independently in each
one, consists of Nh units, where ∑

H
h=1 Nh = N. For example, for outlet dimension the uni-

verse of outlets can be divided into four disconnected sub-populations: online stores, small
neighborhood stores, supermarkets and hypermarkets.

A sampling frame is a list of all (or most) of the N units in a given universe. Sampling
frames for the outlet dimension could be business registers or any records of local adminis-
trations (CPI Manual, 2004). A products list obtained from sellers or a product list obtained
from price collectors can be used as sampling frames for the product dimension.

2.1. Simple random sampling and systematic simple sampling

In simple random sampling and systematic simple sampling each unit is drawn with
equal inclusion probability, which means that πi =

n
N . In simple random sampling, all units

are sampled with replacement. Simple random sampling without replacement is not ad-
dressed in the CPI Manual (2004), likely because it entails a changing selection probability
for each unit as the population size diminishes with successive draws. Therefore, this article
only considers simple random sampling with replacement. In systematic sampling, only the
first element is drawn randomly in that way, and the remaining units are selected at equal
distances from each other in the sampling frame (CPI Manual, 2004).
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2.2. Probability proportional to size sampling

In probability proportional to size (pps) sampling, the inclusion probability is propor-
tional to an auxiliary variable xi (CPI Manual, 2004; HICP Methodological Manual, 2018).
This can be expressed as πi = nxi/∑

N
j=1 x j. CPI Manual (2004) on page 69 states: "Units

for which initially this quantity is larger than one are selected with certainty, whereafter the
inclusion probabilities are calculated for the remainder of the universe". For example, when
drawing outlets, an auxiliary variable could be the number of people employed at the outlet
or the sales volume from the last year of operation (if this information is available).

While it is theoretically possible to consider a fixed or random sample size, when com-
piling a CPI in practice a fixed sample size is typically considered in each stratum (CPI
Manual, 2004, p. 70). Specifically, a statistical office can consider various sampling tech-
niques that provide fixed-size pps samples. One such technique is systematic pps sampling,
which follows a similar concept to simple sampling, but the first sample element is drawn
in the pps scheme. Another techique is order pps sampling, which is described below.

Order pps sampling is a commonly accepted technique for selecting pps samples, and is
widely discussed in Rosén (1997a, 1977b). Once the auxiliary variable xi is determined, the
procedure begins by assigning each i−th unit in the population a uniform random number
Ui ∈ (0,1). The units are then assigned a number Qi as the value of a differential function
with arguments xi and Ui, i.e., Qi = f (xi,Ui). The units in the population are then sorted
in ascending order relative to the value of Qi. The n units with the smallest Qi values
are sampled. The CPI Manual (2004) discusses two important cases of the above-mention
approach, i.e., sequential pps sampling with Qi =Ui/zi, and Pareto pps sampling with Qi =

(Ui(1−zi))/(zi(1−Ui)), where zi = nxi/∑
N
j=1 x j. Rosen (1997b) showed that for estimating

mean and variance, these order sampling techniques are only approximately pps. Pareto pps
is marginally better than sequential pps and should therefore be preferred in the price index
contex (CPI Manual, 2004, p.71). For more detailed information about Pareto pps see, for
instance, Lindblom and Teterukovsky (2007), where a case with strata is considered. As it
was mentioned above, probability sampling is less commonly used by statistical agencies
than non-probability sampling. However, Lindblom (2003) provides details concerning the
probabilistic approach used in Sweden, while probability sampling methods used by the US
Bureau of Labor Statistics are described in Sections 5.24 - 5.26 in the CPI Manual (2004).

2.3. Empirical illustration

The empirical illustration of probability sampling concerns the selection of outlets of
retail chain operating in Poland, with the objective of determining price indices for an el-
ementary group of coffee products. For demonstration purposes, we will use scanner data
on coffee sales as available in the PriceIndices R package (Białek, 2021). A more exten-
sive discussion of scanner data is given in Section 5, and thus, a detailed description of the
structure of this type of data is omitted here.

The ’coffee’ dataset contains transaction data of coffee sales in N = 20 outlets represent-
ing the population for this study. We assume that we need to draw a sample of n = 4 outlets.
The sales data includes three types of coffee: instant coffee, coffee beans and ground coffee,
and we will focus on the period from January 2019 to December 2019. It means that we ob-
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served 79 coffee products with a total of 14,392 records. The script that implements the out-
let sampling is available at https://github.com/JacekBialek/important_documents/blob/main/
SIT_illustration_1.Rmd.

As a result of running the R script, the user receives a table of results on the basis of
which the selection of outlets is made. Let us first discuss the columns of this table. The first
column (Outlet ID) indicates the outlet identification number assigned by the retail chain.
The xi column contains the values of the size variable, which in our illustration is the annual
coffee sales revenue of each outlet (in PLN). The next column, xcum

i , contains the cumulative
values of the size variable (PLN). Column zi contains values of the intermediate variable
described in Section 2.2, which will be used in the pps method. Uniform random values
between 0 and 1 are in the column labelled Ui. The values of Qi = f (xi,Ui), depending on
whether the sequential pps sampling or Pareto pps sampling technique is implemented, are
in columns Qseq

i and QPar
i respectively. Finally, the last four columns indicate the four outlets

drawn, depending on the probabilistic sampling method. Specifically, we have the results
for: simple random sampling (simple), systematic pps sampling (systematic), sequential
(order) pps sampling (seq) and Pareto (order) pps sampling (Pareto).

Table 1. Selection of outlets using the sampling techniques
Outlet ID xi xcum

i zi Ui Qseq
i QPar

i simple systematic seq Pareto
2183 747848.76 747848.76 0.18 0.81 4.53 19.51 - - - -
2381 859283.40 1607132.16 0.21 0.07 0.34 0.29 - ✓ ✓ ✓
2681 844018.93 2451151.09 0.20 0.61 3.03 6.23 - - - -
3782 702174.50 3153325.59 0.17 0.13 0.79 0.76 ✓ - - -
4080 928925.11 4082250.70 0.22 0.42 1.88 2.51 - - - -
4281 938415.01 5020665.71 0.22 0.54 2.42 4.10 - - - -
4380 796774.77 5817440.48 0.19 0.15 0.81 0.78 ✓ ✓ - -
4580 1159091.58 6976532.06 0.28 0.08 0.28 0.22 ✓ - ✓ ✓
4681 807040.59 7783572.65 0.19 0.64 3.33 7.47 - - - -
4780 894942.71 8678515.36 0.21 0.25 1.15 1.20 - - - -
4883 770725.98 9449241.34 0.18 0.51 2.79 4.68 - - - -
5480 826464.99 10275706.33 0.20 0.10 0.52 0.47 - ✓ - -
6681 809634.89 11085341.22 0.19 0.97 5.01 123.33 ✓ - - -
7081 728462.60 11813803.82 0.17 0.43 2.48 3.61 - - - -
7481 854912.08 12668715.90 0.20 0.36 1.76 2.18 - - - -
7482 626678.63 13295394.53 0.15 0.05 0.34 0.30 - - ✓ ✓
8480 1153981.94 14449376.47 0.28 0.59 2.13 3.73 - ✓ - -
8580 846678.61 15296055.08 0.20 0.42 2.07 2.84 - - - -
9082 755509.54 16051564.62 0.18 0.03 0.14 0.12 - - ✓ ✓
9182 712747.31 16764311.93 0.17 0.89 5.21 37.85 - - - -

While simple random sampling, sequential pps sampling and Pareto pps sampling meth-
ods have been sufficiently described in Section 2.2, the results in Table 1 on systematic pps
sampling still require additional clarification. After determining the cumulative values of
size variable xcum

i , one integer Ix from the interval (0,max) is drawn (one_sample_number
in R script), where max is the floor value of the last cumulative size variable value (i.e.,
the total sum of size variable xi) divided by n = 4. In the next step, the next three num-
bers are determined non-randomly: Ix +max, Ix + 2max and Ix + 3max. At this stage we
have four threshold values. The final stage involves selecting those outlets for which the
cumulative value of the size variable has exceeded the given threshold for the first time. In
our empirical illustration we obtain: max = 4191078, Ix = 1469607, Ix +max = 5660685,
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Ix + 2max = 9851763 and Ix + 3max = 14042841, which leads to the following sample of
outlets: {2381,4380,5480,8480}. The sample structure is exactly the same in the case of
sequential (order) pps sampling and Pareto (order) pps sampling, although this in not al-
ways guaranteed. In our case these two techniques lead to the following sample of outlets:
{2381,4580,7482,9082}, while simple random sampling provides the following sample of
outlets: {3782,6681,4580,4380} (the outlet with ID = 4580 appears in both samples).

3. Non-probability sampling techniques

Probability sampling is more advanced than non-probability sampling and is thus more
demanding on the researcher (statistician). Therefore, non-probability sampling is easier
to implement, and perhaps this is one of the reasons why this approach is more common
in the practices of statistical offices. Another technical reason could be the lack of avail-
ability of a sampling frame, especially for the product dimension. An argument for using
non-probability sampling may also be the low measurement bias it generates as a result.
Moreover, de Haan, Opperdoes and Schut (1999) verified the bias that results from non-
probability sampling based on scanner data and found that the mean square error (MSE)
was often smaller than that for pps sampling. Furthermore, when there is a shortages of in-
terviewers, it may be cheaper to collect prices close to where the interviewers live. Sending
interviewers to new locations and training them each time a new sample is drawn is cer-
tainly both time-consuming and costly. Finally, in probabilistic sampling, statisticians must
often contend with oversampling, such as when the population of individuals is already
small at the outlets. Thus, below we will discuss the main approaches commonly used
in non-probability sampling.

3.1. Cut-off sampling

Cut-off sampling refers to the situation when the n ’largest’ sampling units are selected
with certainty, and the remaining units have zero chance of being included in the sample
(CPI Manual, 2004). The term ’largest’ units refers to units with the highest values of size
variable that are highly correlated with the target variable. In general, the cut-off sampling
method provides biased estimators; however, if we are primarily concerned with reducing
MSE, this method may be a good way of sampling. This is because any estimator from
cut-off sampling has zero variance (de Haan, Opperdoes and Schut, 1999).

A specific case of cut-off sampling is the filtering of scanner data using a dynamic ap-
proach. On the one hand, the automation of the collection of electronic transaction data
and its full availability (provided that the retail chain signs an agreement with the statistical
office) means that there is no need to sample products, varieties or points in time when using
scanner data (CPI Manual, 2004, p. 74). On the other hand, to reduce chain drift bias and
account for the impact of clearance sales and dump prices, some statistical offices choose
to use the chain Jevons index while first filtering the scanner data (e.g., by eliminating rel-
atively low sales or product with extreme price changes from the dataset). This process
is known as a dynamic approach, where samples are selected in this way from month to
month. It will be discussed in more detail in Section 5.



STATISTICS IN TRANSITION new series, March 2026 27

3.2. Quota sampling

Quota sampling is a non-random selection method for survey samples (Cochran, 1977).
The share (number or percentage) of units in the sample is determined in such a way that
it is proportional to their actual share in the entire survey population. Although a sample
obtained through quota sampling is not selected using a random technique, it can still be
representative of the entire population, albeit to a limited extent. This representativeness
largely depends on the level of detail available about the population under study.

It is important to note that quota sampling requires central management of the whole
sampling process, which may limit its usefulness in practice. Additionally, the standard
error of any estimate cannot be determined in the case of quota sampling, further limiting
this method (CPI Manual, 2004).

3.3. The representative item method

The representative item method is a traditional CPI method where the statistical office
compiles a list of product types along with their specifications (CPI Manual, 2004). If the
product type specification is very precise and, therefore, narrow, interviewers receive exact
guidelines on which product should be added to the sample. However, this precision may
make searching for a product that is compliant with the specification much more difficult
or even impossible in a given area or a given period. Conversely, if the type-specification
is relatively broad, interviewers have greater freedom in selecting a sample of the most
popular products locally. As a rule, this approach leads to better representativity of the
sample compared to the narrow type-specification variant.

3.4. Sampling in time

The CPI (like the HICP) refers to a month. Prices of goods and services usually fluctuate
throughout the month; however, in the practice of statistical offices, interviewers collect
prices on a specific day of the month. The CPI Manual (2004) gives the 15th day of the
month as an example of a reference day for price measurement. In Poland, price quotations
are carried out by interviewers from the 5th to the 22nd of each month. As a rule, prices
of goods are collected once a month, but for some products, price quotations are more
frequent (e.g., prices of fresh fruit in Poland are collected twice a month due to their high
price volatility). However, even quoting prices twice a month may be insufficient when the
price of a product or service varies substantially and depends, for example, on the day of
the week (e.g., cinema tickets are more expensive on weekends). Nevertheless, this practice
results more from statistical offices’ limited funds and human resources rather than from
methodological guidelines.

A separate issue when using scanner data to compile a CPI is sampling in time. In
this case, the expectations of the statistical office must be confronted with the cooperation
offered by the retail chains. However, assuming that the agreement between the retail chain
and the statistical office leaves a lot of freedom in selecting the period from which the
data should come within a month, the individual product usually covers the first three (or
sometimes even four) weeks of the month (Eurostat, 2022). For more details, see Section 5.
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3.5. Empirical illustration

This section illustrates the cut-off sampling method using scanner data on coffee sales,
as described in Section 2. This method will be used to sample n = 9 products from N = 79
coffees products available for sale in 2019. In this empirical illustration, we will consider
two size variables: the value of coffee sales and the number of coffee product sold. The
total value of coffee sales in the population is 16,764,311.93 PLN, which corresponds to
the total number of coffee products sold: 358575. Each product (coffee) is identified based
on an internal code (ID) assigned by the retail chain, which has been verified to have a 1:1
relationship with the EAN (European Article Number) barcode. Additionally, two levels of
data aggregation are considered: the higher COICOP 5 level (where, as mentioned above,
the population contains 79 units) and the lower level of aggregation, i.e. COICOP 6 level,
where sales are divided into three product subgroups: coffee beans (23 IDs), ground coffee
(37 IDs) and instant coffee (19 IDs).

Since cut-off sampling involves considering the n = 9 largest products in terms of sales
value and sales volume, let us first look at the histograms for these two size variables (Fig.
1 and Fig. 2). At first glance, noticeable differences can be observed between the distribu-
tions of size variables, supporting the initial hypothesis that the choice of size variable may
substantially impact the final sample selection using the discussed technique.
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Figure 1. Histogram of sales values determined for the coffee products population, pre-
sented at both COICOP 5 and COICOP 6 aggregation levels
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Figure 2. Histogram of the number of products sold determined for the coffee products
population, presented at both COICOP 5 and COICOP 6 aggregation levels

Our second hypothesis to be verified is that the samples obtained by selecting three
units from each of the three coffee subgroups (based on the given size variable) do not
necessarily give the same result as the initial sample of 9 units taken at the COICOP 5
level. Both working hypotheses were confirmed in our empirical illustration, but the first
hypothesis holds only at the higher level of data aggregation (COICOP 5). Table 2 and
Table 3 highlight the ID numbers of coffee products that appeared in all considered cut-
off sampling variants in bold. As one can see, both the selection of the size variable and
the choice of the level of data aggregation are important with regard to the structure of the
sample obtained using the cut-off sampling method.

Table 2. Characteristics of samples of coffee products, presented at both COICOP 5 and
COICOP 6 aggregation levels (a size variable is the value of coffee sales)

COICOP 5 COICOP 6

Characteristics call coffee products ccoffee beans cground coffee cinstant coffee

sample product IDs 2401950, 2401947, 33955, 75096, 22687 2401950, 2402723, 2401947, 2401948,
2402723, 2401948, 2400915 2400379
2400379, 2400915,
2402453, 2400368,

32308
total sales (PLN) 6436417.44 845251.21 2669982.48 2555225.97
population share (%) 38.39 31.06 34.98 39.84
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Table 3. Characteristics of samples of coffee products, presented at both COICOP 5 and
COICOP 6 aggregation levels (a size variable is the number of coffee product sold)

COICOP 5 COICOP 6

Characteristics all coffee products coffee beans ground coffee instant coffee

sample product IDs 2402723, 2401950, 33955, 22687, 89025 2401950, 2402723, 2401947, 2401948,
2400915, 2402453, 2400915 2400379
2400655, 2401380,
2401947, 2403353,

2400379
no. of sold products 168776 21825 102351 27213
population share (%) 47.06 37.23 44.44 39.05

Coffee bean products were underrepresented at the COICOP 5 level, which is due to the
low sales value within this product group. However, at the COICOP 6 level, this group
has representatives in the sample (see Table 2 and Table 3). Notably, at the COICOP
6 level there are almost no differences in the sample structure due to the size variable
(in fact, the samples differ in only one coffee bean). At the higher level of data aggre-
gation (COICOP 5), samples designated for different size variables overlap in only 2/3 of
cases. We encourage the reader to conduct similar experiments for a larger sample size since
the script that implements the presented coffee product cut-off sampling is available at
https://github.com/JacekBialek/important_documents/blob/main/SIT_illustration_2.Rmd

4. Price indices in the sampling approach

Measurement of the CPI begins at the elementary level, where interviewers note the
prices of representatives of each elementary group of products sold in various outlets in the
survey regions (e.g., Poland has 207 such regions). At this level, elementary (unweighted)
indices are used to determine price dynamics, which are discussed in detail in Section 4.1.
At higher levels of aggregation, where information is available on both prices and consump-
tion levels, weighted price indices are used, selectively discussed in Section 4.2. An excep-
tion arises with scanner data, where knowledge of consumption levels is already available at
the lowest level of data aggregation (the bar-code level), and therefore there are no restric-
tions on the choice of the price index formula at the elementary level of data aggregation
(see Section 5).

Let us suppose we have a population (universe) of N goods and we are interested in
estimating a target (population) price index P0,t , which compares a current period t with
a base one 0. To achieve this aim we collect a sample S ⊂ {1,2, ..,N} of goods for which,
depending on the information available, we can obtain full observations {p0

i , pt
i,q

0
i ,q

t
i : i ∈

S} or limited observations {p0
i , pt

i : i ∈ S}, where pτ
i and qτ

i denote the price and quantity of
the i− th unit in a period τ ∈ {0, t}, respectively. Based on the drawn sample S of n units
we estimate the population price index P0,t using the sample price index P̂0,t .
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4.1. Population and sample unweighted indices

Well-established elementary price indices include the Dutot, Carli and Jevons indices
(von der Lippe, 2007; CPI Manual, 2004; CPI Manual: Concepts and methods, 2020).
Chronologically, the first formal proposal of an elementary price index comes from the
French economist Nicolas Dutot (1738). The population Dutot price index can be presented
as a ratio of unweighted arithmetic means of prices from compared periods, i.e.,

P0,t
D =

1
N ∑

N
i=1 pt

i
1
N ∑

N
i=1 p0

i
. (1)

In 1764, the Italian economist Gian Rinaldo Carli proposed an elementary index as an
unweighted arithmetic mean of price relatives, known as the Carli (1804) index. It can be
expressed as follows:

P0,t
C =

1
N

N

∑
i=1

pt
i

p0
i
. (2)

However, due to its superior axiomatic properties, the most recommended elementary
price index formula is the Jevons (1865) index (Levell (2015)). This index uses an un-
weighted geometric mean of price relatives and can be written in terms of the natural loga-
rithm of prices as follows:

P0,t
J = (

N

∏
i=1

pt
i

p0
i
)

1
N . (3)

The last elementary index presented is the Balk-Mehrhoff-Walsh (BMW) index, inde-
pendently obtained by Mehrhoff and Balk as a linear approximation of the Walsh (1901)
index (Eurostat (2018), p. 176; Balk (2005), p. 689). It is formulated as:

P0,t
BMW =

∑
N
i=1

√
(

pt
i

p0
i
)

∑
N
i=1

√
(

p0
i

pt
i
)
. (4)

The sample counterparts of these formulas are denoted in the paper by P̂0,t
D , P̂0,t

C , P̂0,t
J and

P̂0,t
BMW respectively. For instance, the sample Jevons price index can be written as follows:

P̂0,t
J = (∏

i∈S

pt
i

p0
i
)

1
n . (5)

Silver and Heravi (2007) compared the population elementary indices. The statistical
approach, which treats calculated elementary indices as estimators of population indices,
has been discussed in several studies, including Balk (2005), McClelland and Reinsdorf
(1999), and Dorfman, Leaver, and Lent (1999). For instance, McClelland and Reinsdorf
(1999) highlight the small sample bias associated with the sample Jevons index when used
as an estimator of its population counterpart. Białek (2020) extends Silver and Heravi’s
(2007) findings by considering the case with correlated prices. Specifically, he demon-



32 Jacek Białek: Sampling techniques in the CPI ...

strates that the Carli population price index is very sensitive to changes in the level of price
correlations when prices are log-normally distributed. Furthermore, Białek (2022) uses
a very general continuous-time stochastic approach to compare elementary indices. In
particular, he compares expected values and variances of sample Dutot, Carli and Jevons
indices under the assumption that prices are described by a geometric Brownian motion
(GBM).

As the purpose of this paper is not to discuss the properties of sample price indices in
detail, the formulas for their variances or Mean Square Errors (MSEs) are omitted. For
readers interested in more detail in this area, we recommend Balk (2005). In the following
sections, we present only the most important findings regarding sample elementary price
indices, which can serve as estimators for the weighted price indices discussed in Section
4.2. These main results are presented in Table 4, where s0

i and st
i denote the expenditure

share of the i−th population unit in the base and current periods, respectively.
The term “approximately unbiased” estimator is used when presenting the results in

Table 4 and Table 5. Following the CPI Manual (2004), we understand this term to refer to
an estimator whose bias is small and decreases as the sample size increases, indicating that
the estimator is therefore asymptotically unbiased.

Table 4. Selected estimation finding concerning unweighted sample indices (∗)

Probability sampling method Proportionality of weights Estimation finding

simple random sampling no weighting scheme P̂0,t
D is the approximately unbiased estimator of P0,t

D

pps sampling method p0
i /∑

N
j=1 p0

j P̂0,t
C is the unbiased estimator of P0,t

D

pps sampling method s0
i P̂0,t

J is the approximately unbiased estimator of P0,t
T

pps sampling method s0
i P̂0,t

C is the unbiased estimator of P0,t
L

pps sampling method q0
i P̂0,t

D is the approximately unbiased estimator of P0,t
L

pps sampling method
√

s0
i st

i P̂0,t
BMW is the approximately unbiased estimator of P0,t

W

∗ The weighted population indices are described in Section 4.2

4.2. Weighted population and sample indices

At higher levels of data aggregation, the Laspeyres (1871) index is used to calculate the
price dynamics of the CPI basket (see formula (9)). This is due to the fact that consumption
data comes from the Household Budget Survey, which is conducted at a certain frequency
(e.g., once a year). Consequently, the weighting system based on consumption levels from
the base period is, in practice, already outdated in the current period. From both axiomatic
and economic perspectives, it would be ideal to use superlative indices (von der Lippe,
2007), which are discussed below. For scanner data (see Section 5), superlative indices can
be used even at the lowest data aggregation level.

Superlative price indices, as discussed by Diewert (1976), are the most frequently rec-
ommended index formulas for the Cost of Living Index (COLI) approximation. The list
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of population superlative indices begins with the Walsh (1901) and Törnqvist (1936) price
indices, which are given by:

P0,t
W =

∑
N
i=1

√
q0

i qt
i · pt

i

∑
N
i=1

√
q0

i qt
i · p0

i

, (6)

and

P0,t
T =

N

∏
i=1

(
pt

i

p0
i

) s0
i +sti

2
. (7)

where s0
i and st

i denote the expenditure shares of matched products in months 0 and t.

Another commonly known superlative price index is the Fisher (1922) formula, which
can be written as:

P0,t
F =

√
P0,t

La ·P0,t
Pa , (8)

where P0,t
La and P0,t

Pa denote the Laspeyres (1871) price index and the Paasche (1874) price
index respectively, given by

P0,t
La =

∑
i∈G0,t

q0
i pt

i

∑
i∈G0,t

q0
i p0

i
, (9)

and

P0,t
Pa =

∑
i∈G0,t

qt
i pt

i

∑
i∈G0,t

qt
i p0

i
. (10)

The sample counterparts of the weighted formulas are denoted in the paper by P̂0,t
La , P̂0,t

W ,
P̂0,t

F and P̂0,t
T respectively. For instance, the sample Walsh price index can be written as

follows:

P̂0,t
W =

∑i∈S

√
q0

i qt
i · pt

i

∑i∈S

√
q0

i qt
i · p0

i

. (11)

When the target index is a weighted index, the pps draw scheme seems to be unneces-
sary. Table 5 presents the most important findings regarding sample superlative price indices
obtained using the simple random sampling method (Balk, 2005).

Table 5. Selected estimation finding concerning weighted sample indices

Probability sampling method Proportionality of weights Estimation finding

simple random sampling no weighting scheme P̂0,t
T is the approximately unbiased estimator of P0,t

T

simple random sampling no weighting scheme ln(P̂0,t
F ) is the approximately unbiased estimator of ln(P0,t

F )

simple random sampling no weighting scheme P̂0,t
W is the approximately unbiased estimator of P0,t

W



34 Jacek Białek: Sampling techniques in the CPI ...

4.3. Empirical illustration

This section illustrates the selected sampling methods for drawing scanner products to
calculate sample unweighted and weighted indices, as described in Sections 4.1 and 4.2.
The demonstration is based on the scanner data on milk sales, which is implemented in the
PriceIndices R package (Białek, 2021). The milk data set contains N = 61 milk products
observed over the time interval between Dec, 2018 - Dec, 2019. The following methods are
used to sample n ∈ {10,20,30} products out of the N = 61 milk products available for sale:
cut-off sampling using total sales value as the size variable, simple random sampling, and
pps sampling with weights proportional to base period expenditure shares.

Table 6 presents the above-discussed population and sample indices for the three se-
lected sampling methods. The columns labelled cut_off_10, cut_off_20 and cut_off_30
present sample index results obtained after using the cut-off sampling procedure and for
sample sizes: n = 10, n = 20 and n = 30, respectively. The columns labelled simple_10,
simple_20 and simple_30 present sample index results obtained after using the simple sam-
pling procedure for the same sample sizes. The columns labelled pps_10, pps_20 and
pps_30 present sample index results obtained after using the pps sampling procedure for
the same sample sizes. For the last two probabilistic sampling techniques, the presented in-
dex numbers are the results of the simulation experiment in which the sampling procedure
was repeated K = 200 times, and the mean of the obtained index values was taken.

Table 6. Population indices and mean values of sample indices for the three selected sam-
pling methods

Index name population_index cut_off_10 cut_off_20 cut_off_30 simple_10 simple_20 simple_30 pps_10 pps_20 pps_30
Dutot 0.951437 0.988638 1.001703 1.022526 0.992398 0.966445 0.965991 1.002938 0.999994 1.005274
Carli 1.041709 0.986144 0.995187 1.006313 1.041499 1.038971 1.045865 1.060286 1.062067 1.062032

Jevons 1.024937 0.981871 0.992935 1.004036 1.026928 1.023023 1.028455 1.038357 1.038215 1.039196
BMW 1.025366 0.981873 0.992930 1.004035 1.027230 1.023403 1.028890 1.039075 1.039077 1.040043

Laspeyres 1.001400 0.998832 0.999979 1.001354 1.000120 0.999190 1.002136 1.007905 1.006967 1.009558
Paasche 0.972483 0.959394 0.969410 0.972084 0.980302 0.971805 0.975483 0.994187 0.992919 0.992916
Fisher 0.986835 0.978915 0.984576 0.986611 0.990075 0.985339 0.988682 1.000974 0.999887 1.001177

Tornqvist 0.986757 0.978668 0.984461 0.986539 0.989994 0.985244 0.988525 1.000652 0.999512 1.000721
Walsh 0.985306 0.976565 0.982900 0.985069 0.989185 0.983949 0.986995 0.999171 0.997832 0.998695

Table 7. Biases of the sample indices for the three selected sampling methods

Index name cut_off_10 cut_off_20 cut_off_30 simple_10 simple_20 simple_30 pps_10 pps_20 pps_30
Dutot 0.037200 0.050266 0.071088 0.040960 0.015007 0.014553 0.051501 0.048557 0.053837
Carli -0.055565 -0.046522 -0.035396 -0.000210 -0.002738 0.004156 0.018577 0.020358 0.020323

Jevons -0.043066 -0.032002 -0.020902 0.001991 -0.001914 0.003518 0.013420 0.013278 0.014259
BMW -0.043493 -0.032436 -0.021331 0.001864 -0.001963 0.003524 0.013709 0.013711 0.014677

Laspeyres -0.002568 -0.001421 -0.000046 -0.001280 -0.002210 0.000736 0.006505 0.005567 0.008158
Paasche -0.013088 -0.003073 -0.000399 0.007819 -0.000678 0.003001 0.021704 0.020437 0.020433
Fisher -0.007921 -0.002259 -0.000225 0.003239 -0.001496 0.001846 0.014139 0.013052 0.014342

Tornqvist -0.008089 -0.002297 -0.000219 0.003237 -0.001513 0.001768 0.013895 0.012754 0.013964
Walsh -0.008741 -0.002405 -0.000236 0.003880 -0.001356 0.001690 0.013865 0.012527 0.013390

Table 7 presents biases of the sample indices, i.e., differences between their mean val-
ues (expected values) and the corresponding population indices. Using the cut-off method,
there was no simulation procedure, and the sample was taken once (the sales value is fixed
for a given period). Table 8 presents standard deviations of the sample indices obtained
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in a simulation study, i.e., it concerns only the simple sampling and pps sampling proce-
dures. The R script that implements the discussed sampling methods in the context of price
index estimates is available at:
https://github.com/JacekBialek/important_documents/blob/main/SIT_illustration_3.Rmd

Table 8. Standard deviations of the sample indices obtained using probabilistic sampling
methods for two selected sampling methods

index name simple_10 simple_20 simple_30 pps_10 pps_20 pps_30
Dutot 0.086655 0.077570 0.064017 0.033060 0.031947 0.024423
Carli 0.065156 0.041950 0.033380 0.074991 0.042128 0.023385

Jevons 0.052950 0.034015 0.026580 0.055243 0.031691 0.018728
BMW 0.053305 0.034293 0.026819 0.055927 0.032093 0.018902

Laspeyres 0.039094 0.028847 0.021635 0.028870 0.020125 0.016812
Paasche 0.038158 0.028326 0.022333 0.014513 0.010779 0.010118
Fisher 0.036257 0.026305 0.020186 0.020425 0.013983 0.011862

Tornqvist 0.036046 0.025999 0.019899 0.020035 0.013574 0.011484
Walsh 0.035144 0.024953 0.018960 0.018347 0.012007 0.010101

As shown in Table 7, cut-off sampling works much better for weighted sample price
indices (when the target indices are their population counterparts) than for unweighted sam-
ple indices. Surprisingly, when using this method, the measurement bias of the weighted
sample price index is considerably less than the bias generated by the weighted sample in-
dex obtained when using probabilistic techniques to draw products. Simple sampling works
well for both categories of sample indices, although for weighted sample indices, it works
worse than cut-off sampling but better than pps sampling. Nevertheless, similar to the pps
sampling, increasing the sample size does not lead to a clear reduction in the sample index
bias (Table 7). However, the standard deviation - and thus the variance - of the estimators
for both unweighted and weighted sample indices noticeably decreases as the sample size
increases (see Table 8).

Please note that the population Dutot price index is the most difficult to estimate (Table
7). Perhaps this is due to the fact that this index - as recommended by the CPI Manual
(2004) and Eurostat (2018) - should only be used for highly homogeneous product groups.
However, in the this study, the milk collection contains clearly disjointed subgroups of milk
group, e.g., goat’s and cow’s milk, UHT and pasteurized milk, and low-fat and high-fat
milk products. Therefore, the homogeneity condition may be weakened here, which conse-
quently generates an additional bias in measuring the Dutot price index.

5. Sample selection for scanner data

Scanner data refer to electronic transaction data that specify product prices and expen-
ditures obtained from supermarket IT systems by scanning product bar codes, such as the
Global Trade Item Number (GTIN), European Article Number (EAN) or Stock Keeping
Unit (SKU). Scanner data are a relatively new and cheap data source for calculating the
Consumer Price Index (CPI) and the main advantage of using these data is that they provide
full information about products, even at the lowest data aggregation level (see Figure 3).
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Figure 3. Sample scanner data frame from a Polish supermarket

Processing scanner data poses a number of challenges, including the automatic classifi-
cation of products into COICOP groups, matching products over time, data filtering, as well
as the selection of a price index formula and the aggregation of partial results (e.g., over
outlets). These processes are described in detail by Białek and Beręsewicz (2021). How-
ever, the issue of selecting a sample of products for determining a price index on the basis
of scanner data is often overlooked. In practice, we can consider the time dimension, the
outlet dimension and the product dimension when using CPI scanner data, and each of these
aspects can play a measurable role in shaping the final price index (see our empirical study
presented in Section 6). These above-mentioned dimensions are described in Section 5.1,
while Section 5.2 discusses two main approaches in scanner sample selection. Section 5.3
describes the most popular multilateral indices that are considered in the empirical study.

Multilateral price indices designed for scanner data are much more complex than the
bilateral indices discussed in Sections 4.1 and 4.2. Perhaps this is why the literature lacks
theoretical results on population and sample-based multilateral indices that are analogous
to the results presented in Table 4 and Table 5.

5.1. The time, outlet and product dimensions

The time dimension. According to Eurostat (2022, p. 10) we can read: "If all points
in time during a certain period are equivalent to the consumer and there are no price level
differences between weekdays and hours of the day, then the whole time period (month or
week) can be considered as homogeneous for the purpose of price aggregation". It rec-
ommends aggregating data across a period that covers as much of the reference month as
possible. In practice, however, statistical offices are limited by the terms of data transmis-
sion established with specific retail chains: for example, contracts may stipulate that the
data are aggregated from the 5th to the 20th day of the month. A commonly used approach
involves collecting scanner data that cover the first three weeks of sales from subsequent
months of the retail chain’s operations.

The outlet dimension. When working with CPI scanner data, its is generally recom-
mended to specify individual products at the level of a single outlet. Retail chain often have
different pricing policies in different outlets, depending on local conditions (e.g., demand
for products or competitors’ prices). However, determining the price index for each outlet
separately is a time-consuming task. In some cases, there are reasons to aggregate scanner
data across outlets, e.g., when the chain has an identical pricing policy within a specific
region. This strategy can effectively reduce the computation time needed for multilateral
price index calculations.
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The product dimension. Typically, barcodes are used to identify products at the low-
est level of aggregation, e.g., GTIN (Global Trade Item Number), EAN (European Article
Number) or SKU (Stock Keeping Unit). However, the problem with disaggregated data
is that over a longer period, we can observe product churn), i.e., a large number of prod-
ucts emerging and disappearing from the market. This means that the life cycle of a given
product code may last a few months. The second problem observed at the bar-code level is
identifying relaunches. Relaunches may occur when there are changes in the size or colour
of the packaging. A change in size requires quality correction and price standardization,
while the latter case does not affect product quality but may mean a change in its bar-code.
Both scenarios should be detected automatically, which can be achieved by the procedure of
matching products in time based not only on the bar-code, but also using the code assigned
by the retail chain or the product description. The detection procedure (data_matching) is
implemented in the PriceIndices R package (Białek, 2021).

If homogeneous product are defined too broadly, there is a risk of unit value bias. Con-
versly, operating at the bar-code level or defining homogeneous products too tightly may
lead to problems with detecting relaunches (Eurostat, 2022). The MARS methods can be
seen as a solution of this problem since it is a compromise between the above-mentioned
two objectives (Chessa, 2021).

5.2. Static vs dynamic approach

There are two approaches that have emerged for using scanner data in the CPI measure-
ment, i.e., static and dynamic. The static approach aligns with traditional data collection
methods based on field surveys, while the dynamic approach uses the concept of monthly
matched samples with the chain Jevons index as a target index.

In the static approach, a sample of items is selected at the beginning of each year and
these items are monitored and maintained over time. Every month, prices for the selected
products are taken from the scanner data files. Similar to the practices of price collectors
from the field, if a particular item becomes unavailable, a replacement item is selected and
used for further price index calculations.

Due to the high dynamics of scanner data related to product rotation and product sea-
sonality, implementing a dynamic approach seems to be a better choice. This approach
involves selecting the best-selling items available in two consecutive months each month
to measure a monthly price changes. In practice, sample selection is carried out using the
cut-off method, which is implemented by applying data filters.

The dynamic basket is determined using turnover figures of individual products in two
adjacent months, i.e., the product is included in the sample if its turnover is above a fixed
threshold determined by the number of products in a given product group. Van Loon and
Roels (2018) provided the following condition for the above mentioned rule, which indicates
whether the i-th product is taken into consideration when comparing months t −1 and t:

st−1
i + st

i
2

>
1

nλ
, (12)

where n is the number of considered products and λ is a fixed parameter (usually set to
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1.25). This kind of data filter can be called a low sale filter. Proponents of using filters also
believe that products displaying extreme price changes from one month to another should
also be excluded from the sample (extreme price filter). For example, Statistics Poland uses
the extreme price filter to remove products from the sample whose price has increased more
than threefold or decreased more than fourfold. The list of possible data filters is extensive,
e.g. Statistics Belgium implements a filter for dump prices (Van Loon and Roels, 2018).
With this dump price filter, products are eliminated from the sample if a simultaneous, clear
decrease in price and sales value is observed. These products will most likely be withdrawn
from sale in the near future and, therefore, they are no longer representative.

Data filtering can also be considered when using multilateral indices, which are,
in fact, specifically designed for scanner data cases (see Section 5.3). For instance, the
low sales filter and dump price filter are mentioned as a part of data pre-processing serv-
ing as an initial step before computing multilateral price indices (see Eurostat (2022), p. 4).
In particular, the aforementioned document recommends using dumping filters together with
the CCDI multilateral index (p. 25). It seems that the same remark concerns the GEKS and
GEKS-W price indices, since they give more weight to the price decrease of the dumped
products (see Sections 5.3 and our Empirical study).

5.3. Multilateral indices

As it was mentioned above, multilateral indices are recommended for statistical offices
to determine the dynamics of scanner prices (Eurostat, 2020). Commonly known and ac-
cepted methods include the GEKS method (Gini, 1931; Eltetö and Köves, 1964), the Geary-
Khamis method (Geary, 1958; Khamis, 1972), the CCDI method (Caves et al., 1982), or the
Time Product Dummy Methods (de Haan and Krsinich, 2018). Multilateral indices operate
on a time window [0,T ] and therefore take into account phenomena such as product rota-
tion or product seasonality. Moreover, due to the transitivity property, multilateral indices
eliminate chain drift bias (Eurostat, 2022). The chain drift effect occurs when prices and
quantities of products sold return to their original values (e.g., after the season) but the index
deviates from the expected value of one. The most commonly used multilateral indices can
be also found in Eurostat (2022).

6. Empirical study

This section examines the impact of scanner data sampling methods (under the dy-
namic approach) on the value of the multilateral price index. For this purpose, we will
use the data filters discussed in Section 5.2 and the full-window multilateral price indices
discussed in Section 5.3. The empirical study is based on the basis of scanner data col-
lection on sales of cleaning and preservatives (COICOP: 056111) and cosmetics and hy-
giene products (COICOP: 121321) obtained from a Polish retail chain. The data covers
the period: Dec, 2022 - Dec, 2023. The author of the study has not received receive per-
mission to share these datasets, so the R script without the data is available for download
from: https://github.com/JacekBialek/important_documents/blob/main/SIT_Empirical%20
study.Rmd.
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In particular, the study will consider the following data filtering variants: (v1) data
sets without filtering, (v2) the low sales filter (f1) used with λ = 1.25; (v3) the extreme
price filter (f2) with thresholds: lower = 0.25 for price decrease and upper = 3 for price
increase; (v4) the dump price filter (f3) with thresholds: lower1 = 0.25 for price decrease
and lower2 = 0.3 for sales decrease; (v5) all data filters {f1, f2, f3} working independently;
(v6) data filters implemented in order (f1, f2, f3); (v7) data filters implemented in order
(f1, f3, f2); (v8) data filters implemented in order (f2, f1, f3); (v9) data filters implemented
in order (f2, f3, f1); (v10) data filters implemented in order (f3, f1, f2) and (v11) data
filters implemented in order (f3, f2, f1). The results concerning these variants - specifically
regarding dataset reduction and its impact on multilateral price index levels - are presented
in Tables 9 and 10. In particular, columns labelled sample size and normalized sample size
describe the number of different products after applying the given type of filter, with the
first row in these tables indicating the situation with no filtering.

Table 9. Different variants of data filtering and their impact on sample size and multilateral
index values (cleaning and preservatives)

Filter variant Sample size Normalized sample size Chain Jevons Geary-Khamis GEKS CCDI TPD

v1 2078 100 1.05733 1.14268 1.13548 1.13480 1.14140

v2 905 43.55 1.11460 1.15408 1.14330 1.14416 1.15406

v3 1914 92.11 1.05452 1.14287 1.13465 1.13404 1.14233

v4 1915 92.16 1.05733 1.14287 1.13463 1.13399 1.14233

v5 905 43.55 1.11460 1.15408 1.14330 1.14416 1.15406

v6 905 43.55 1.11460 1.15408 1.14330 1.14416 1.15406

v7 905 43.55 1.11460 1.15408 1.14330 1.14416 1.15406

v8 903 43.45 1.11527 1.15401 1.14328 1.14414 1.15401

v9 903 43.45 1.11527 1.15401 1.14328 1.14414 1.15401

v10 905 43.55 1.11460 1.15408 1.14330 1.14416 1.15405

v11 903 43.45 1.11527 1.15401 1.14328 1.14414 1.15401

Table 10. Different variants of data filtering and their impact on sample size and multilateral
index values (cosmetics and hygiene products)

Filter variant Sample size Normalized sample size Chain Jevons Geary-Khamis GEKS CCDI TPD

v1 5966 100 0.97274 1.09909 1.09594 1.09465 1.09829

v2 1995 33.44 1.08593 1.11889 1.11553 1.11609 1.12386

v3 5393 90.39 0.96662 1.09945 1.09649 1.09540 1.09830

v4 5395 90.43 0.97458 1.09949 1.09654 1.09544 1.09743

v5 1995 33.44 1.08593 1.11889 1.11553 1.11609 1.12386

v6 1995 33.44 1.08593 1.11889 1.11553 1.11609 1.12386

v7 1995 33.44 1.08593 1.11889 1.11553 1.11609 1.12386

v8 1994 33.42 1.08567 1.11877 1.11542 1.11598 1.11984

v9 1994 33.42 1.08567 1.11877 1.11542 1.11598 1.11984

v10 1995 33.44 1.08593 1.11889 1.11553 1.11609 1.12386

v11 1994 33.42 1.08567 1.11877 1.11542 1.11598 1.11984
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7. Conclusions

The ultimate aim of CPI sampling techniques is to obtain the most accurate estimate of
inflation. A general conclusion from the empirical illustrations presented is that the sample
structure depends not only strongly on the sampling technique adopted (particularly on the
choice between random and non-random sampling), but also on the level of data aggregation
(see the empirical illustration in Section 3.5). The considered sampling technique may turn
out to be better than other techniques at COICOP level 5, but worse at COICOP level 6.
Further, if we take the bias of the final estimated price index as an evaluation criterion,
it may turn out that the considered method performs better or worse depending on whether
we estimate a weighted or unweighted index. For instance, in Section 4.3 we found that
cut-off sampling works much better than simple random sampling and pps sampling for
estimating weighted population price indices.

An important practical conclusion of the empirical study (see Section 6) is that the low
sales filter has the greatest impact on reducing the size of the scanner dataset. In both
analyzed scanner datasets, the product sample size was reduced by more than 55% after
applying this filter. In contrast, the other two types of data filters (i.e., the extreme price
filter and the dump price filter) reduced the sample size in a similar yet smaller way (by less
than 10%), although they substantially affected the price index value. We can also conclude
that the order in which the scanner data filters are applied has no effect on either the sample
structure or the value of the price index (see Tables 9 and 10). In other words, changing the
order of data filtering has little impact on the value of the price index. As a consequence,
each of the filters can be applied independently.

Finally, as expected, the chain Jevons index proved to be much more sensitive to the
choice of the data filter than multilateral indices. It is important to note that data filtering
is essential if a statistical office intends to use the chain Jevons index as part of a dynamic
approach. With weighted multilateral indices, while data filtering may not seem necessary,
it can effectively reduce the sample size and, thus, the time needed to estimate the index.
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Optimality of classical difference estimators of finite
     population variance under random non-response with

comparative study

Mahamood Usman1

Abstract

In this study, we address the challenge of calculating the finite population variance when 
faced with random non-response. Such issues are commonly encountered in various fields 
like medical sciences, environmental sciences and business studies when dealing with data. 
Using the ranking of an auxiliary variable across three different methodologies of random 
non-response, we developed several novel difference-type estimators of population variance 
along with their optimal models. The strategies are shaped by using the varying levels of 
information available regarding the auxiliary variable. We have studied the properties of 
the proposed estimators under large sample approximations and determined their optimum 
situations in each strategy. The introduced estimators can be viewed as an advancement 
of traditional difference estimators. Within the associated methodologies, we conducted 
a comparative analysis based on some real datasets as well as simulated datasets, whereby 
the proposed estimators showed reduced variances when assessed in terms of the enhanced 
percentage relative efficiencies (PRE) compared to some standard ratio and difference-type 
estimators relevant to the respective methodologies.

Key words: study variable, population variance, dual use of auxiliary variable, percentage 
relative efficiency, random non-response.

AMS Subject Classification: 62D05.

1. Introduction

The measurement of variation provides a dynamic idea about the data. For example,
a company sales representative may analyze the variations in sales records or the population
of customers monthly to help them decide how to improve sales or customer satisfaction.
Similarly, a marketing analyst of a company may be interested in analyzing the variability
of company sales in a particular area over time to see which products the customers like
most. To measure the variation of such kind of data, the survey practitioners often use the
term variance. Variance measures the variability of data and is extensively used by analysts
in various fields such as agriculture, forestry, medical science, politics, finance, population
traits, etc. It plays an important role in the testing of hypotheses and the construction of
confidence intervals for population parameters. The attention to the variance estimation
techniques has been paid by researchers since long ago. Singh et al. (1973) have proposed
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the estimator of population variance using the priori information about the population co-
efficient of kurtosis and compared it with the usual unbiased estimator. Das and Tripathi
(1978) have introduced the estimator using the information on an auxiliary variable. Later
on, ratio and regression-type estimators using the information on auxiliary variables have
been discussed by various authors such as Isaki (1983), Singh et al. (1988), Upadhyay
and Singh (2001), Yasmeen et al. (2019), Zaman and Bulut (2022), among many others.
Belili et al. (2023) and Khodija et al. (2023) have presented some improved probability
distributions and studied their mathematical properties. They have examined the efficien-
cies of the estimators through comparative studies. Ahmad et al. (2023), Zaman and Bulut
(2024) and Daraz et al. (2025) have proposed some ratio and difference-type estimators
of population mean and variance and investigated their optimal behaviors using real and
simulated datasets. The above authors have studied the estimation procedures of population
parameters in the presence of complete response.

When the non-response is observed in the sample, the problem of estimation of popu-
lation variance has also been discussed by various authors in the context of random non-
response, introduced by Rubin (1976). The authors, notably Singh and Joarder (1998),
Kumar (2014), Sharma and Singh (2020), and Bhusan and Pandey (2021) have suggested
improved estimators of finite population variance in the presence of random non-response
using the information on single and multi-auxiliary variables. It is a well-known fact that
the efficiency of the estimators may be increased by using the multiple auxiliary variables.
When the information on multi-auxiliary variables is not available, the researchers like
Yaqub et al. (2017), Hussain and Haq (2019), Irfan et al. (2020) and many others have
published the higher efficient estimators just by recalling the dual or rank of an auxiliary
variable. Singh and Usman (2022) have established improved estimators of population vari-
ance using the rank of an auxiliary variable in a customary way in the case of random
non-response. Recently, the authors like Javed et al. (2023), Almulhim et al. (2024), Bhu-
san and Pandey (2025), etc., have suggested improved and optimal estimation procedures
for estimation of population parameters in the related areas.

Inspired by the aforementioned researchers, the motivation of the present work can be
stated as follows:

• Enhancing the efficiency of the classical difference estimator of population variance
to the next level.

• Efficient utilization of the rank of an auxiliary variable in the construction of a new
model.

• Investigation of the behavior of the new model in three distinct strategies of random
non-response.

• Comparison of the new model with existing ones based on numerical and simulation
studies.

In this study, we have developed some new models along with their optimal versions
for the estimation of finite population variance under the missing at random (MAR) non-
response mechanism. We have efficiently employed the rank of an auxiliary variable in the
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construction of new estimators in three distinct strategies of random non-response. The nov-
elty of the present work may be stated as the extension of classical difference estimator by
utilizing the rank of an auxiliary variable in order to achieve an enhanced level of efficiency.
The role of the rank (dual) of an auxiliary variable in the formulation of newly suggested
estimators may be easily recognized in terms of higher percentage relative efficiencies com-
pared to existing estimators considered in this study.

The rest part of the paper is constituted as follows. In Section 2, the methodology and
notations are presented and some customary estimators have been discussed in Section 3.
The proposed estimators have been formulated in Section 4, and their optimal situations
have been stated in Section 5. In Section 6, the properties of proposed estimators have been
compared with some relevant existing estimators under a comparative study based on real
and simulated datasets. Finally, the conclusions have been made in Section 7.

2. Methodology and notations

Consider a finite population Ω = {Ω1,Ω2, ...,ΩN} of size N in which the study vari-
able y and auxiliary variable x are properly correlated with an amount of correlation ρyx.
Suppose that Zx = {zx1 ,zx2 , ...,zxN} denote the ranks of corresponding values of variable
X = {x1,x2, ...,xN} on which the information is already available in Ω. Draw a sample of
size n from Ω using the simple random sampling without replacement (SRSWOR) tech-
nique where the information cannot be received on m{m = 0,1,2, ...,(n− 2)} units due to
random non-response (MAR) for target variable y only. As a result, the (n-m) respond-
ing units that remain are treated as the sample based on the technique of simple random
sampling. We assume that the information is missing for auxiliary variable x on corre-
sponding units of y, as per the situations discussed in the present study. If the probability of
non-response among the (n− 2) possible values of m non-responses is denoted by p, then
m follows the distribution given by

P(m) =
n−m

nq+2p

(
n−2

m

)
pmqn−2−m; m = 0,1,2, ...,(n−2) (1)

where p+ q = 1 (instantly see Singh et al., 2000). Here, p can be estimated using the
maximum likelihood estimation method based on the distribution given in (2.1).

Singh and Joarder (1998) have obtained the maximum likelihood estimator of p as

p̂ =
(n−1+m)−

√
(n−1+m)2 − 4nm(n−3)

(n−2)

2(n−3)

and therefore q̂ = 1− p̂.

Now, we define the following notations:
Ȳ = ∑

N
i=1 yi/N: Mean of y for entire population

S2
y = ∑

N
i=1(yi − Ȳ )2/(N −1): Variance of y for entire population.

x̄∗ = ∑
n−m
i=1 xi/(n−m): Respondent mean of x
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x̄ = ∑
n
i=1 xi/n: Mean of x for selected sample

X̄ = ∑
N
i=1 xi/N: Mean of x for entire population

s∗2
x = ∑

n−m
i=1 (xi − x̄∗)2/(n−m−1): Respondent variance of x

s2
x = ∑

n
i=1(xi − x̄)2/(n−1): Variance of x for selected sample

S2
x = ∑

N
i=1(xi − X̄)2/(N −1): Variance of x for entire population

Syx = ∑
N
i=1(yi − Ȳ )(xi − X̄)/(N −1): Population Covariance between y and x

z̄∗x = ∑
n−m
i=1 zxi/(n−m): Respondent mean of Zx

z̄x = ∑
n
i=1 zxi/n: Mean of Zx for selected sample

Z̄x = ∑
N
i=1 zxi/N: Mean of Zx for entire population

s∗2
zx = ∑

n−m
i=1 (zxi − z̄∗x)

2/(n−m−1): Respondent variance of Zx

s2
zx = ∑

n
i=1(zxi − z̄x)

2/(n−1): Variance of Zx for selected sample
S2

zx = ∑
N
i=1(zxi − Z̄x)

2/(N −1): Variance of Zx for entire population
Syzx = ∑

N
i=1(yi − Ȳ )(zxi − Z̄x)/(N −1): Population Covariance between y and Zx

Sxzx = ∑
N
i=1(xi − X̄)(zxi − Z̄x)/(N −1): Population covariance between x and Zx.

ρyx =
∑

N
i=1(yi−Ȳ )(xi−X̄)√

∑
N
i=1(yi−Ȳ )2

√
∑

N
i=1(xi−X̄)2

: Population Correlation between y and x

ρyzx =
∑

N
i=1(yi−Ȳ )(zxi−Z̄x)√

∑
N
i=1(yi−Ȳ )2

√
∑

N
i=1(zxi−Z̄x)

: Population Correlation between y and zx

ρxzx =
∑

N
i=1(xi−X̄)(zxi−Z̄x)√

∑
N
i=1(xi−X̄)2

√
∑

N
i=1(zxi−Z̄x)

: Population Correlation between x and zx

To obtain the biases and MSEs of the proposed estimators, we assume the following
transformations in terms of errors:

s∗2
y = S2

y(1+ ε0),

x̄∗ = X̄(1+ ε
∗
1 ), x̄ = X̄(1+ ε1),

z̄∗x = Z̄x(1+ ε
∗
2 ) and z̄x = Z̄x(1+ ε2)

such that
E(ε0) = E(ε∗1 ) = E(ε1) = E(ε∗2 ) = E(ε2) = 0 and E(ε2

0 ) = f2(λ400−1) = f2λ ∗
400, E(ε∗2

1 ) =

f2C2
x , E(ε2

1 )= f1C2
x , E(ε∗2

2 )= f2C2
zx , E(ε2

2 )= f1C2
zx , E(ε0ε∗1 )= f2λ210Cx, E(ε0ε1)= f1λ210Cx,

E(ε0ε∗2 ) = f2λ201Czx , E(ε0ε2) = f1λ201Czx , E(ε∗1 ε∗2 ) = f2Cxzx , E(ε∗1 ε2) = f1Cxzx , E(ε1ε∗2 ) =

E(ε1ε2) = f1Cxzx .

Here, f1 =
( 1

n −
1
N

)
, f2 =

(
1

nq+2p −
1
N

)
, f3 = f2− f1 =

(
1

nq+2p −
1
n

)
, λklm = µklm

µ
k/2
200 µ

l/2
020µ

m/2
002

,

µklm = 1
N−1 ∑

N
i=1(yi − Ȳ )k(xi − X̄)l(zxi − Z̄x)

m, Cy =
Sy
Ȳ , Cx = Sx

X̄ , Czx =
Szx
X̄ , Cyx =

Syx
Ȳ X̄ =

ρyxCyCx, Cyzx =
Syzx
Ȳ Z̄x

= ρyzxCyCzx , Cxzx =
Sxzx
X̄ Z̄x

= ρxzxCxCzx , R1 =
X̄
S2

y
and R2 =

Z̄x
S2

y
.
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3. Classical estimators available in the literature

In this part of the paper, we have discussed some already established estimation pro-
cedures of population variance S2

y for study variable along with their properties under the
various strategies of random non-response given below.

Strategy I: When population mean X̄ and sample mean x̄ of auxiliary variable x
are used. In this case, we assume that the information is missing at
random only for y, and the population mean X̄ is known.

Strategy II: When population mean X̄ and respondent mean x̄∗ of auxiliary vari-
able x are used. In this case, we assume that the information is miss-
ing at random for y as well as the corresponding units of x, and the
population mean X̄ is known.

Strategy III: When sample mean x̄ and respondent mean x̄∗ of auxiliary variable
x are used. In this case, we assume that the information is missing at
random only for y, while the information for x is available on all the
sampled units, but the population mean X̄ is unknown.

The usual estimator of population variance in the case of random non-response, is given
by

t0 = s∗2
y (2)

where s∗2
y = ∑

n−m
i=1 (yi − ȳ∗)2/(n−m−1) is the conditionally unbiased estimator of popula-

tion variance respectively and where ȳ∗ = ∑
n−m
i=1 yi/(n−m) is the respondent mean of y (see

Singh and Joarder, 1998).
The variance of the estimator t0 to the first order approximation is given by

V (t0) = S4
y f2λ

∗
400 (3)

The classical ratio estimators on the lines of Upadhyay and Singh (2001) under the
Strategies I, II and III, are respectively defined as

tm1 = s∗2
y

(
X̄
x̄

)
(4)

tm2 = s∗2
y

(
X̄
x̄∗

)
(5)

tm3 = s∗2
y

(
x̄
x̄∗

)
(6)

The MSEs of the estimators tmi(i = 1,2,3) to the first order approximation are given by

MSE(tmi) = S4
y [ f2λ

∗
400 + fiCx(Cx −2λ210)] (7)

Following Das (1978) and Upadhyay and Singh (2001), we define two sets of difference
and ratio estimators under three strategies of random non-response, respectively given by
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difference-type estimators:
tmd1 = s∗2

y + k∗1(X̄ − x̄) (8)

tmd2 = s∗2
y + k∗2(X̄ − x̄∗) (9)

tmd3 = s∗2
y + k∗3(x̄− x̄∗) (10)

Ratio type estimators:

tmr1 = s∗2
y

(
X̄
x̄

)π∗
1

(11)

tmr2 = s∗2
y

(
X̄
x̄∗

)π∗
2

(12)

tmr3 = s∗2
y

(
x̄
x̄∗

)π∗
3

(13)

where k∗i and π∗
i (i=1,2,3) are the unknown constants which are to be chosen such that the

variances of the respective estimators is minimum.

The minimum MSEs of the existing estimators tmdi(i = 1,2,3) and tmri , are respectively
given by

min.MSE(tmdi) = min.MSE(tmri) = S4
y
[

f2λ
∗
400 − fiλ

2
210

]
. (14)

The optimum values of k∗i and π∗
i (i=1,2,3) are given by

k∗1(opt) = k∗2(opt) = k∗3(opt) = S2
y

λ210

Sx
and π

∗
1(opt) = π

∗
2(opt) = π

∗
3(opt) =

λ210

Sx
.

In line with Singh et al. (1988), the optimal version of the estimators tmdi(i = 1,2,3) in
three strategies are given by

tmD1 = κ
∗
1 s∗2

y +d∗
1(X̄ − x̄) (15)

tmD2 = κ
∗
2 s∗2

y +d∗
2(X̄ − x̄∗) (16)

tmD3 = κ
∗
3 s∗2

y +d∗
3(x̄− x̄∗) (17)

where κ∗
i and d∗

i (i = 1,2,3) are the arbitrary constants to be chosen such that the MSEs of
the respective estimators become minimum.

The optimum values of κ∗
i and d∗

i (i=1,2,3) are given by

κ
∗
i(opt) =

1[
1+ f2λ ∗

400 − fiλ
2
210

] and di(opt) = S2
y

λ210

Sx
κ
∗
i(opt)

The minimum MSEs of the estimators tmDi(i = 1,2,3) are given by

min.MSE(tmDi) =
S4

yMSE(tmdi)

S4
y +MSE(tmdi)

(18)
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Thus the estimators tmDi(i = 1,2,3) are improvement over tmdi as well as tmri in the
corresponding strategies.

4. Proposed estimators

Here, we have suggested various novel difference-type estimators of finite population
variance along with their optimal variants in case of random non-response by employing
the rank of an auxiliary variable. The estimators are formulated in three different cases of
random non-response, which are discussed in the following three strategies.

Strategy I: When the population means (X̄ , Z̄x) and corresponding estimates (x̄, z̄x)

from the sample are used.
Strategy II: When the population means (X̄ , Z̄x) and corresponding estimates

(x̄∗, z̄∗x) from the respondents are used.
Strategy III: When the sample means (x̄, z̄x) and corresponding estimates (x̄∗, z̄∗x)

from the respondents are used.

The proposed estimators under the Strategy I, Strategy II and Strategy III are given as

tmdd1 = s∗2
y +φ

∗
1 (X̄ − x̄)+ϕ

∗
1 (Z̄x − z̄x) (19)

tmdd2 = s∗2
y +φ

∗
2 (X̄ − x̄∗)+ϕ

∗
2 (Z̄x − z̄∗x) (20)

tmdd3 = s∗2
y +φ

∗
3 (x̄− x̄∗)+ϕ

∗
3 (z̄x − z̄∗x) (21)

where φ ∗
i and ϕ∗

i (i=1,2,3) are the unknown constants to be chosen suitably. The optimum
values of these constants are given later in Appendix.

The optimal versions of the proposed estimators tmdd1 , tmdd2 and tmdd3 are respectively
given by

tmdD1 = α
∗
1 s∗2

y +β
∗
1 (X̄ − x̄)+ γ

∗
1 (Z̄x − z̄x) (22)

tmdD2 = α
∗
2 s∗2

y +β
∗
2 (X̄ − x̄∗)+ γ

∗
2 (Z̄x − z̄∗x) (23)

tmdD3 = α
∗
3 s∗2

y +β
∗
3 (x̄− x̄∗)+ γ

∗
3 (z̄x − z̄∗x) (24)

where α∗
i (i = 1,2,3), β ∗

i and γ∗i are the arbitrary chosen constants. The optimum values of
these constants are given later in Appendix.

The difference-type estimators discussed in (3.7)-(3.9) and (3.14)-(3.16), are the special
cases of the proposed difference-type estimators (4.1)-(4.3) and (4.4)-(4.6) respectively in
the corresponding strategies.
Theorem 1: The biases of the estimators tmddi(i = 1,2,3) and tmdDi to the first degree of
approximations are given by

B(tmddi) = 0 (25)

and
B(tmdDi) = S2

y(α
∗
i −1) (26)

Proof: See Appendix
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Theorem 2: The minimum MSEs of the estimators tmddi(i = 1,2,3) and tmdDi to the first
degree of approximations are given by

min.MSE(tmddi) = S4
y( f2λ

∗
400 − fiR∗2

y.xzx) (27)

and

min.MSE(tmdDi) =
S4

ymin.MSE(tmddi)

S4
y +min.MSE(tmddi)

(28)

where R∗2
y.xzx =

λ 2
201+λ 2

210−2ρxzx λ210λ201
1−ρ2

xzx
.

Proof: See Appendix.

5. Optimal situations of proposed estimators

The optimal situations of the proposed estimators tmddi(i = 1,2,3) and tmdDi at which
their variances are minimum are given as

t∗mdd1
= s∗2

y +φ
∗
1(opt)(X̄ − x̄)+ϕ

∗
1(opt)(Z̄x − z̄x) (29)

t∗mdd2
= s∗2

y +φ
∗
2(opt)(X̄ − x̄∗)+ϕ

∗
2(opt)(Z̄x − z̄∗x) (30)

t∗mdd3
= s∗2

y +φ
∗
3(opt)(x̄− x̄∗)+ϕ

∗
3(opt)(z̄x − z̄∗x) (31)

t∗mdD1
= α

∗
1(opt)s

∗2
y +β

∗
1(opt)(X̄ − x̄)+ γ

∗
1(opt)(Z̄x − z̄x) (32)

t∗mdD2
= α

∗
2(opt)s

∗2
y +β

∗
2(opt)(X̄ − x̄∗)+ γ

∗
2(opt)(Z̄x − z̄∗x) (33)

and
t∗mdD3

= α
∗
3(opt)s

∗2
y +β

∗
3(opt)(x̄− x̄∗)+ γ

∗
3(opt)(z̄x − z̄∗x) (34)

where

φ
∗
1(opt) = φ

∗
2(opt) = φ

∗
3(opt) =

λ210 −λ201ρxzx

1−ρ2
xzx

S2
y

Sx
, (35)

ϕ
∗
1(opt) = ϕ

∗
2(opt) = ϕ

∗
3(opt) =

λ201 −λ210ρxzx

1−ρ2
xzx

S2
y

Szx

, (36)

α
∗
i(opt) =

1
1+( f2λ ∗

400 − fiR∗2
y.xzx)

; (i = 1,2,3) (37)

β
∗
i(opt) = α

∗
i(opt)φ

∗
i(opt); (i = 1,2,3) (38)

γ
∗
i(opt) = α

∗
i(opt)ϕ

∗
i(opt); (i = 1,2,3) (39)
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6. Comparative study

We have judged the merits of the estimators based on real and simulated data under an
empirical study and a simulation study given as follows.

6.1. Empirical study

To exhibit the performances of the estimators, we have chosen 8 populations given as
follows.

Population-1: [Cochran (1977); p-182]:
Y : Number of placebo children.
X : Number of paralytic polio cases in the placebo group.
The description of the required parameters is as follows:
N = 34, Ȳ = 2.588234, X̄ = 4.923528, Cy = 1.233279, Cx = 1.023332, Cz = 0.5687384,
ρyx = 0.7328234, ρyzx = 0.6571886, ρxzx = 0.8165118. Here, n = 12 and m = 8.

Population-2: [Anderson (1958); p-110]:
Y : Sepal Width of Iris flower. X : Sepal Length of Iris flower.
The description for this data is as follows:
N = 150, Ȳ = 3.057334, X̄ = 5.843334, Cy = 0.1425641, Cx = 0.1417114, Cz = 0.5749112,
ρyx =−0.1175699, ρyzx =−0.1404247, ρxzx = 0.9871834. Here, n = 50 and m = 12.

Population-3: [Madala (1992); p-108]:
Y : salary (thousands of dollars)
X : years of experience (defined as years since receiving Ph D).
The description of the data is as follows:
N = 32, Ȳ = 47.37813, X̄ = 18.376, Cy = 0.1819514, Cx = 0.4548527, Cz = 0.5677533,
ρyx = 0.4245115, ρyzx = 0.3367752, ρxzx = 0.9447146. Here, n = 12 and m = 8.

Population-4: [Anderson (1958); p-110]:
Y : Sepal Length. X : Petal Length.
The details of the required parameters are as follows:
N = 150, Ȳ = 5.843334, X̄ = 3.7581, Cy = 0.1417112, Cx = 0.4697442, Cz = 0.5748254,
ρyx = 0.8717537, ρyzx = 0.8792952, ρxzx = 0.9684332. Here, n = 50 and m = 10.

Population-5: [Satici and Kadilar (2011)]:
Y : number of successful students. X : number of teachers.
The summary of the data is:
N = 261, Ȳ = 222.5825, X̄ = 306.44831, Cy = 1.86541, Cx = 1.7596, Cz = 0.576241,
ρyx = 0.9706, ρyzx = 0.6372, ρxzx = 0.6264. Here, n = 90 and m = 70.
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Population-6: [Singh (2003); p-1111]:
Y : amount (in $000) of non-real estate farm loans in different states during 1997.
X : amount (in $000) of real estate farm loans in different states during 1997.
The summary of the data is:
N = 50, Ȳ = 878.1627, X̄ = 555.4346, Cy = 1.235166, Cx = 1.052917, Cz = 0.571663,
ρyx = 0.8039, ρyzx = 0.7462, ρxzx = 0.9237. Here, n = 20 and m = 8.

Population-7: [Anderson (1958); p-110]:
Y : Petal Length of Iris setosa. X : Sepal Length of Iris setosa.
The description of the data is given as:
N = 50, Ȳ = 1.463, X̄ = 5.0061, Cy = 0.1187853, Cx = 0.07041345, Cz = 0.5683722,
ρyx = 0.2671757, ρyzx = 0.2687847, ρxzx = 0.9797012. Here, n = 20 and m = 5.

Population-8: [Mc Nill (1977)]:
Y : speed of cars. X : distances taken to stop.
The details of parameters for this data are as follows:
N = 50, Ȳ = 15.4, X̄ = 42.981, Cy = 0.3433534, Cx = 0.5995668, Cz = 0.571306, ρyx =

0.8068948, ρyzx = 0.8341367, ρxzx = 0.9605414. Here, n = 20 and m = 5.
We have estimated the percentage relative efficiencies (PREs) of the different estimators
with respect to usual unbiased estimator s∗2

y . To compute the PREs of different estimators
(t•) we use the formula, given by

PRE(t•) =
V (s∗2

y )

MSE(t•)
×100.

The results are shown in Table 1.

6.2. Simulation study

We have conducted a simulation study based on artificially generated data using the R
programming language. To generate the data, we have considered two statistical probability
distributions: (i) Gamma distribution and (ii) Normal distribution, where the performances
of the estimators are appraised for different amounts of correlation, 0.6-0.9, with a step of
0.1 between the study variable and auxiliary variable. The distributions are discussed below.

Gamma distribution
Following Singh and Horn (1998), we use the transformations to generate the study and

auxiliary variables, which are given as follows:

yi = µy +
√
(1−ρ2

yx)y
∗
i +ρyx

Sy

Sx
x∗i (40)
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Table 1. PREs of the various estimators with respect to s∗2
y .

Populations
Estimators 1 2 3 4 5 6 7 8

Strategy I
t0 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
tm1 125.37 97.34 89.07 94.72 159.79 123.98 99.26 88.34
tmd1 =tmr1 125.54 101.80 101.07 100.73 204.03 124.03 100.88 100.16
tmD1 157.89 106.08 116.76 103.34 222.89 142.70 113.92 106.73
tmdd1 128.33 103.10 109.51 105.07 230.60 129.88 101.06 113.04
tmdD1 160.68 107.38 125.19 107.67 249.45 148.55 114.11 119.61

Strategy II
tm2 160.83 96.10 81.09 92.84 217.26 151.88 98.83 82.63
tmd2 =tmr2 161.36 102.70 102.06 101.02 377.99 152.01 101.41 100.25
tmD2 193.71 106.98 117.75 103.62 396.85 170.69 114.45 106.82
tmdd2 170.25 104.67 119.75 107.15 546.07 168.44 101.71 122.52
tmdD2 202.60 108.95 135.44 109.76 564.93 187.12 114.75 129.09

Strategy III
tm3 121.34 98.69 90.05 97.90 119.84 117.40 99.56 92.74
tmd3 =tmr3 121.48 100.87 100.97 100.28 129.13 117.43 100.52 100.09
tmD3 153.83 105.15 116.65 102.88 147.98 136.11 113.56 106.66
tmdd3 123.74 101.48 108.47 101.89 133.43 121.40 100.63 107.35
tmdD3 156.09 105.76 124.16 104.63 152.28 140.07 113.67 113.92

and
xi = µx + x∗i (41)

where y∗i ∼ G(ay,by) and x∗i ∼ G(ax,bx) are the independent gamma variables generated us-
ing R programming language. Here, (ay, by) and (ax, bx) are the shape and scale parameters
for y∗i and x∗i . Moreover, µy = ayby, µx = axbx, S2

y = ayb2
y and S2

x = axb2
x . The size of data is

N = 5000 and sample size n = 1500. We have taken m = 300.

Normal distribution
We have considered the bivariate normal distribution as (Y,X) ∼ N(9,9,ρyx,202,202)

for the correlations (ρyx). We have chosen N = 5000, n = 1500 and m = 300.
The complete simulation process is as follows. Draw a sample of size n focusing on a
variable of interest which is properly correlated with an auxiliary characteristic from a pop-
ulation of size N. Set the value of m and drop m units randomly from the sample. Now,
compute the relevant statistics based on the information available on (n−m) units. Repeat
the whole procedure 50,000 times.

We have computed the simulated percentage relative efficiencies (PREs) of different es-
timators considered in this study with respect to usual estimator s∗2

y based on their simulated
MSE values by using the formulae given as

V (s∗2
y )simulated =

1
50,000

50,000

∑
j=1

((s∗2
y ) j −S2

y)
2;

MSE(t•)simulated =
1

50,000

50,000

∑
j=1

((t•) j −S2
y)

2; PRE(t•)simulated =
V (s∗2

y )simulated

MSE(t•)simulated
×100.

The results are shown in Table 2.
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Figure 1. Comparison of PREs of different estimators for Populations 1-8 under Strategy-I

Figure 2. Comparison of PREs of different estimators for Populations 1-8 under Strategy-II
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Table 2. PREs of the different estimators with respect to s∗2
y .

Gamma distribution Normal distribution
Value of ρyx Value of ρyx

Estimators 0.6 0.7 0.8 0.9 0.6 0.7 0.8 0.9

Strategy I

t0 100.00 100.00 100.00 100.00 100.00 100.00 100.00 100.00
tm1 100.02 100.02 100.02 100.03 80.66 88.57 100.73 101.73
tmd1 107.55 108.20 110.76 110.90 105.02 108.57 110.18 111.28
tmr1 107.56 108.23 110.77 110.89 105.03 108.59 110.19 111.29
tmD1 107.72 108.38 110.94 111.06 105.16 108.72 110.35 111.45
tmdd1 140.53 150.67 170.91 181.14 124.38 144.89 167.84 183.15
tmdD1 140.55 150.80 171.09 181.31 124.52 145.04 168.01 183.32

Strategy II

tm2 100.03 100.03 100.03 100.03 83.79 97.62 101.68 102.32
tmd2 110.50 111.41 115.22 115.38 106.94 112.00 114.34 115.96
tmr2 110.55 111.52 115.20 115.38 106.95 112.03 114.36 115.97
tmD2 110.71 111.66 115.37 115.55 107.08 112.15 114.51 116.12
tmdd2 164.09 183.90 228.93 255.13 136.26 172.59 221.56 260.62
tmdD2 165.25 184.11 229.11 255.30 136.40 172.74 221.73 260.78

Strategy III

tm3 100.01 100.01 100.01 100.01 77.82 86.72 100.24 101.60
tmd3 102.55 102.80 103.60 103.64 101.72 102.90 103.42 103.76
tmr3 102.58 102.80 103.60 103.64 101.74 102.92 103.43 103.77
tmD3 102.74 102.94 103.78 103.81 101.88 103.05 103.59 103.93
tmdd3 111.46 113.66 117.41 119.06 107.53 112.45 116.89 119.37
tmdD3 111.62 113.80 117.59 119.23 107.68 112.61 117.06 119.54

Figure 3. Comparison of PREs of different estimators for Populations 1-8 under Strategy-III
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Figure 4. Comparison of PREs of different estimators in all the strategies based on Gamma
distribution when ρyx = 0.9

Figure 5. Comparison of PREs of different estimators in all the strategies based on Normal
distribution when ρyx = 0.9
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Interpretation of the results:
From Table 1, we report that:

(i) All the estimators, excluding the usual ratio estimators tmi(i = 1,2,3), perform well
in all the Populations 1-8 under each strategy. We see that the performances of usual
ratio estimators tmi are good in Populations 1, 5, & 6, where the condition λ ∗

210 >
Cx
2

holds. On the other hand, the performances of tmi are poor in Populations 2, 3, 4, 7 &
8 because the condition λ ∗

210 >
Cx
2 does not hold in these populations.

(ii) The proposed estimators tmddi(i = 1,2,3) (constructed using the rank of an auxiliary
variable) are paralleling more efficient than the existing estimators tmdi or tmri , respec-
tively, which are formulated using the original information on an auxiliary variable.
Thus, it is remarkable that the efficiency of usual difference-type estimators may be
increased just by introducing the dual use of an auxiliary variable.

(iii) Similarly, the improved versions tmdDi(i = 1,2,3) of the proposed estimators tmddi

also show their appreciable behaviors over the existing estimators tmDi respectively in
terms of gain in percentage relative efficiencies. Thus, the efficiency of the optimal
version of the usual difference estimator may also be increased using the rank of an
auxiliary variable.

(iv) The proposed optimal estimators tmdDi(i = 1,2,3) are the most efficient estimators
among all the estimators discussed in Table 1 in the corresponding strategies.

(v) We see that the performances of all the estimators under Strategy II are superior to
those of Strategy I and Strategy III. Thus, Strategy II is reasonably preferable over
Strategy I and Strategy III when the information at different levels is available on an
auxiliary variable.

(vi) In view of the arguments (iv) and (v), we can easily say that the efficiency of the
proposed estimator tmdD2 is highest among all the estimators considered in this study,
which is evidently demonstrated in Table 1.

(vii) The merits of the proposed estimators based on the comparative results in Table 1 can
be clearly visualized in Figures 1, 2, and 3 for Strategies I, II, and III, respectively.

Similar conclusions (as discussed above) for the proposed estimators can be drawn from
the results in Table 2, which is based on the simulation study. An instant view of the results
in Table 2 for gamma and normal distributions at the correlation value 0.9 can be obtained
from the two scatter plots, which are displayed in Figures 4 and 5. Similar plots can be
obtained for the rest of the correlation values for both distributions.
In Table 3 (given in Appendix), we have demonstrated the values of estimates of all the
estimators at their optimum situations considered in this study. These estimated values are
based on the sample drawn from Population 6. It is observed that the estimates obtained
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from proposed estimators tmddi(i = 1,2,3) and tmdDi based on the selected sample are very
close to the true value of the parameter.
On the basis of the above arguments, we can easily say that the use of the rank of an auxiliary
variable is capable enough to enhance the efficiency of the estimators to the next level, as
the proposed estimators present considerable improvements over other existing estimators
in estimating the population variance in the presence of random non-response under both
empirical and simulation studies. Therefore, this comparative study may be appreciably
extrapolated in general practice.

7. Conclusions

From the aforementioned results and discussions, it may be concluded that the effi-
ciency of usual difference-type estimators may be easily increased without using any new
(more than one) auxiliary variable, just by introducing the dual of an auxiliary variable. The
proposed estimators, which are constructed using the rank (dual) of an auxiliary variable,
are capable of providing increased efficiency in three different strategies of random non-
response. The proposed difference-type estimators show better gain in terms of percentage
relative efficiencies over the existing relevant estimators considered in this study for the cor-
responding situations of random non-response. The performances of the optimal versions
of the proposed difference-type estimators are superior to all other estimators discussed in
this study in respective situations at various amounts of correlations.

Hence, looking at their charming behaviors, they may be encouragingly recommended
for real-life situations when faced with missing-at-random problems. The strengths of the
proposed model are as follows: it may provide efficient results for both positive and negative
correlations, it may be fruitfully appreciable for highly positively correlated datasets, and
it may be highly preferable when the information is available only on a single auxiliary
variable. On the other hand, the weakness may lie in the fact that the proposed model may
not give an attractive result for the low-correlated datasets, and it may not be preferable
when the information on multi-auxiliary variables is available. For future research, the
present work may be extended to various sampling schemes such as successive sampling,
two-phase sampling, stratified sampling, etc, for the estimation of mean, variance, and other
population parameters.
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Appendix

Outline of the derivations of Theorem 1 and Theorem 2.

The proposed estimators tmddi(i = 1,2,3) and tmdDi under the error transformations can be
written as

tmdd1 = S2
y(1+ ε0)−φ

∗
1 X̄ε1 −ϕ

∗
1 Z̄xε2 (42)

tmdd2 = S2
y(1+ ε0)−φ

∗
2 X̄ε

∗
1 −ϕ

∗
2 Z̄xε

∗
2 (43)

tmdd3 = S2
y(1+ ε0)+φ

∗
3 X̄(ε1 − ε1)+ϕ

∗
3 Z̄x(ε2 − ε

∗
2 ) (44)

tmdD1 = α
∗
1 S2

y(1+ ε0)−β
∗
1 X̄ε1 − γ

∗
1 Z̄xε2 (45)

tmdD2 = α
∗
2 S2

y(1+ ε0)−β
∗
2 X̄ε

∗
1 − γ

∗
2 Z̄xε

∗
2 (46)

tmdD3 = α
∗
3 S2

y(1+ ε0)+β
∗
3 X̄(ε1 − ε

∗
1 )+ γ

∗
3 Z̄x(ε2 − ε

∗
2 ) (47)

The above equations can be rewritten as

tmdd1 −S2
y = S2

yε0 −φ
∗
1 X̄ε1 −ϕ

∗
1 Z̄xε2 (48)

tmdd2 −S2
y = S2

yε0 −φ
∗
2 X̄ε

∗
1 −ϕ

∗
2 Z̄xε

∗
2 (49)

tmdd3 −S2
y = S2

yε0 +φ
∗
3 X̄(ε∗1 − ε1)+ϕ

∗
3 Z̄x(ε

∗
2 − ε2) (50)

tmdD1 −S2
y = S2

y{α
∗
1 (1+ ε0)−1}−β

∗
1 X̄ε1 − γ

∗
1 Z̄xε2 (51)

tmdD2 −S2
y = S2

y{α
∗
2 (1+ ε0)−1}−β

∗
2 X̄ε

∗
1 − γ

∗
2 Z̄xε

∗
2 (52)

tmdD3 −S2
y = S2

y{α
∗
3 (1+ ε0)−1}+β

∗
3 X̄(ε∗1 − ε1)+ γ

∗
3 Z̄x(ε

∗
2 − ε2) (53)

Taking the expectation of both sides of equations (8.7)-(8.12), we can easily get the biases
of the proposed estimators. Hence the proof of Theorem 1.

Now, squaring both sides of the above equations and ignoring the terms of errors having
power greater than two, we get

(tmdd1 −S2
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Taking expectations of both sides of equations (8.13)-(8.18), we can easily get the MSEs of
the proposed estimators to the first order of approximations, are given as

MSE(tmddi) =S4
y
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400 +φ

∗2
i R2
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MSE(tmdDi) =S4
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Now, differentiating partially the equations (8.19) and (8.20) with respect to the constants
φ ∗

i (i = 1,2,3), ϕ∗
i , α∗

i , β ∗
i and γ∗i and equating the resultant equations to zero then solving

them we can easily obtain their optimum values as given in equations (5.7)-(5.11).

Finally, by putting these optimum values in equations (8.19) and (8.20) appropriately, we
can easily obtain the minimum MSEs of the proposed estimators as given in equations (4.9)
and (4.10). Hence the proof of Theorem 2.
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Table 3. Estimates of the various estimators based on a sample drawn from Population 6
where the true value of the parameter is 1176526

Sample Respondents

y x y x Estimators Estimates

348.334 408.978 38.067 40.775 t0 1230451

494.730 639.571 3520.361 1248.761 tm1 1027631

1692.817 413.777 57.684 139.628 tm2 1131690

43.229 42.808 440.518 323.028 tm3 1355048

298.351 756.169 571.487 114.899 tmr1 1230035

440.518 323.028 43.229 42.808 tmr2 1230258

197.244 56.908 635.774 870.720 tmr3 1230674

38.067 40.775 2610.572 2131.048 tmd1 988258.4

571.487 114.899 494.730 639.571 tmd2 1123362

557.656 1045.106 348.334 408.978 tmd3 1365554

848.317 907.700 1372.439 1229.752 tmD1 858921.0

540.696 939.460 197.244 56.908 13 tmD2 1000448

3520.361 1248.761 tmD3 1178178

386.490 100.964 tmdd1 1161129

1372.439 1229.752 tmdd2 1186860

3585.406 1337.852 tmdd3 1256182

57.684 139.628 tmdD1 1015148

635.774 870.720 tmdD2 1068391

388.869 553.266 tmdD3 1088691

2610.572 2131.048
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The impact of Cyber Supply Chain Risk Management  
on Supply Chain 4.0 

Abdellah Sassi1, Mohamed Ben Ali2, Oumaima Oullada3, Said Rifai4  

Abstract 

Cyber Supply Chain Risk Management (CSCRM) is a novel risk management approach with 
Cyber Security (CS) being its crucial component. In the age of digitalization, CS has become  
a major concern worldwide. This study investigates the influence of CSCRM on Supply Chain 
4.0 (SC 4.0) using a causal model to evaluate the connection between CS, CSCRM, and SC 4.0. 
The research investigates the link between CS and CSCRM, and between CSCRM and the 
levers of SC 4.0. The results highlight that CSCRM significantly influences various supply chain 
activities. The findings show that the integration of CSCRM, supported by CS is essential for 
improving the performance of SC 4.0. The “Statistical Package for the Social Sciences’’ was 
employed after administering a questionnaire to stakeholders in the Moroccan automotive and 
aeronautic industries. 

Key words: Supply Chain 4.0, Cyber Supply Chain Risk Management, Cyber Security, 
Causal model. 

1.  Introduction 

The shift toward Supply Chain 4.0 requires the integration of Industry 4.0 (I4.0) 
technologies such as the Internet of Things (IoT), Big Data Analytics (BDA), and 
Artificial Intelligence (AI), thereby enhancing digitalization while simultaneously 
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increasing exposure to cyber risks and global supply chain uncertainties (Foli et al., 
2022). As stated by Muller Raschid et al. (2022), principal vulnerabilities include cyber-
attacks and lack of cybersecurity awareness among decision-makers (Muller, 2022). 
Another gap identified in our previous studies highlights the necessity of integrating 
Cyber Security (CS) and Cyber Supply Chain Risk Management to address privacy and 
security challenges (Sassi et al., 2024). Notable cyber incidents for example the 2017 
WannaCry attack, which used ransomware to hit several businesses (Creazza et al., 
2022). This study explores how effectively CSCRM influences the advancement of SC 
4.0 within Morocco's automotive and aeronautic industries. The objectives of this re-
search paper include: (1) exploring the motivation behind practitioners’ adoption of 
CSCRM, (2) analyzing the relationship between Cyber Security and CSCRM, and (3) 
investigating the connection between CSCRM and Supply Chain 4.0. This is accom-
plished through the utilization of a conceptual framework to evaluate the importance 
of linkages between CS, CSCRM, and SC 4.0. The paper presents the study’s context, 
research questions, methods, findings, and conclusions with suggestions for future re-
search. 

2.  Background of the study 

Effective Cyber-risk management in Supply Chains must be integrated from the 
outset of strategic planning, not addressed at the end (Pandey et al., 2020). Recent 
studies have mainly explored cyber risks in limited firm samples (Colicchia et al., 2019; 
Creazza et al., 2022). Industry 4.0 is defined as a cost-effective, data-driven, and 
adaptable supply network that responds dynamically to fluctuations in both demand 
and supply (Ivanov et al., 2021). 

2.1.  Cyber-attacks 

Cyber-attacks are breaches of IT systems that can disturb operations or 
compromise systems over time (Boyson, Corsi and Paraskevas, 2022). They include 
malicious intentional and unintentional threats such as data leakage, phishing mails or 
hacking (Kessler et al., 2022). According to the literature, cyber-attacks contain 
different categories, most of which are cited in the table below: 

Table 1. Examples of Cyber-attacks 

Reference Attack Types Description 

(Larriva-Novo et al., 
2020) 

Fuzzers 
Fuzz testing is an automated method that tests 
software by inputting random or invalid data to 
detect vulnerabilities. 

Backdoors In Cyber Security, a backdoor is a way to get be-
yond an organization’s current security measures. 
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Table 1. Examples of Cyber-attacks (cont.) 

Reference Attack Types Description 

(Larriva-N 

DoS 
Denial of Service is a cyber-attack that prevents a 
device or a computer’s intended users from using it 

Exploits 
A malicious program that exploits holes in hard-
ware or software security 

Shellcode 
Attackers use it to target vulnerable processes on 
local, intranet, or remote systems 

(Eggers, 2021) 

IP or data theft 
Insider disclosure without authorization may lead 
to further attacks or financial losses 

‘’Malicious 
substitution’’ 

Substitution of the entire technological infra-
structure, from hardware to firmware  

Tempering, 
manipulating 

It refers to unauthorized changes or commands 
aimed at manipulating a device’s operation or func-
tion 

(Kern and Szanto, 
2022) 

Cyber SC attacks 

Threats called Cyber SC Attacks aim to compro-
mise the final target particularly through opera-
tional endpoint vulnerabilities, by using rusted 
channels within the supply chain  

(Zhang et al., 2019) 
Port Scan 

Port scanning is a common technique used by 
hackers to detect unsecured entry points in a net-
work  

DoS Hulk One of the widely used DoS attacks tools is Hulk. It 
produces distinct requests in an unstable pattern  

2.2.  Cyber Security (CS) 

Cyber Security (CS) or IT security systems is the shield that protects data and 
knowledge flows, and prevents data leakage. According to Aamer and et al., 7.35% of 
the articles cited Cyber Security as a crucial element of preparation for the transition to 
Supply Chain 4.0 (Aamer, Sahara and Al-Awlaqi, 2023). CS in the supply chain is 
essential for safeguarding its operations, as it is highly susceptible to threats such as 
cyberterrorism and malware-malicious software intended to damage computer systems 
or networks without the user’s knowledge (Salem and Al-Saedi, 2023), including data 
theft. Therefore, Cyber Security measures must be in place to minimize risks, such as 
buying only from reliable suppliers and disconnecting critical systems from external 
connectivity (Politeknik Mukah Sarawak, Sarawak, Malaysia et al., 2021). 

2.3.  Supply Chain 4.0 (SC 4.0) 

SC 4.0 denotes the evolution of traditional supply chains through the adoption of 
I4.0 technologies, such as IoT, CS, AI and Radio Frequency Identification (RFID). This 
integration facilitates digitalization, interconnectivity, and adaptability, with the 
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objective of addressing operational challenges, enhancing competitiveness, and opti-
mizing business performance (Sassi et al., 2021). SC 4.0 is a network of coordinated 
operations that integrates forecasting, production, distribution, and sales to deliver 
value to customers and suppliers. By aligning these activities, it aims to enhance effi-
ciency, boost innovation, and increase revenue (Martins, Simon and Campos, 2020). 

2.4.  Cyber Supply Chain Risk Management (CSCRM) 

CSCRM is an integrative practice, its goal is to provide strategic oversight across 
the end-to-end business processes of both the focal organization and its extended en-
terprise partners, it synthesizes principles of CS, Supply Chain Management, and en-
terprise risk management (Colicchia, Creazza and Menachof, 2019). According to Mul-
ler and al., CSCRM is a process that identifies, evaluates and reduces any risks related 
to the IT/OT (Operational Technology) goods and services (Muller, 2022). Addition-
ally, it is regarded as a novel and potent idea that integrates business risk management 
supply chain management, and CS components (Tatt*, Ganesan and Fernando, 2019). 
Supply chain attacks are cyber threats that can bypass advanced third-party defenses. 
Their frequency has risen significantly since 2020. Moreover, the integration of I4.0 
technologies has further increased system vulnerability (Nygård and Katsikas, 2022). 
Hence, governments have increasingly focused on cyber supply chain risk management 
to protect their supply chains at all stages, from procurement and production to distri-
bution, sales, and after-sales, aiming to minimize cybersecurity risks.  

2.5.  Recommendations from previous studies to strengthen CSCRM 

Table 2 presents a synthesis of key recommendations extracted from previous 
studies aimed at enhancing CSCRM, highlighting technological, organizational, and 
environmental dimensions. 

Table 2.  Literature review recommendations for enhancing CSCRM 

Recommendations Authors 

Enhance supply chain visibility through a (Technology–Organization–
Environment) TOE-based approach to move from fragmented security 
practices toward a cohesive and productivity-driven CSCRM strategy. 

(Gani and Fernando, 
2024) 

Use agency theory to align roles and responsibilities among supply chain 
partners, enhancing accountability and reducing cyber risk through 
governance, risk protocols, and incentives. Support this with capacity 
building and transparent communication to improve cybersecurity 
readiness and coordination. 

(Firth and Srivastava, 
2024) 

Embed supplier cybersecurity into logistics and procurement by using a 
process-driven framework, assigning clear accountability, and treating 
cyber risk as a core supply chain concern. 

(Handfield, Earp and 
Sadeghi, 2025) 
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2.6.  Overview of the Moroccan automotive and aeronautical industries 

2.6.1. Automotive industry 

Over the past decade, the Moroccan automotive industry has experienced remark-
able and sustained growth, becoming the country’s leading export sector. It has created 
over 147,000 new jobs, attracted more than 250 companies, and established Morocco 
as the continent’s foremost automotive manufacturing hub (Ministry of trade and com-
merce, 2023). 

2.6.2. Aeronautic industry 

Morocco is now one of the most competitive and alluring bases on the global map 
of aviation construction, confirming the Kingdom’s great ambition in this high added 
value industry, after 20 years defined by a singular technological and human journey. 
Morocco is becoming a prime site and location, with 140 companies (Ministry of trade 
and commerce, 2023). 

3.  Research methodology 

This research paper explores various research designs, data collection methods, 
survey instruments, variable measurements, and data analysis techniques. It examines 
potential relationships, significant or not, among the tested methodologies. As noted 
by Sassi et al., linear regression models how a dependent variable varies in relation to 
one or more independent variables, through the least squares method. It includes 
simple regression (involving a single independent variable) and multiple regression 
(involving several). A p-value below 0.05 indicates a statistically significant correlation, 
while regression coefficients reflects the strength of each variable’s impact (Sassi et al., 
2025). 

3.1.  Problem description 

The reputation of automotive and aeronautic companies for safety is critical to both 
the companies and their stakeholders. Global supply chain has a very large information 
flows through all its levers. Its digitalization and transformation will force it to deal with 
multiple internal and external risks that converge, threatening its stability (Azouzi, Iqqi 
and Amri, 2023). Therefore, these companies are very proactive about securing their 
supply chain which leads us to the main problem in this research paper. How to secure 
the supply chain after the transformation to SC 4.0? 
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3.2.  Questions guiding the study 

 Is CSCRM positively associated with SC 4.0? 
 Does CS have a very important influence on CSCRM? 

3.3.  Research objectives 

This study aims to examine how directly CSCRM affects Supply Chain 4.0 by 
explaining variables. 
 
This research aims to achieve the following key objectives: 
 To examine the connection between CSCRM and SC 4.0. 
 To examine the connection between CS and CSCRM. 

3.4.  Purpose of the study 

SC 4.0 is the fusion of I4.0 technologies with traditional supply chains, resulting in 
digitalization and increased vulnerability to cyber threats. To manage these risks, 
CSCRM becomes essential for ensuring the safety and performance of Supply Chains 
4.0. This research paper presents a pioneering empirical study on the impact of CSCRM 
on SC 4.0, offering both theoretical insights and practical contributions for industry 
and practitioners. 

3.4.1. First research construct: CS 

The Cyber Security (CS) involves measures such as the trust level of the authenticity 
and reliability of data, information security and management, and the handling of 
external data from stakeholders. 

3.4.2. Second research construct: CSCRM 

CSCRM is measurable by determining at which level the companies respect 
different governmental guidelines and apply different procedures associated with risk 
identification, management and evaluation. 

3.4.3. Third research construct: SC 4.0 

The SC 4.0 could be measured throughout all its levers (PS): ‘’Purchase and 
Supply’’, (PR): ‘’Production’’, (SD): ‘’Storage and Distribution’’, (SaS): ‘’Sales and after 
Sales’’ (Sassi et al., 2024). 
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3.4.4. Presentation of the model research 

 
Figure 1.  Theoretical Framework 

Drawing on the research problem and the literature review, the proposed theoret-
ical framework is organized into six criteria, divided across three categories: one for CS, 
one for CSCRM, and four for SC 4.0 (as shown in Figures 1 and 2). The model assumes 
causal relationships among all criteria, with five hypotheses developed to represent the 
five causal links in the conceptual framework. 

 

 
Figure 2.  Detailed theoretical model 

Table 3.  Presenting the codes used within the proposed theoretical model (Sassi et al., 2024) 

Proposed Model Constructs Codes Titles 
Cyber Security CS ‘’Cyber Security’’ 

Cyber Supply Chain Risk 
Management 

CSCRM ‘’Cyber Supply Chain Risk 
Management’’ 

Supply Chain 4.0  

PS ‘’Purchase and Supply’’  
PR ‘’Production’’ 
SD ‘’Storage and Distribution’’ 
SaS ‘’Sales and after Sales’’ 
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3.4.5. Formulation of the Hypothesis 

This research seeks to confirm or refute the 5 hypotheses listed below. 

Table 4.  Formulated hypotheses 

Hypothesis N° Causal Connection Formulated Hypothesis 

H1 CS                    CSCRM We hypothesized that CS positively influences 
CSCRM 

H2 CSCRM                     PS We hypothesized that CSCRM positively 
influences PS 

H3 CSCRM                     PR We hypothesized that CSCRM positively 
influences PR  

H4 CSCRM                     SD We hypothesized that CSCRM positively 
influences SD  

H5 CSCRM                    SaS We hypothesized that CSCRM positively 
influences SaS 

3.5.  Preparation of the methodological framework of research: 

3.5.1. Formulated hypothesis 

For this study, primary data will be gathered using a structured survey, distributed 
either in paper format or through Google Forms, targeting industrial and supply chain 
managers as well as general managers in Morocco’s automotive and aeronautics indus-
tries. The selection of automotive companies is based on information from the direc-
tory provided by the Moroccan Automotive Federation “The directory of the automo-
tive sector in Morocco” (La fédération de l’automobile, 2023). For the aeronautic sector, 
data was sourced from the Group of Moroccan Aeronautical and Space industries.  
A total of 200 firms were identified across both sectors, including company names and 
key contact details of high-ranking representatives. The aim was to reach a diverse sam-
ple of active firms. The survey was distributed via LinkedIn in August 2023 to 190 com-
panies (140 automotive and 50 aeronautic), and data collection was completed in No-
vember 2023. Out of 50 surveys sent to aeronautic companies in the data set, there are 
33 responses, which means that the response rate of 66% is deemed representative. Out 
of 140 surveys distributed to automotive companies, there are 75 responses, which 
means that the response rate is 53.57% which is considered moderated. Notice that the 
total number of interviewers who answered the survey is 94 but since some companies 
are considered active in both sectors, the total number of responses amounts to 108, 
thus, the total rate of response is 56.84%. According to the classification criteria by the 
Moroccan High Commission for planning, the firms selected for this study represent 
various organizational strata (1.1% small firms, 22.5 % medium-sized firms, and the 
remaining 76.4% big firms). The demographics of the companies featured in the study 
are summarized in Table 5 (Moroccan High Commission for Planning, 2019). 
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Table 5. Demographics of participating firms 

Characteristics Categories Frequency Percentage 

Year of 
foundations 

<11 y 38 40.4% 
11 – 20 y 24 25.8% 

>20 y 32 33.7% 

Region 

Casablanca and region 32 33.7% 
Tanger and region 38 40.4% 

Marrakech and region 01 0.01% 
Kenitra and region 23 25.8% 

Company’s work 
force 

<10 01 1.1% 
<200 21 22.5% 
>200 72 76.4% 

Capital 

<50 000 dhs 01 1.3% 
50 001 – 400 000 dhs 02 2.6% 

400 001 – 600 000 dhs 04 5.1% 
600 001 – 1 000 000 dhs 03 3.8% 

>1 000 000 dhs  83 87.2% 

3.6.  Questionnaire design 

3.6.1. Questionnaire steps 

This study’s questionnaire consists of two primary sections, with the first focusing 
on respondent and company information, and the second on evaluating the study’s 
conceptual model constructs, CS, CSCRM and SC 4.0, using 44 items (7 for CS, 8 for 
CSCRM, and 30 for SC 4.0). A six-point Likert scale, from 0 = Abs/No to 6 = Very High, 
was used for assessment (Likert, 1932). The measurement instrument was developed 
following Churchill’s (1979) paradigm (Churchill, 1979), which involves defining the 
construct through an extensive literature review, generating diverse measurement 
items, collecting data, and refining the instrument using statistical tools like coefficient 
alpha and factor analysis. Reliability and validity were further tested using methods 
such as split-half reliability and the multirait-multimethod matrix. Norms were then 
established to enable meaningful interpretation and comparisons. 

3.6.2. Reliability test 

The reliability of the questionnaire instrument was assessed using Cronbach’s 
Alpha. As shown in Table 6, all constructs and measurement items used in the study 
demonstrate acceptable reliability, with values exceeding the threshold of 0.7 (Fornell 
and Bookstein, 1982; Kline, 1999). 
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Table 6.  Evaluation summary of the three constructs’ reliability and validity 

Constructs  Variables Code Number of items Cronbach’s Alpha  

Cyber Security Cyber Security CS 7 0.949 
Cyber Supply 

Chain Risk 
Management  

Cyber Supply 
Chain Risk 

Management  
CSCRM 8 0.968 

Supply Chain 
4.0 

Purchase and 
Supply 

PS 7 0.957 

Production PR 8 0.985 
Storage and 
Distribution SD 7 0.965 

Sales and after Sales SaS 8 0.976 

4.  Results of the study 

In this section, we detail the findings obtained from the empirical analysis. 

4.1.  Examining the connection between CS and CSCRM 

4.1.1.  Global Model: Cyber Security (CS) – Cyber Supply Chain Management   
  (CSCRM) 

Overall, Table 7 indicates a strong correlation between CS and CSCRM (R = 0.616). 
The dependent variable, CSCRM, accounts for 38.0 % of the variance in the predicted 
variable CS, as shown by the R-squared value of 0.380. Additionally, the model is 
statistically significant, with a p-value of 0.00 (Table 9), which is well below the 5% 
threshold, confirming the model’s overall validity.  

Table 7.  Summary of model characteristics (CS-CSCRM) 

Model R R-squared Adjusted R-squared 
Standard error of 

estimation 
CS-CSCRM 0.616 0.380 0.373 0.79193260 

a. Predicted (Independent) value: CS. 
b. Dependent variable: CSCRM. 
c. Linear regression at the origin. 

Table 8.  Variance Analysis (CS-CSCRM) 

Model Sum of squares ddl Average Square D Sig 
Regression 35.302 1 35.302 56.288 0.000 

Residual 57.698 92 0.627   
Total 93.000 93    

a. Dependent variable: CSCRM. 
b. Linear regression at the origin. 
c. Predicted value: CS. 
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4.1.2.  Linear model equation: Cyber Security (CS) – Cyber Supply Chain Risk Mana-
  gement (CSCRM) 

Based on Table 9, the linear regression equation is expressed as follows: 

CSCRM= 0.616 CS                    (1) 

The causal relationship between CS and CSCRM is statistically significant  
(P-value = 0 < 5%), indicating that CS has a strong impact on CSCRM. Additionally the 
t-student exceeds |2.775| (|1.960|), confirming that the parameter estimates are 
significant at the 1% (or 5%) significance level (Oullada et al., 2023). 

Table 9.  Criteria coefficients (CS-CSCRM) 

Model 
Unstandardized coefficients 

Standardized 
coefficients t-student 

Sig.  
(P-value) 

A Standard error Beta 
CS-CSCRM 0.616 0.082 0.616 7.503 0.000 

4.2.  Examining the connection between CSCRM and PS 

4.2.1.  Overall model: Cyber Supply Chain Risk Management (CSCRM) – Purchase  
  and Supply (PS) 

According to Table 10, we notice that the causal relationship between CSCRM and 
PS is positively significant (R = 0.723). The explanatory variable, PS, accounts for 52.3% 
of the variance in the dependent variable CSCRM, as indicated by an R-squared value 
of 0.523. Furthermore, the model is globally valid since its significance value is lower 
than 5%. 

Table 10.  The overall model (CSCRM-PS) 

Model R R-squared Adjusted R-squared 
Standard error of 

estimation 
CSCRM-PS 0.723 0.523 0.518 0.69408436 

a. Predicted value: CSCRM. 
b. Dependent variable: PS. 
c. Linear regression at the origin. 

Table 11.  Variance analysis (CSCRM-PS) 

Model Sum of squares ddl Average Square D Sig 
Regression 48.679 1 48.679 101.045 0.000 

Residual 44.321 92 0.482   
Total 93.000 93    

a. Dependent variable: PS. 
b. Linear regression at the origin. 
c. Predicted value: CSCRM. 
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4.2.2.  Linear model equation: Cyber Supply Chain Risk Management (CSCRM) –  
  Purchase and Supply (PS) 

According to Table 12, the linear regression equation is formulated as follows: 

PS = 0.723 CSCRM          (2) 

Note that the causal relationship between CSCRM and PS is highly significant  
(p-value = 0 < 5%), which means that CSCRM has a strong impact on PS. 

Table 12.  Criteria coefficients (CSCRM-PS) 

Model 
Unstandardized coefficients 

Standardized 
coefficients 

 
t-student 

 
Sig. (P-
value) A Standard error Beta 

CSCRM-PS 0.723 0.072 0.723 10.052 0.000 

4.3.  Examining the connection between CSCRM and PR 

4.3.1.  Overall model: Cyber Supply Chain Risk Management (CSCRM) – Production 
  (PR) 

There is a moderately strong connection between CSCRM and PR (R = 0.504). The 
dependent variable PR, accounts for 25.40 % of the variance in the predicted variable 
CSCRM (R-squared = 0.254). The model is considered globally reliable since the 
significance value (p-value) is below 5% (Table 15). 

Table 13.  The overall model (CSCRM-PR) 

Model R R-squared Adjusted R-squared 
Standard error of 

estimation 
CSCRM-PR 0.504 0.254 0.246 0.86812659 

a. Predicted value: CSCRM 
b. Dependent variable: PR 
c. Linear regression at the origin 

Table 14.  Variance analysis (CSCRM-PR) 

Model Sum of squares ddl Average Square D Sig 
Regression 23.665 1 23.665 31.400 0.000 

Residual 69.335 92 0.754   
Total 93.000 93    

a. Dependent variable: PR. 
b. Linear regression at the origin. 
c. Predicted value: CSCRM. 
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4.3.2.  Linear model equation: Cyber Supply Chain Risk Management (CSCRM) –  
  Production (PR) 

The linear regression equation is written as follows on the basis of Table 15: 

PR = 0.504 CSCRM             (3) 

We notice that (p-value = 0 < 5%), thus, the causal relationship CSCRM-PR is 
considered significant, and we conclude that the CSCRM strongly impacts PR. 

Table 15.  Criteria Coefficients (CSCRM-PR) 

Model 
Unstandardized coefficients 

Standardized 
coefficients t-student 

Sig. 
(P-value) 

A Standard error Beta 
CSCRM-PR 0.504 0.090 0.504 5.604 0.000 

4.4.  Examining the connection between CSCRM and SD 

4.4.1.  Overall model: Cyber Supply Chain Risk Management (CSCRM) – Storage and 
  Distribution (SD) 

There is a strong connection between CSCRM and SD, with a correlation of 
R=0.454. The dependent variable SD, explains 20.6% of the variance in the independent 
variable CSCRM, as indicated by an R-squared value of 0.206. Additionally, the model’s 
significance value is below the 5% threshold, confirming its overall statistical validity. 

Table 16.  The overall model (CSCRM-SD) 

Model R R-squared Adjusted R-squared 
Standard error of 

estimation 
CSCRM-SD 0.454 0.206 0.197 0.89595774 

a. Predicted value: CSCRM. 
b. Dependent variable: SD. 
c. Linear regression at the origin. 

Table 17.  Variance Analysis (CSCRM-SD) 

Model Sum of squares ddl Average Square D Sig 
Regression 19.148 1 19.148 23.853 0.000 

Residual 73.852 92 0.803   
Total 93.000 93    

a. Dependent variable: SD. 
b. Linear regression at the origin. 
c. Predicted value: CSCRM. 
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4.4.2.  Linear model equation: Cyber Supply Chain Risk Management (CSCRM) –  
  Storage and Distribution (SD) 

Based on the results presented in Table 18, the linear regression equation is 
expressed as follows:  

SD = 0.454 CSCRM            (4) 

The causal relationship CSCRM-SD is considered significant since the (sig. =0<5%), 
thus, the CSCRM strongly impacts SD. 

Table 18.  Criteria coefficients (CSCRM-SD) 

Model 
Unstandardized coefficients 

Standardized 
coefficients t-student 

Sig. 
(P-value) 

A Standard error Beta 
CSCRM-SD 0.454 0.93 0.454 4.884 0.000 

4.5.  Examining the connection between CSCRM and SaS 

4.5.1.  Overall model: Cyber Supply Chain Risk Management (CSCRM) – Sales and  
  after Sales (SaS) 

In general, a moderate strong positive correlation exists between CSCRM and SaS 
criterion (R = 0.514). The model’s significance level (p-value = 0.00, Table 20) is below 
the 5% threshold, confirming the model’s reliability. 

Table 19.  The overall model (CSCRM-SaS) 

Model R R-squared Adjusted R-squared 
Standard error of 

estimation 
CSCRM-SaS 0.514 0.264 0.256 0.86246393 

a. Predicted value: CSCRM. 
b. Dependent variable: SaS. 
c. Linear regression at the origin. 

Table 20.  Variance analysis (CSCRM-SaS) 

Model Sum of squares ddl Average Square D Sig 
Regression 24.566 1 24.566 33.026 0.000 

Residual 68.434 92 0.744   
Total 93.000 93    

a. Dependent variable: SaS. 
b. Linear regression at the origin. 
c. Predicted value: CSCRM. 
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4.5.2.  Linear model equation: Cyber Supply Chain Risk Management (CSCRM) –  
  Sales and after Sales (SaS) 

The linear regression model derived from Table 21 is formulated as follows: 

SaS = 0.514 CSCRM         (5) 

The causal relationship between CSCRM and SaS is statistically significant (p-value 
= 0 < 0.05), suggesting that CSCRM exerts a notable influence on SaS. 

Table 21.  Criteria coefficients (CSCRM-SaS) 

Model 
Unstandardized coefficients 

Standardized 
coefficients t-student 

Sig. 
(P-value) 

A Standard error Beta 
CSCRM-SaS 0.514 0.089 0.514 5.747 0.000 

4.6.  Overall model summarizing hypothesis testing outcomes 

The outcomes of the hypothesis test (Table 22) and the global model (Figure 3) are 
detailed below: 

 
Figure 3.  Overall model summarizing hypothesis test results. 

Table 22.  Hypothesis testing outcomes 

Hypotheses Results 
H1: CS                    CSCRM Valid 
H2: CSCRM                    PS Valid 
H3: CSCRM                    PR Valid 
H4: CSCRM                    SD Valid 
H5: CSCRM                  SaS Valid 
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5. Discussion and conclusion

This section presents the findings of the empirical investigation, revealing growing
public concern over CSCRM due to rising cyberattacks and scams. In Morocco, this 
concern is increasingly evident, especially in the key automotive and aeronautic indus-
tries. Serhane et al. (2023) emphasized that greater connectivity heightens industrial 
systems’ vulnerability to cyber threats, including attacks and unauthorized access 
(Serhane, Hamzaoui and Ibrahimi, 2023). Industrial systems were long vulnerable to 
cyberattacks due to limited security in their design and their isolation from the internet. 
With Industry 4.0, this isolation has diminished, exposing them to a wider spectrum of 
cyber threats (Tamy et al., 2020). Digitalizing supply chains is challenging as it demands 
specialized digital skills, unique organizational competencies, and a clear digital strat-
egy (Kohnke, 2017). Hence, companies operating within Industry 4.0 need to cultivate 
dynamic capabilities to effectively navigate Supply Chain risks. Using the DEMATEL 
approach, Pandey et al. identified behavioral risk as the most critical among the various 
risk categories. Future research should focus on risks linked to specific I4.0 technologies 
within Supply Chains (Pandey, Singh and Gunasekaran, 2021). This study clarifies how 
CSCRM directly affects Supply Chain 4.0, linking key variables. CSCRM, supported by 
Cyber Security, addresses cyberattack emerging from the shift to digital supply chains. 

Based on the applied research methodology, this study also finds that, Cyber 
Security can also affect positively CSCRM to help it influence positively the SC 4.0. 

Our exploratory study’s findings indicate that: 
 The relationship between CS and CSCRM is both significant and positively correlated. 
 The relationship between the CSCRM and Purchase and Supply (PS) is significant and 

positive.
 The relationship between the criterion CSCRM and Production (PR) criterion is fairly 

high.
 CSCRM has a positive and quite high influence on Storage and Distribution criterion. 
 The relationship between CSCRM and Sales and after Sales (SaS) is fairly strong and

positive.
The study shows Cyber Security positively influences CSCRM, whose success de-

pends on strong CS. Implementing CSCRM enhances Supply Chain 4.0 by positively 
impacting its key levers. Therefore, supply chain managers must understand and adopt 
CSCRM, aligning with Tamy and al. (2020)’s strategic approach to safeguarding Indus-
try 4.0 networks (Tamy et al., 2020). These results are also in line with the outcomes of 
Aarland et al. (2025), who emphasized the prominence of establishing clear cybersecu-
rity requirements and ensuring proper management within digital supply chains 
(Aarland, 2025). This study shows that CSCRM enhances SC 4.0 performance in Mo-
rocco’s automotive and aeronautical sectors. The integration of CS, CSCRM, and SC 
4.0 into one framework highlights the essential role of CS in effective CSCRM and offers 
practical strategies for managing digital risks in emerging industries. 
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6.  Limitations 

Although the findings are promising, the study has limitations, notably an average 
response rate. Larger samples should be used in future research to ensure more 
representative and reliable results. Moreover, the research was limited in scope to 
samples from only two sectors: the automotive and aeronautic industries. It is 
recommended that this model be applied to other fields, such as textiles, agriculture, 
and others. Furthermore, given that this study concentrates on one specific enabling 
technology, subsequent research could examine a broader spectrum of technologies to 
validate and refine the proposed framework. 
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    An extended odd log-logistic-Lindley distribution with
properties, applications and Bayesian estimation
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Abstract

This paper introduces a four-parameter extended odd log-logistic-Lindley distribution from 
which moments, hazard, and quantile functions are then obtained. The statistical properties 
of this distribution show the high flexibility of the proposed distribution. The maximum 
likelihood and least-squares estimators of the extended odd log-logistic-Lindley parameters 
are studied. Moreover, a simulation study is carried out for evaluating the performance of 
the estimation methods, and the usefulness of the new distribution is illustrated using two 
real data sets. Finally, Bayesian analysis and efficiency of Gibbs sampling are provided on 
the basis of two real data sets.

Key words: Bayesian estimation, Gibbs sampling, Lindley distribution, moment, odd log-
logistic, simulation.

1. Introduction

Modelling and analysing real lifetime data are widely used in many applied fields such
as finance, reliability, engineering, medicine. In practice, researchers dealt with different
types of survival data and they proposed various lifetime models for modelling such data.
The statistical analysis depends on the procedure used by the researcher and the generated
family of distributions. Recently, new families of distributions have been introduced in
the literature that could considerably help to analyse complex real data. However, it is
necessary to find more efficient statistical models; since there are many real data sets in
practice that need to be investigated with statistical models that are more flexible. Therefore,
the researchers have had many attempts to extend distributions theory by adding new shape
parameters to different families of distribution to introduce new families. In particular,
some extended distributions demonstrate high flexibility in hazard rate function (hrf) such
as increasing, decreasing and bathtub shapes even though the baseline hazard rate function
may not have these shapes.
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Most of the new generators of G family can be obtained using T-X class, which is
proposed by Alzaatreh et al. (2013). For example, Kumaraswamy generated, odd log-
logistic-G, Exponentiated-G (Exp-G), gamma generated, proportional odds and generalized
beta generated. Recently, the extended exponentiated-G (EE-G) family was defined by
Alizadeh et al. (2018a).

In this paper, we introduce a new generator of G family using T-X class, which is called
the extended odd log-logistic-G (EOLL-G) family, and study some of its mathematical prop-
erties. The main idea of the EOLL-G family is based on a contribution presented by Gleaton
and Lynch (2010). They introduced an extended generalized log-logistic family for lifetime
distribution. Following their idea and using T-X class the cumulative distribution function
(cdf) of the EOLL-G family with parameters α > 0, β > 0 and γ > 0 as three additional
shape parameters is defined by

F(x;ξ ) =
∫ G(x;θ)α

[1−G(x;θ)]β

0

γ

(1+ γ t)2 dt =
G(x;θ)α

G(x;θ)α + γ [1−G(x;θ)]β
, (1)

where G(x;θ) is the baseline cdf with the parameter vector θ and ξ = (α,β ,γ,θ).

It is clear that in the special case, the EOLL-G family reduces to EE-G family when
β = 1. For α = γ = 1, it transforms into Marshal-Olkin family. If β = 1 and α = γ , then it
reduces to Exp-G family. By considering α = β = γ = 1, we obtain the baseline distribution
G.

Gleaton and Lynch (2010) showed that the extended generalized log-logistic family has
appropriate performance for lifetime data. Therefore, we can use the EOLL-G family for
lifetime data by choosing a lifetime distribution as G(·) in (1). Although, there are several
lifetime distributions that we can use, which is due to the fact that the proposed family has
three parameters, it is better to select a lifetime distribution with only one parameter, for
example, exponential or Lindley. It should be noted that hrf of the exponential is constant
while the hrf of the Lindley distribution has different shapes as increasing, decreasing, uni-
modal and bathtub. Moreover, the Lindley distribution is a well-known distribution that is
employed widely in different fields such as lifetime and reliability, medical, finance, engi-
neering and insurance. These reasons motivate the use of this distribution for modeling real
lifetime data. Therefore, we consider the Lindley distribution as the baseline distribution in
this paper.

The Lindley distribution was originally proposed by Lindley (1958) in the Bayesian
statistical context. Some properties of this distribution such as moments, failure rate func-
tion, characteristic function, mean residual life function, mean deviations, Lorenz curve,
stochastic ordering, entropies, asymptotic distribution of the extreme order statistics have
been studied by Ghitany et al. (2008). The cdf of the Lindley distribution with scale param-
eter λ > 0 is

G(x;λ ) = 1−
(

1+
λx

1+λ

)
e−λx, x > 0, (2)
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and its corresponding probability density function (pdf) is given by

g(x;λ ) =
λ 2

1+λ
(1+ x)e−λx. (3)

Many authors have published various extensions of the Lindley distribution recently.
For example, a three-parameter generalization of the Lindley distribution proposed by Zak-
erzadeh and Dolati (2009), Nadarajah et al. (2011) defined a generalized Lindley distribu-
tion, a new generalized Lindley distribution based on the weighted mixture of two gamma
distributions was studied by Abouammoh et al. (2015), Asgharzadeh et al. (2016, 2018)
introduced a weighted Lindley distribution and Weibull Lindley distribution, respectively,
and Alizadeh et al. (2017a,b,2018b) proposed several generalizations of the Lindley dis-
tribution based on the odd log-logistic model. Given the vast amount of papers published
recently, we can only mention a few of the most recent contributions: Gomes-Silva et al.
(2017), Afify et al. (2019), Alizadeh et al. (2019) and Alizadeh et al. (2025).

In the present paper, we introduce a new generalization of the Lindley distribution using
the EOLL-G family. To this end, it is enough to choose the Lindley distribution as the
baseline G(x;θ) in (1). By substituting (2) in (1), we get

F(x;α,β ,γ,λ ) =

[
1−
(

1+ λ

1+λ
x
)

e−λ x
]α

[
1−
(

1+ λ

1+λ
x
)

e−λ x
]α

+ γ

[(
1+ λ

1+λ
x
)

e−λ x
]β

, x ≥ 0, (4)

and its corresponding pdf is given by

f (x;α,β ,γ,λ ) =
γ λ 2(1+ x)

(
1+ λ

1+λ
x
)β−1

e−β λ x
[
1−
(

1+ λ

1+λ
x
)

e−λ x
]α−1

(1+λ )

{[
1−
(

1+ λ

1+λ
x
)

e−λ x
]α

+ γ

[(
1+ λ

1+λ
x
)

e−λ x
]β
}2

×
{

α +(β −α)

[
1−
(

1+
λ

1+λ
x
)

e−λ x
]}

. (5)

A random variable X with pdf (5) has extended odd log-logistic-Lindley (EOLL-L)
distribution and is denoted by X ∼ EOLL-L(α,β ,γ,λ ). The EOLL-L distribution is more
flexible than the Lindley distribution and allows for greater flexibility of the tails.

Special cases: Let X ∼ EOLL−L(α,β ,γ,λ ).

• If α = β ,γ = 1, then EOLL-L reduces to the Odd Log-Logistic Lindley (OLL-L)
Ozel et al. (2017).

• For α = β , EOLL-L coincides with OLL-Marshall- Olkin Lindley (OLL-MOL) Al-
izadeh et al. (2017b).

• If α = β = 1, then XEOLL-L reduces to Marshall- Olkin Lindley (MOL).
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• By taking γ = 1, EOLL-L coincides with the new OLL-Lindley (NOLLL) Alizadeh
et al. (2018b).

• For α = β = γ = 1, EOLL-L is ordinary Lindley.

The different shapes of the pdf such as unimodal, symmetric, skewed, and monotoni-
cally decreasing are shown in Figure 1 (left plot). As seen, the density of the EOLL-L model
can be right-skewed density with one peak and heavy tail to the right, right-skewed density
without a peak and with heavy tail to the right, bimodal and unimodal density with different
shapes.

The point that catches our attention in this graph is that, for gamma values greater than
1, the density curve is symmetrical, and for less than 1, it is skewed to the right, and also for
larger beta values, the tails of the distribution will become heavier.

The rest of the paper is organized as follows. In Section 2, some mathematical properties
of the EOLL-L distribution are obtained. Certain characterizations are presented in Section
3. The estimations of the unknown parameters based on different methods are investigated
in Section 4. A simulation study is reported in Section 5. In Section 6, the performance
and application of the EOLL-L distribution are evaluated using two real data sets. Bayesian
inference and Gibbs sampling procedure for the considered data sets are investigated in
Section 7. Finally, some conclusions are stated in Section 8.

2. Main properties

2.1. Hazard rate function

In reliability studies, the hrf is an important characteristic and fundamental to the design
of safe systems in a wide variety of applications. Using equations (4) and (5) the hrf of the
EOLL-L distribution takes the form

h(x;α,β ,λ ) =

 λ 2(1+ x)
[
1−
(

1+ λ

1+λ
x
)

e−λ x
]α−1

(1+λ +λ x)
{[

1−
(

1+ λ

1+λ
x
)

e−λ x
]α

+ γ

[(
1+ λ

1+λ
x
)

e−λ x
]β
}


×
{

α +(β −α)

[
1−
(

1+
λ

1+λ
x
)

e−λ x
]}

. (6)

Plots for the hrfs for selected parameter values are displayed in Figure 1(right plot).
As seen in Figure 1, the hrf of the EOLL-L distribution has very flexible shapes such as
increasing, decreasing, upside-down, bathtub and upside-down-bathtub. It is evident that
the EOLL-L distribution is more flexible than the Lindley distribution, in other words, the
additional parameters α > 0,β > 0 allow for a high degree of flexibility of the EOLL-L
distribution. This attractive flexibility implies that the hrf of the EOLL-L is useful for non-
monotone empirical hazard behaviour, which is more likely observed in real life situations.
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Figure 1. Plots of the density and hazard function for the EOLL-L distribution for selected
parameter values

2.2. Quantile function

Quantile function is generally used to find representations in terms of lookup tables
for key percentiles. Let X be an EOLL-L distributed random variable with parameters
α,β ,λ ,γ . The quantile function, Q(p), defined by F [Q(p)] = p is the root of the equation
as

p =

[
1−
(

1+ λ

1+λ
Q(p)

)
e−λ Q(p)

]α

[
1−
(

1+ λ

1+λ
Q(p)

)
e−λ Q(p)

]α

+ γ

[(
1+ λ

1+λ
Q(p)

)
e−λ Q(p)

]β
. (7)

A closed form of quantile function is available when α = β . For this purpose, we define

[1+λ +λ Q(p)]e−λ Q(p) =
(1+λ )(1− p)

1
α

(γ p)
1
α +(1− p)

1
α

, (8)

for 0 < p < 1. After some simple algebraic manipulation one can obtain

Q(p) =−1− 1
λ
− 1

λ
W−1

[
−(1+λ )(1− p)

1
α e−1−λ

(γ p)
1
α +(1− p)

1
α

]
. (9)

where W−1[.] is the negative branch of the Lambert function (Corless et al. 1996). Note that
the particular case of (9) for α = β = γ = 1 is derived by Jodr (2010).

Now, we propose the following algorithm for generating random data from the EOLL-L
distribution for the case α = β .



90 A. Eftekharian et al.: An extended odd log-logistic-Lindley distribution...

Algorithm 1 (Inverse cdf)

• Generate Ui ∼ Uniform(0,1), i = 1, . . . ,n;

• Set

Xi =

{
−1− 1

λ
− 1

λ
W−1

[
−(1+λ )(1−Ui)

1
α e−1−λ

(γ Ui)
1
α +(1−Ui)

1
α

]}
, i = 1, . . . ,n.

For α ̸= β , we applied the following algorithm for generating random data:

• Step 1. Generate random numbers ui from U ∼U(0,1) for i = 1, · · · ,n.

• Step 2. Select arbitrary values for parameters of EOLL-L distribution, i.e. α, β , γ

and λ .

• Step 3. Solve numerically the non-linear equation

ui =

[
1− (1+ λ xi

1+λ
)e−λ xi

]α

[
1− (1+ λ xi

1+λ
)e−λ xi

]α

+ γ

[
(1+ λ xi

1+λ
)e−λ xi

]β
, (10)

and compute values of xi for i = 1, · · · ,n.

2.3. Expansions for the density and cumulative distribution functions

In this subsection, two mixture representations of the pdf and cdf for EOLL-L are pro-
posed. Despite the fact that the pdf and cdf of EOLL-L require mathematical functions
that are widely available in modern statistical packages, frequently analytical and numerical
derivations take advantage of power series representations for the pdf. Therefore, we use
the concept of power series to calculate the useful expansions. Accordingly, the pdf of the
EOLL-L distribution is given by{

1−
(

1+
λx

1+λ

)
e−λx

}α

=
∞

∑
k=0

ak

{
1−
(

1+
λx

1+λ

)
e−λx

}k
, (11)

where ak = ∑
∞
i=k(−1)i+k

(
α

i

)(
i
k

)
and

[
1−
(

1+
λ

1+λ
x
)

e−λ x
]α

+ γ

[(
1+

λ

1+λ
x
)

e−λ x
]β

=
∞

∑
k=0

bk

{
1−
(

1+
λx

1+λ

)
e−λx

}k
, (12)

where bk = ak + γ(−1)k
(

β

k

)
. Then, we can write

F(x) =

{
1−
(

1+ λx
1+λ

)
e−λx

}α

∑
∞
k=0 bk

{
1−
(

1+ λx
1+λ

)
e−λx

}k =
∞

∑
k=0

ck

{
1−
(

1+
λx

1+λ

)
e−λx

}k+α

.

(13)
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where c0 =
1
b0

and for k ≥ 1,

ck =−b−1
0

k

∑
r=1

br ck−r. (14)

Hence, the cdf of the EOLL-L distribution can be written as

F(x) =
∞

∑
k=0

ck Gk+α (x). (15)

where Gk+α (x) denotes the cdf of the generalized Lindley (exponentiated Lindley) distribution with
parameters λ and k+α .

Moreover, by differentiating from (15), the pdf of X can be expressed as

f (x) =
∞

∑
k=0

ck gk+α (x). (16)

where gk+α (x) is the pdf of the generalized Lindley distribution with parameters λ and k+α . Several
properties of the EOLL-L distribution can be available from the cdf and pdf expansions, given in (15)
and (16), respectively.

2.4. Moments and moment generating function

Some of the most important features and characteristics of a distribution can be investigated
through moments (e.g., central tendency, dispersion, skewness, and kurtosis). In what follows, we
present ordinary moments and the moment generating function (mgf) of the EOLL-L distribution. To
find the ordinary moments (µ ′

r), we use the following equation, which is introduced by Nadarajah et
al. (2011) as

A(a,b,c,δ ) =
∫

∞

0
xc(1+ x)

[
1−
(

1+
bx

b+1

)
e−bx

]a−1
e−δxdx. (17)

From (17), we have

A(a,b,c,δ ) =
∞

∑
l=0

l

∑
r=0

r+1

∑
s=0

(
a−1

l

)(
l
r

)(
r+1

s

)
(−1)lbrΓ(s+ c+1)
(1+b)l(bl +δ )c+s+1 . (18)

Using equations (15) and (16), we get the ordinary moments of the EOLL-L distribution as

µ
′
r = E [X r] =

λ 2

1+λ

∞

∑
k=0

(k+α)ck A(k+α,λ ,r,λ ). (19)

We now provide a formula for the conditional moments of the EOLL-L distribution. To this end,
we use the following equation, which is introduced by Nadarajah et al. (2011) as

L(a,b,c,δ , t) =
∫

∞

t
xc(1+ x)

[
1−
(

1+
bx

b+1

)
e−bx

]
e−δxdx. (20)

Using the generalized binomial expansion, we have

L(a,b,c,δ , t) =
∞

∑
l=0

l

∑
r=0

r+1

∑
s=0

(
a−1

l

)(
l
r

)(
r+1

s

)
(−1)lbrΓ(s+ c+1,(bl +δ )t)

(1+b)l(bl +δ )c+s+1 , (21)
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where

Γ(a,x) =
∫

∞

x
ta−1 e−t dt, (22)

denotes the incomplete gamma function. From equations (16) and (21), we obtain the conditional
moments of the EOLL-L distribution as

µ
′
r(t) = E [X r|X > t] =

λ 2

1+λ

∞

∑
k=0

(k+α)ck L(k+α,λ ,r,λ , t). (23)

Moreover, the incomplete moments of the EOLL-L distribution can be obtained directly from
(23).

Using (16) and (18), we can derive the mgf as follows:

MX (t) = E
[
etX
]
=

λ 2

1+λ

∞

∑
k=0

(k+α)ck A(k+α,λ ,0,λ − t).

Remark 1 The central moments (µn) and cumulants (κn) of X are easily calculated from (19) (e.g.
see Arellano-Valle et al., 2017, and Contreras-Reyes et al., 2021) as

µn =
n

∑
k=0

(−1)k
(

n
k

)
µ
′k
1 µ

′
n−k and κn = µ

′
n −

n−1

∑
k=1

(
n−1
k−1

)
κk µ

′
n−k,

respectively, where κ1 = µ ′
1. Thus, κ2 = µ ′

2 −µ ′2
1 , κ3 = µ ′

3 −3µ ′
2µ ′

1 +2µ ′3
1 , etc.

From the ordinary moments and using (19) the mean, variance, skewness and kurtosis are calcu-
lated for different values of parameters in Table 1. From Table 1 it can be seen that skewness and
kurtosis are very sensitive to changes in the shape parameters so, the importance of the proposed
distribution can be concluded.

Table 1. Moments, skewness, and kurtosis of EOLL-L distribution for some parameters
values

α γ β λ µ ′
1 µ ′

2 µ ′
3 µ ′

4 Skewness Kurtosis
0.5 0.5 1.0 0.5 1.903213 9.702343 72.93571 707.2085 2.089507 53.199973
0.5 0.5 1.0 2.0 0.371702 0.428410 0.756338 1.754821 2.438598 3.1978419
0.5 0.5 2.0 0.5 1.248766 3.631016 15.00114 78.75589 1.775172 14.724114
0.5 0.5 2.0 2.0 0.225271 0.136348 0.124155 0.148577 2.190991 0.8235115
0.5 2.0 1.0 0.5 4.006446 27.10376 236.9726 2507.292 1.083841 49.493653
0.5 2.0 2.0 2.0 0.473993 0.383384 0.407392 0.531980 1.189489 0.7872935
3.0 1.5 1.0 0.5 4.985129 31.22020 242.6686 2311.769 1.464291 43.219819
1.5 0.5 2.0 1.5 0.535931 0.438362 0.494825 0.729813 1.666026 1.1710862
2.0 2.5 1.5 3.0 0.530031 0.370096 0.323693 0.345280 1.240077 0.5167241
2.0 0.5 0.5 1.0 1.409837 3.076611 9.717392 41.62731 2.03217 10.713407

3. Estimation

Point estimation is the first step of statistical inference on the unknown parameters of
the underlying population. In order to find point estimations, there are different methods
such as maximum likelihood estimation (MLE), least square and moment method. In the
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present paper, we obtain the maximum likelihood, least square and weighted least-square
estimations for the parameters of the EOLL-L distribution.

3.1. Maximum likelihood estimation

Let X1, . . . ,Xn be a random sample of size n from the EOLL-L(α,β ,γ,λ ) distribution.
The log-likelihood function for the vector of parameters θ = (α,β ,γ,λ )T can be written as

l(θ) = n log
(

γ λ 2

1+λ

)
+

n

∑
i=1

log(1+ xi)+(β −1)
n

∑
i=1

log(1+
λ xi

1+λ
)−βλ

n

∑
i=1

xi

+ (α −1)
n

∑
i=1

log(qi)+
n

∑
i=1

log [α +(β −α)qi]−2
n

∑
i=1

log
[
qα

i + γ(1−qi)
β

]
,(24)

where qi = 1− (1+ λ

1+λ
xi)e−λxi is a transformed observation. The log-likelihood can be

maximized by differentiating (24) and solving the nonlinear likelihood equations. The com-
ponents of the score vector U(θ) are given by

Uλ (θ) =
2n
λ

− n
1+λ

−β

n

∑
i=1

xi +(β −1)
n

∑
i=1

xi

(1+λ )(1+λ +λ xi)

+ (α −1)
n

∑
i=1

q(λ )i
qi

+(β −α)
n

∑
i=1

q(λ )i
α +(β −α)qi

−2
n

∑
i=1

q(λ )i
α qα−1

i − γβ (1−qi)
β−1

qα
i + γ(1−qi)β

,

Uα(θ) =
n

∑
i=1

log(qi)+
n

∑
i=1

1−qi

α +(β −α)qi
−2

n

∑
i=1

qα
i log(qi)

qα
i + γ(1−qi)β

,

Uγ(θ) =
n
γ
−2

n

∑
i=1

(1−qi)
β

qα
i + γ(1−qi)β

,

Uβ (θ) =
n

∑
i=1

log(1+
λ xi

1+λ
)−λ

n

∑
i=1

xi

+
n

∑
i=1

qi

α +(β −α)qi
−2

n

∑
i=1

(1−qi)
β log(1−qi)

qα
i + γ(1−qi)β

.

To construct a confidence interval and find test statistic for testing hypothesis on the
parameters, the 4×4 observed information matrix J = J(θ) is required.

Under conditions that are fulfilled for parameters in the interior of the parameter space
but not on the boundary, the asymptotic distribution of

√
n(θ̂ −θ) is N4(0, I(θ)−1), where

I(θ) is the expected information matrix. In practice, we can replace I(θ) by the observed
information matrix evaluated at θ̂ (say J(θ̂)). We can construct approximate confidence in-
tervals and confidence regions for the individual parameters and for the hazard and survival
functions based on the multivariate normal N4(0,J(θ̂)−1) distribution.
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3.2. Ordinary and weighted least-square estimators

Let x(1), x(2), x(3), · · · , x(n) denote the ordered sample of the random observations of size
n from the EOLL-L distribution. By minimizing the following equation

ℓ(θ) =
n

∑
i=1


[
1−
(

1+ λ

1+λ
x(i)
)

e−λx(i)
]α

[
1−
(

1+ λ

1+λ
x(i)
)

e−λx(i)
]α

+ γ

[(
1+ λ

1+λ
x(i)
)

e−λx(i)
]β

− i
n+1


2

, (25)

the least-square estimations (LSEs) of the EOLL-L distribution can be computed. Moreover,
the weighted least square estimators (WLSEs) of the EOLL-L distribution can be derived
by minimizing the following equation

ℓ(θ) =
n

∑
i=1

(n+1)2 (n+2)
i(n− i+1)


[
1−
(

1+ λ

1+λ
x(i)
)

e−λx(i)
]α

[
1−
(

1+ λ

1+λ
x(i)
)

e−λx(i)
]α

+ γ

[(
1+ λ

1+λ
x(i)
)

e−λx(i)
]β

− i
n+1


2

.

(26)
One can use the optim function in R software to minimize the (25) and (26). The partial

derivatives of (25) and (26) with respect to α , β , γ and λ can be obtained from the authors
upon request.

4. Simulation

In this section, a simulation study on the model parameters is investigated. The MLE,
LSE, and WLSE methods are used for estimating the unknown parameters of the EOLL-L
distribution and the performance of the methods are compared. The simulation procedure
has been performed according to the following steps:

1. Set the sample size n and the vector of parameters θ = (α,β ,γ,λ ).

2. Generate random observations from the EOLL−L(α,β ,γ,λ ) distribution with size
n using Algorithm 1 in subsection 2.2.

3. Apply the generated random observations in Step 2 and estimate θ̂ by means of MLE,
LSE and WLSE methods.

4. Repeat Steps 2 and 3 for N times.

5. Compute the mean relative estimates (MREs) and mean square errors (MSEs) using
θ̂ and θ on the basis of the following equations:

MRE =
N
∑
j=1

θ̂ i, j
/

θi
N , MSE =

N
∑
j=1

(θ̂i, j−θi)
2

N ,

where θ̂i, j for i = 1, ..,4 and j = 1, ...,N, is the estimation of ith element of parameter
vector in jth iteration. The simulation results are obtained with R software. The chosen pa-
rameters of the simulation study are θ = (α = 0.5,β = 2,γ = 1.5,λ = 2.5), N = 1000 and
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n = (50,55,60, ...,500). We expect that MREs are closer to one when the MSEs are near
zero. Figure 2 represents estimated MSEs and MREs based on the MLE, LSE and WLSE
methods. As expected, MSEs and MREs of all estimates tend to zero and one for large n,
respectively. Furthermore, it is deduced generally that the LSE method has better perfor-
mance than the MLE method as well as the WLSE method to estimate EOLL-L parameters
based on both MSE and MRE criteria even for the small sample size.
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Figure 2. The behavior of MSEs and MREs of MLE, LSE and WLSE methods for different
values of sample size.

5. Applications

In this section, we illustrate the fitting performance of the EOLL-L distribution us-
ing a real data sets. To evaluate the performance of the EOLL-L distribution, we re-
call a few extended of Lindley distribution such as: Power Lindley distribution, PL(β ,λ )
(Ghitany et al. (2013)), Generalized Lindley, GL(α,λ ), (Nadarajah et al. (2011)), Beta
Lindley, BL(α,β ,λ ), (Merovci and Sharma (2014)), Exponentiated power Lindley dis-
tribution, EPL(α,β ,λ ), (Ashour and Eltehiwy (2015)), Odd log-logistic power Lindley
distribution, OLL − PL(α,β ,λ ), (Alizadeh et al. (2017a)), Kumaraswamy Power Lind-
ley, Kw(α,β ,γ,λ ), (Oluyede et al. (2016)), Odd Burr- Lindley, OBu− L(α,β ,λ ) (Al-
tun et al. (2017)), Extended generalized Lindley, EGL(α,γ,λ ), (Ranjbar et al. (2019)),
Marshal-Olkin Lindley, MOL(γ,λ ), (Marshall and Olkin (1997)), New odd-log logistic
Lindley, NOLLL(α,β ,λ ), (Alizadeh et al. (2018b)), Odd-log logistic Marshal-Olkin Lind-
ley, OLL−MOL(α,γ,λ ), (Alizadeh et al. (2017b)).

To compare the EOLL-L distribution with the above-mentioned distributions we con-
sider several well-known criteria such as Akaike Information Criterion (AIC), Bayesian
Information Criterion (BIC), Cramer Von Mises (W ∗) and Anderson-Darling (A∗) statistics.
In addition, Kolmogorov-Smirnov (K-S) statistic with its corresponding p-value and mini-
mum value of minus log-likelihood function (-Log(L)) are investigated for all distributions.
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Furthermore, the likelihood ratio (LR) tests apply for evaluating the EOLL-L distribution
with its sub-models. For example, the test of H0 : β = 1 against H1 : β ̸= 1 is equivalent to
comparing the EOLL-L with EGL, and the LR test statistic is given by

LR = 2
[
l(α̂, β̂ , γ̂, λ̂ )− l(α̂∗,1, γ̂∗, λ̂ ∗)

]
,

where α̂∗, γ̂∗ and λ̂ ∗ are the ML estimators under H0 of α,γ and λ , respectively. It should
be highlighted that the initial values of the parameters are quite important to obtain the cor-
rect MLEs of parameters. To avoid the local minima problem, we first obtain the parameter
estimation of the Lindley distribution. Then, the estimated parameter of the Lindley dis-
tribution is used as the initial value of the parameter in all the mentioned extended of the
Lindley distribution as well as the EOLL-L distribution. This approach is quite useful to
obtain correct parameter estimates of extended distributions.

The data are the exceedances of flood peaks (in m3/s) of the Wheaton River near Car-
cross in Yukon Territory, Canada. The data consist of 72 exceedances for the years 1958-
1984 rounded to one decimal place. These data were analyzed by Akinsete et al. (2008).
Throughout this subsection, we present the obtained results using the exceedances of the
flood peaks data set.

Table 2. The exceedances of flood peaks data set

1.70 2.20 14.4 1.10 0.40 20.6 5.30 0.70 1.90 13.0 12.0 9.30 1.40
18.7 8.50 25.5 11.6 14.1 22.1 1.10 2.50 14.4 1.70 37.6 0.60 2.20
39.0 0.30 15.0 11.0 7.30 22.9 1.70 0.10 1.10 0.60 9.00 1.70 7.00
20.1 0.40 2.80 14.1 9.90 10.4 10.7 30.0 3.60 5.60 30.8 13.3 4.20
25.5 3.40 11.9 21.5 27.6 36.4 2.70 64.0 1.50 2.50 27.4 1.00 27.1
20.2 16.8 5.30 9.70 27.5 2.50 27.0

The ML estimates and the goodness-of-fit test statistics are presented in Tables 3 and
4, respectively. From Table 4, the smallest values of AIC, A∗,W ∗ and −l statistics and the
largest p-value belong to the EOLL-L distribution. Although, the BIC of OLLPL is less
than that of EOLLL, in general, the EOLL-L distribution outperforms the other competitive
considered distributions on the basis of the criteria. The values of LR test statistics and

Table 3. The ML estimates and their standard errors (in parentheses) for first data set

Model α β γ λ

Lindley(λ ) – – – 0.153 (0.0128)
GL(α,λ ) 0.508 (0.0767) – – 0.104 (0.01491)
PL(β ,λ ) – 0.700 (0.0570) – 0.338 (0.0559)
BL(α,β ,λ ) 0.555 (0.0983) 0.274 (0.2397) – 0.333 (0.2723)
EPL(α,β ,λ ) 0.730 (0.2351) 0.915 (0.5956) – 0.300 (0.2791)
OLLPL(α,β ,λ ) 0.183 (0.0222) – – 0.612 (0.0660)
KwL(α,β ,γ,λ ) 1.675 (2.4335) 0.453 (0.4323) 7.563 (11.7366) 0.279 (0.5225)
OBuL(α,β ,λ ) 24.91 (25.654) 0.024 (0.0326) – 0.984 (0.1496)
EGL(α,γ,λ ) 0.618 (0.1018) – 2.770 (1.7047) 0.169 (0.0288)
MOL(γ,λ ) – – 0.215 (0.1276) 0.090 (0.0246)
NOLLL(α,β ,λ ) 1.1735(0.1917) – 0.171 (0.0238) 0.547 (0.0262)
OLLMOL(α,γ,λ ) 0.6165(0.0880) – 0.965 (0.4366) 0.180 (0.0470)
EOLLL(α,β ,γ,λ ) 1.113 (0.2132) 1.775 (0.4509) 0.176 (0.0244) 0.618 (0.0026)
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Table 4. Goodness-of-fit test statistics for the data set

Model AIC BIC p-value W ∗ A∗ −l
Lindley(λ ) 530.423 532.700 0.001 0.139 0.852 264.211
GL(α,λ ) 509.349 513.902 0.276 0.132 0.822 252.674
PL(β ,λ ) 508.443 512.996 0.405 0.123 0.766 252.103
BL(α,β ,λ ) 510.206 517.036 0.297 0.150 0.866 252.221
EPL(α,β ,λ ) 510.425 517.255 0.395 0.147 0.854 252.212
OLLPL(α,β ,λ ) 506.029 510.582 0.501 0.100 0.621 251.015
KwL(α,β ,γ,λ ) 512.221 521.328 0.371 0.152 0.866 252.110
OBuL(α,β ,λ ) 511.212 520.319 0.401 0.140 0.799 251.606
EGL(α,γ,λ ) 508.931 515.761 0.174 0.101 0.662 251.465
MOL(γ,λ ) 522.570 527.124 0.024 0.214 1.208 259.285
NOLLL(α,β ,λ ) 506.505 513.335 0.035 0.095 0.517 250.252
OLLMOL(α,γ,λ ) 508.023 514.853 0.517 0.101 0.623 251.011
EOLLL(α,β ,γ,λ ) 502.327 511.433 0.958 0.041 0.249 247.163

Table 5. The LR test results for the data set

Hypotheses LR p-value
EOLL-L versus Lindley H0 : α = β = γ = 1 34.0966 < 0.0001
EOLL-L versus OLL-L H0 : α = β , γ = 1 7.7022 0.0212
EOLL-L versus MOL H0 : α = β = 1 24.2439 < 0.0001
EOLL-L versus NOLLL H0 : γ = 1 6.1782 0.01293
EOLL-L versus OLL-MOL H0 : α = β 7.6962 0.00553

their corresponding p-values are exhibited in Table 5. From Table 5, we observe that the
computed p-values are too small so we reject all the null hypotheses and conclude that
the EOLL-L fits the data set better than the considered sub-models according to the LR
criterion.

We also plotted the fitted pdfs, cdfs and P-P plots of the considered models for the sake
of visual comparison, in Figures 4 and 5, respectively. Figure 4 suggests that the EOLL-
L fits the skewed data very well. Figures 5 shows that the plotted points for the EOLL-L
distribution best capture the diagonal line in the probability plots. Therefore, the EOLL-L
distribution can be considered as an appropriate model for fitting the first data set.

6. Bayesian estimation

The Bayesian inference procedure has been taken into consideration by many statistical
researchers, especially researchers in the field of survival analysis and reliability engineer-
ing. In this section, a complete sample data is analysed through the Bayesian point of view.
We assume that the parameters α , β , γ and λ of the EOLL−L distribution have independent
prior distributions as

α ∼ Gamma(a,b),γ ∼ Gamma(c,d),λ ∼ Gamma(e, f ),β ∼ Gamma(g,h)

where a,b,c,d,e, f , g and h are positive. Hence, the joint prior density function is formulated
as follows:

π(α,β ,γ,λ ) =
badc f ehg

Γ(a)Γ(c)Γ(e)Γ(g)
α

a−1
β

h−1
γ

c−1
λ

e−1e−(bα+hβ+dγ+ f λ ). (27)
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Figure 3. Fitted pdfs and cdfs of the distributions for the data set

In the Bayesian estimation, according to which we do not know the actual value of the
parameter, we may be adversely affected by loss when we choose an estimator. This loss
can be measured by a function of the parameter and the corresponding estimator.

Five well-known loss functions and associated Bayesian estimators and corresponding
posterior risks are presented in Table 6. For more details, the reader can refer to Calabria
and Pulcini (1996). Next, we provide the posterior probability distributions for a complete

Table 6. Bayes estimator and posterior risk under different loss functions

Loss function Bayes estimator Posterior risk

L1 = SELF = (θ −d)2 E(θ |x) Var(θ |x)

L2 =WSELF =
(θ−d)2

θ
(E(θ−1|x))−1 E(θ |x)− (E(θ−1|x))−1

L3 = MSELF =
(

1− d
θ

)2 E(θ−1|x)
E(θ−2|x) 1− E(θ−1|x)2

E(θ−2|x)

L4 = PLF =
(θ−d)2

d

√
E(θ 2|x) 2

(√
E(θ 2|x)−E(θ |x)

)
L5 = KLF =

(√
d
θ
−
√

θ

d

) √
E(θ |x)

E(θ−1|x) 2
(√

E(θ |x)E(θ−1|x)−1
)

data set. Let us we define the function ϕ as

ϕ(α,β ,γ,λ ) = α
a−1

β
h−1

γ
c−1

λ
e−1e−(bα+hβ+dγ+ f λ ), α > 0, β > 0, γ > 0, λ > 0.

The joint posterior distribution in terms of a given likelihood function L(data) and joint
prior distribution π(α,β ,γ,λ ) is defined as

π
∗(α,β ,γ,λ |data) ∝ π(α,β ,γ,λ )L(data). (28)
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Table 7. Bayesian estimates θ̂ and their posterior risks r
θ̂

of the parameters under different
loss functions based on the flood peaks data.

Data Flood peaks
Bayesian estimation

Loss function α̂ (rα̂ ) β̂ (r
β̂
) γ̂ (rγ̂ ) λ̂ (r

λ̂
)

SELF 1.5331 (0.0863) 0.1852 (0.0012) 1.3004 (0.0386) 0.5993 (0.0076)
WSELF 1.4771 (0.0561) 0.1791 (0.0061) 1.2702 (0.0302) 0.5858 (0.0135)
MSELF 1.4217 (0.0375) 0.1735 (0.0312) 1.2396 (0.0241) 0.6056 (0.0247)
PLF 1.5610 (0.0557) 0.1886 (0.0067) 1.3152 (0.0295) 0.6056 (0.0126)
KLF 1.5049 (0.0376) 0.1821 (0.0338) 1.2852 (0.0236) 0.5925 (0.0229)

Table 8. Credible and HPD intervals of the parameters α , β , γ and λ for the flood peaks.

Credible interval HPD interval
α (1.329, 1.737) ( 0.957, 2.068)
β (1.161, 1.429) (0.949, 1.703)
γ (0.160, 0.205) (0.124, 0.254)
λ (0.542, 0.662) (0.428, 0.760)

Hence, we get joint posterior density of parameters α , β , γ and λ for complete sample
data by combining the likelihood function and joint prior density (27). Therefore, the joint
posterior density function is given by

π
∗(α,β ,γ,λ |x) = Kϕ(α,β ,γ,λ )L(x,ξ ) (29)

where

L(x;ξ ) =
n

∏
i=1

γ λ 2(1+ xi)e−βλ xi

[
1− (1+ λxi

1+λ
)e−λ xi

]α−1{
α +(β −α)

[
1− (1+ λxi

1+λ
)e−λ xi

]}
(1+λ )

{[
1− (1+ λ xi

1+λ
)e−λ xi

]α

+ γ

[
(1− (1+ λ xi

1+λ
)e−λ xi)β

]}2 .

(30)

and K is given as

K−1 =
∫

∞

0

∫
∞

0

∫
∞

0

∫
∞

0
ϕ(α,β ,γ,λ )L(x,ξ )dαdβdγdλ .

It is clear from equation (29) that there is no closed form for the Bayesian estimators
under the five loss functions described in Table 6, so we suggest using an MCMC procedure
based on 10000 replicates to compute Bayesian estimators. The corresponding Bayesian
point and interval estimation and posterior risk are provided in Tables 7 and 8 for the flood
peaks data set. Table 8 provides 95% credible and HPD intervals for each parameter of
the EOLL−L distribution. The posterior samples are extracted using Gibbs sampling tech-
nique. Moreover, we provide the posterior summary plots in Figure 4. These plots confirm
that the convergence of Gibbs sampling process occurred.
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Figure 4. Plots of Bayesian analysis and performance of Gibbs sampling for the flood peaks
data set.

7. Conclusion

In this paper, a new distribution which is called extended odd log-logistic-Lindley
(EOLL-L) distribution was introduced. The statistical properties of the EOLL-L distri-
bution including the hazard function, quantile function, moments, incomplete moments and
generating functions and maximum likelihood estimation for the model parameters were
given. Simulation studies were conducted to examine the performance of this distribution.
We also presented applications of this new distribution for two real-life data sets in order
to illustrate the usefulness of the distribution. Finally, the Bayesian estimation and Gibbs
sampling procedure for the considered data sets were discussed.
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Modeling the impact of demand, supply, and budget
constraints on consumer preferences

Julia Fidler1, Łukasz Matysiak2

Abstract

Mathematical risk modeling in a market economy has become a key tool for analyzing con-
sumer behavior under conditions of unstable prices and shifting supply. In this study, we 
combine Paul Samuelson’s classical theory of revealed preferences with dynamic demand 
and supply mechanisms, using Afriat’s theorem and extensions by Varian and Mas-Colell 
to construct utility functions without survey data. Critical voices (e.g. Dryzek) prompt 
a reexamination of the assumptions of full information and fixed preferences, inspiring our 
proposal of the F(w,z) function that accounts for the strength of market fluctuations. Em-
pirical simulations and an analysis of market equilibrium stability yield new insights for 
economic policy and marketing strategies.

Key words: budget, demand, preference, price, supply.

1. Introduction

In the face of sudden commodity price swings and growing market uncertainty, integrat-
ing risk modeling with demand and supply mechanisms allows for more accurate predictions
of consumer behavior. Policymakers and practitioners demand tools that combine quanti-
tative risk analysis with classical economic assumptions to respond effectively to sudden
price shocks and income changes.

The classical foundations of revealed preference theory trace back to Samuelson’s pa-
per (1938), who based assumptions about consumer rationality and consistency on observed
choices. In Afriat’s article (1967) the author demonstrated that rationality conditions enable
the construction of a utility function without survey data, and Varian and Mas-Colell ex-
tended this framework to accommodate more complex preference structures in their articles
(1978, 1982). Critics such as Dryzek, in his book (2014), and other behavioral economists
highlight unrealistic assumptions of full information, fixed preferences, and the neglect of
socio-cultural factors. Recent attempts to merge demand and supply analysis with revealed
preference theory—particularly in the papers of Fidler & Matysiak (2024, 2025) - have not
yet produced a cohesive model that integrates dynamic market parameters in a single frame-
work.
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Despite numerous extensions to the classical approach, existing models have not for-
mally integrated the strength of demand and supply with income variability and market
risk. To address this gap, this paper:

1. Extends the classical utility-maximization model under a budget constraint to incor-
porate dynamic demand and supply parameters.

2. Introduces the function F(w,z), where w denotes the baseline preference scale and z
measures the strength of market changes (demand/supply).

3. Analyzes market equilibrium stability and consumer sensitivity to price and income
fluctuations.

In Section 2 we present a detailed literature review focusing on the evolution of revealed
preference theory and critiques of the full-information assumption. Section 4 develops the
mathematical model, including the definition of the function F(w,z). Section 5 presents
simulation results and a stability analysis, while Section 6 reviews classical consumer theory
through indifference curves and budget constraints.

2. The impact of supply and demand

First, let us define a utility function U(x1,x2), where x1 and x2 are the quantities of two
goods. A common choice may be the Cobb-Douglass function:

U(x1,x2) = xα
1 · xβ

2 . (1)

We denote the consumer’s income by M and the prices of goods are p1 and p2. The
budget constraint reads:

p1x1 + p2x2 ≤ M (2)

The relationship between demand and prices and income can be expressed by the de-
mand function:

x1 = D1(p1, p2,M) (3)

x2 = D2(p1, p2,M) (4)

Market equilibrium occurs when supply S equals demand D. For each good we have:

S1 = D1 (5)

S2 = D2 (6)

Given the above, we can formulate preferences as a function of demand, supply, and
market equilibrium.

Suppose that preferences P depend on the demand/supply ratio D
S :

P = f
(

D1(p1, p2,M)

S1
,

D2(p1, p2,M)

S2

)
(7)
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We can also include additional factors, such as the price elasticity of demand, to more
precisely model consumer preferences.

This is just a simplified model that can be expanded with additional variables and more
complex features to better reflect economic reality.

From the article by Fidler and Matysiak (2025), we assumed that we can study consumer
preferences with one of four functions F depending on the situation. And we can assume
this here as well, which we will discuss at the end of this section.

F(w,z) =


(1) w+az,

(2) w+a ln(1+ z),
(3) w+az2,

(4) w+aez.

(8)

where w is the initial preference value, a, z are some indicators under consideration.

Example 2.1 (Preferences via D/S Ratios). Let p1 = 2, p2 = 3, M = 30, and U(x1,x2) =

x0.5
1 x0.5

2 . Solving yields D1 = 7.5, D2 = 5. With S1 = 15, S2 = 10:

z1 =
D1

S1
= 0.5, z2 =

D2

S2
= 0.5. (9)

Set the baseline w = 1 and weights a = b = 1. Then:

(a) Linear:
P = w+ z1 + z2 = 1+0.5+0.5 = 2. (10)

(additive weighting)

(b) Logarithmic:

P = w+ ln(1+ z1)+ ln(1+ z2) = 1+2ln(1.5)≈ 1.81. (11)

(dampens extremes)

(c) Exponential:
P = w+ ez1 + ez2 = 1+2e0.5 ≈ 4.30. (12)

(exaggerates moderate changes)

(d) Cobb–Douglas:
P = w · z1 · z2 = 1 ·0.5 ·0.5 = 0.25. (13)

(multiplicative interaction)

Remark 2.2. The function f is just a placeholder for any mapping of the two demand–supply
ratios into a single preference value. In our setup

P = f
(
z1,z2

)
= f

(
D1
S1
, D2

S2

)
, (14)
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where
z1 =

D1

S1
, z2 =

D2

S2
. (15)

In the numerical example we have

• D1
S1

= 0.5: demand for good 1 is 50% of its supply,

• D2
S2

= 0.5: demand for good 2 is 50% of its supply.

Depending on how sensitively we want to weight those ratios, f could be an arithmetic
mean, a weighted sum, a nonlinear mapping, etc. For instance, the simple arithmetic-mean
choice is

P =

D1
S1

+ D2
S2

2
, (16)

which with z1 = z2 = 0.5 yields P = 0.5.

Remark 2.3. Below are the extreme values for each of the four canonical forms F(w,z1,z2),
given nonnegative parameters a,b,k,m. We write

z1 = k, z2 = m (17)

for the “max-ratio” scenario.

• Linear P = w+az1 +bz2

Pmin = w at z1 = z2 = 0, Pmax = w+ak+bm.

• Logarithmic P = w+a ln(1+ z1)+b ln(1+ z2)

domain requires zi >−1, Pmin →−∞ as zi →−1+, Pmax = w+a ln(1+ k)+b ln(1+
m).

• Exponential P = w+aez1 +bez2

Pmin = w+a+b at z1 = z2 = 0, Pmax = w+aek +bem.

• Cobb–Douglas P = w · za
1 · zb

2
Pmin = 0 if either z1 = 0 or z2 = 0, Pmax = w · ka mb.

Each form highlights a different behavior: the linear case grows proportionally, the log-
arithmic can diverge to −∞ near its lower domain limit, the exponential has a positive floor
and rapid growth, and Cobb–Douglas vanishes when either ratio is zero but rises multiplica-
tively otherwise.

Studying consumer preferences through shifts in supply and demand yields key insights
into price sensitivity and purchasing behavior; however, a truly comprehensive analysis
must also incorporate income effects that determine consumers’ purchasing power, cultural
and social influences that shape preferences beyond pure economic criteria, the availability
of substitutes and market competition influencing perceived value, market equilibrium
conditions (such as surplus or shortage) that alter purchasing dynamics, and heterogeneity
across social and demographic groups that affects behavior. Historical sales and price data
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allow us to reconstruct how changes in supply and demand translated into actual consumer
choices, while incorporating income variability enables us to model the impact of budget
shifts on the composition of consumers’ baskets. Finally, examining the interaction between
economic variables and socio-cultural factors—such as emerging trends or segment-specific
tastes—completes the full picture of the drivers behind purchase decisions. This expanded
approach enhances our ability to capture the complexity of the mechanisms shaping con-
sumer preferences and produces more reliable predictions of their responses to price shocks
or income changes.

Example 2.4. Assume the consumer’s utility function is U(x1,x2) = x0.5
1 x0.5

2 and the budget
constraint is 2x1 +3x2 ≤ 30. The Marshallian demand functions then read

x1 =
0.5M

p1
=

0.5 ·30
2

= 7.5, x2 =
0.5M

p2
=

0.5 ·30
3

= 5. (18)

Suppose a shift in preferences raises the price of apples to p1 = 3. The new demands
become

x1 =
0.5M

p1
=

0.5 ·30
3

= 5, x2 =
0.5M

p2
=

0.5 ·30
3

= 5. (19)

At the higher apple price, the consumer buys fewer apples and reallocates expenditure
toward oranges. We can then model preferences directly as a function of demands:

P = f (D1,D2) , (20)

so that in this case P= f (5,5). Finally, to obtain the explicit form of the preference function
in the spirit of Remark 2.3, replace the ratios D1/S1 and D2/S2 with D1 and D2 respectively.

When we study the effect of supply itself on consumer preferences, we can choose how
that supply is modeled in relation to preferences.

Direct Supply Relationship:

W = f (S1,S2) (21)

In this case, greater availability of goods may increase consumer preferences, since more
goods on the market mean more choices and potentially higher satisfaction.

Inverse Supply Relationship:

W = f
( 1

S1
, 1

S2

)
(22)

Here, scarcity drives up the valuation: lower S1 or S2 makes each unit more coveted,
raising consumer preference for the rarer good.

The choice of formula hinges on your research context and the behavioral assumptions
you adopt. To derive a concrete preference function, replace D1

S1
by S1, and D2

S2
by S2 (or by

1
S1

and 1
S2

for the inverse relationship) in the functional forms of Remark 2.3.

At the end of this section, we discuss modeling changes in consumer preferences under
the joint influence of demand and supply. This framework is motivated by the article by
Fidler and Matysiak (2025).
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Let us use our 4 formulas introduced at the beginning of this section (see the article
Fidler and Matysiak (2025)). We define

F(w,z) (23)

where w denotes baseline preference and z captures the demand–supply influence. The
parameter a measures the sensitivity of preferences to z.

Formulas:

1. F(w,z) = w+az

2. F(w,z) = w+a ln(1+ z)

3. F(w,z) = w+az2

4. F(w,z) = w+aez

Let us look at the example below:

Example 2.5. Suppose the consumer prefers product P at w = 5. Assume that the demand
for P is D= 7 and the supply is S = 10. Let a= 1 and let z represent the influence of demand
and supply, i.e. z = D

S = 7
10 = 0.7.

From the first formula, F(w,z) = w+az:

F(5,0.7) = 5+1 ·0.7 = 5.7. (24)

From the second formula, F(w,z) = w+a ln(1+ z):

F(5,0.7) = 5+1 · ln(1.7)≈ 5+0.531 = 5.531. (25)

From the third formula, F(w,z) = w+az2:

F(5,0.7) = 5+1 · (0.7)2 = 5+0.49 = 5.49. (26)

From the fourth formula, F(w,z) = w+aez:

F(5,0.7) = 5+1 · e0.7 ≈ 5+2.014 = 7.014. (27)

Different models produce different results, illustrating how nonlinear transformations of
z (logarithmic, quadratic, exponential) affect the strength of preference change. For more
details, see the article by Fidler and Matysiak (2025).

Remark 2.6. In the linear, logarithmic, and quadratic cases, a fixed point w∗ = F(w∗,z∗)
occurs only when z = 0 (assuming a ̸= 0). For the exponential model, no such fixed point
exists, so preferences always shift under the influence of z.

3. Empirical example with real demand–supply volume data

To validate our dynamic preference-update model on real figures, we use annual statis-
tics (Statistics Poland - from Poland, Eurostat) converted into monthly volumes for 2023.
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We assume:

• Annual domestic apple production: 3600000t; annual apple consumption (after ex-
ports): 2700000t.

• Annual banana imports: 494000t; annual banana consumption: 460000t.

• Monthly volumes are seasonally adjusted and averaged.

For each month t, compute the demand–supply ratios

z1,t =
Dapples,t

Sapples,t
, z2,t =

Dbananas,t

Sbananas,t
, z̄t =

z1,t + z2,t

2
. (28)

We then update the preference index linearly:

w0 = 5, wt = wt−1 +a z̄t , a = 1. (29)

Table 1. Monthly demand–supply ratios and wt (2023)
Month Sapples,t Dapples,t z1,t Sbananas,t Dbananas,t z2,t z̄t wt

[t] [t] [t] [t]
Jan 280 000 210 000 0.750 42 000 38 000 0.905 0.828 5.828
Feb 270 000 200 000 0.741 41 000 37 000 0.902 0.822 6.650
Mar 260 000 205 000 0.788 42 000 38 500 0.917 0.853 7.503
Apr 250 000 200 000 0.800 42 000 38 000 0.905 0.853 8.356
May 240 000 195 000 0.813 43 000 39 000 0.907 0.860 9.216
Jun 230 000 190 000 0.826 44 000 40 000 0.909 0.868 10.084
Jul 220 000 185 000 0.841 44 000 41 000 0.932 0.887 10.972
Aug 230 000 190 000 0.826 45 000 41 000 0.911 0.869 11.841
Sep 250 000 200 000 0.800 44 000 40 000 0.909 0.854 12.695
Oct 300 000 220 000 0.733 42 000 38 000 0.905 0.819 13.514
Nov 310 000 215 000 0.694 41 000 37 000 0.902 0.798 14.312
Dec 320 000 210 000 0.656 42 000 38 000 0.905 0.781 15.093

We observe that wt grows from 5.00 to 15.09 over the year, driven by sustained demand
pressure (z̄t > 0.8). Key insights:

• The largest monthly jump occurs in March (z̄3 = 0.853).

• Comparing this volume-based index with the price-based version shows whether real
consumption intensity induces larger swings than price shifts alone.

• To capture extreme fluctuations more faithfully, one can test nonlinear forms F(w,z)
(logarithmic, exponential).

• Calibrating a to match the empirical variance of wt will align model sensitivity with
observed consumer behavior.
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Figure 1. Dynamics of the preference index wt and average demand–supply ratio z̄t in 2023.

4. The impact of the budget constraint on consumer preferences

Focusing solely on the budget constraint isolates the pure effect of prices and income
on consumer choices. Consider two goods, apples x1 and oranges x2, with prices p1, p2 and
income M. The consumer solves

max
x1,x2

U(x1,x2) s.t. p1x1 + p2x2 ≤ M. (30)

Example 4.1. Let p1 = 2, p2 = 3, M = 30 and

U(x1,x2) = x0.5
1 x0.5

2 . (31)

Form the Lagrangian

L (x1,x2,λ ) = x0.5
1 x0.5

2 −λ (2x1 +3x2 −30). (32)

First-order conditions:

Lx1 : 0.5x−0.5
1 x0.5

2 −2λ = 0,

Lx2 : 0.5x0.5
1 x−0.5

2 −3λ = 0,

Lλ : 2x1 +3x2 −30 = 0.

(33)

Divide the first eq. by the second:

x2

x1
=

2
3

=⇒ x2 =
2
3 x1. (34)

Substitute into the budget line:

2x1 +3
(

2
3 x1

)
= 30 =⇒ 4x1 = 30 =⇒ x1 = 7.5, x2 = 5. (35)
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Hence the optimum under the budget constraint is (x1,x2) = (7.5,5).

Remark 4.2. Example 4.1 shows that at the optimal bundle, the marginal rate of substitution
equals the price ratio:

MUx1

MUx2

=
0.5x−0.5

1 x0.5
2

0.5x0.5
1 x−0.5

2
=

x2

x1
=

p1

p2
. (36)

Substituting back into the budget equation pins down the exact quantities. Thus, prices
and income jointly determine the consumer’s preferred mix of goods.

5. Dynamics of preferences under supply and demand in discrete time

We study how the ratio of demand to supply affects the evolution of a consumer’s pref-
erence index wt over discrete periods t = 0,1, . . . ,T . Let

zt =
Dt

St
(37)

denote the demand-to-supply ratio in period t, and let a > 0 be a sensitivity parameter. We
assume a linear update rule:

wt+1 = F(wt ,zt) = wt +azt , (38)

with initial preference w0.

Figure 2. Evolution of preferences wt under varying demand–supply ratios zt .

From the recurrence we get the closed-form expression:

wt = w0 +a
t−1

∑
i=0

zi. (39)
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Hence:

1. The preference returns to its initial level w0 after T periods if and only if

wT = w0 ⇐⇒
T−1

∑
i=0

zi = 0. (40)

2. We define a critical threshold wk (e.g. the point of complete preference reversal or
resource exhaustion). Two regimes arise:{

wt > wk, (safe region),

wt ≤ wk, (critical region).
(41)

To link this to a budget-type constraint (cf. Sec. 3), suppose the total resources available
to influence preferences cannot exceed M. Interpreting azt as the resource expenditure in
period t, the critical threshold is reached when

k−1

∑
i=0

azi = M. (42)

Solving for k gives the first period at which resources are fully utilized. At that moment,

wk = w0 +M, (43)

and any further demand–supply shock zt would push the system beyond the consumer’s ca-
pacity.

Table 2. Values of P = F(w,z) for w = 5, a = 1 and selected z
Model Formula F(w,z) z = 0.2 z = 0.5 z = 1.0 z = 2.0

Linear 5+ z 5.20 5.50 6.00 7.00
Logarithmic 5+ ln(1+ z) 5.18 5.41 5.69 6.10
Quadratic 5+ z2 5.04 5.25 6.00 9.00
Exponential 5+ ez 5.22 5.65 7.72 12.39

Remark 5.1. In this linear framework the cumulative effect of supply–demand imbalances
is transparent. One sees immediately how alternating positive and negative ratios can cancel
out, returning wt to baseline, or else drive it past a critical threshold if the aggregate sum
exceeds M.

6. Indifference curves and consumer preferences

Indifference curves are a cornerstone of consumer choice theory. For a given utility level
U , the indifference curve

IU = {(x1,x2) : U(x1,x2) =U} (44)
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collects all bundles of goods that yield the same satisfaction.
Key properties of indifference curves:

• They slope downward: to keep utility constant, an increase in x1 must be offset by
a decrease in x2.

• They are typically convex to the origin, reflecting a diminishing marginal rate of
substitution (MRS).

The marginal rate of substitution at any point measures the rate at which the consumer
is willing to exchange good 2 for good 1 while remaining on the same curve:

MRS =
MUx1

MUx2

=−dx2

dx1

∣∣∣
U=const

, (45)

where MUxi =
∂U
∂xi

.
When we overlay the budget line

p1x1 + p2x2 = M, (46)

the optimal consumption bundle is found at the tangency point satisfying

MRS =
p1

p2
. (47)

Illustration. Let IU1 and IU2 be two indifference curves with U2 > U1. If the higher curve
IU2 lies outside the budget set, the consumer’s utility-maximizing choice is the tangency
point on IU1 . Otherwise, they reach IU2 and attain greater utility.

Indifference curves themselves do not change underlying preferences; rather, they pro-
vide a graphical tool to analyze how budget constraints, price changes, and income shifts
guide consumer choices and substitution patterns.

7. Changes in income, prices, and consumer choices

When a consumer’s income or the prices of goods change, the budget set and the optimal
consumption bundle both shift. We distinguish two main effects:

1. Income Changes

– Income increase: the budget line p1x1 + p2x2 = M shifts outward.

– Income decrease: the same line shifts inward.

– The new optimum traces out an Engel curve showing how xi varies with M.

2. Price Changes

– Substitution effect: consumer moves along the original indifference curve to a
tangency with a hypothetical “compensated” budget line.
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– Income effect: the compensation restores purchasing power, yielding the final
bundle.

– Slutsky decomposition separates these two responses.

7.1. Marshallian demand for Cobb–Douglas preferences

For

U(x1,x2) = xα
1 x1−α

2 , (48)

the Marshallian (uncompensated) demands are

x1(M, p) =
α M
p1

, x2(M, p) =
(1−α)M

p2
. (49)

Example 7.1 (Income Shock). Let α = 0.5, p1 = 2, p2 = 3, and initial income M = 30.
Then

x1 =
0.5 ·30

2
= 7.5, x2 =

0.5 ·30
3

= 5. (50)

If M rises to 45, the new demands become

x1 =
0.5 ·45

2
= 11.25, x2 =

0.5 ·45
3

= 7.5. (51)

Thus, higher income yields strictly larger consumption of both goods.

Example 7.2 (Price Shock). With the original income M = 30 and α = 0.5, let p1 increase
from 2 to 3 while p2 = 3. Then

x1 =
0.5 ·30

3
= 5, x2 =

0.5 ·30
3

= 5. (52)

The rise in p1 reduces apples from 7.5 to 5 units, and the consumer reallocates expendi-
ture toward oranges.

7.2. Graphical interpretation

• An outward shift of the budget line (via higher M) lets the consumer reach a higher
indifference curve.

• A pivot of the budget line (via a price change) causes a rotation around the intercept
on the axis of the non-stochastically priced good.

• The tangency condition

MU1

MU2
=

p1

p2
(53)

still determines the optimal bundle after any shift.
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In summary, income variations slide the chosen point along Engel curves, while price
changes combine substitution along one indifference curve with an income effect that shifts
to another. Both mechanisms alter the mix of goods that maximizes consumer utility under
the new budget.

8. Conclusions

Building on our earlier studies by Fidler and Matysiak (2024, 2025), this paper has
broadened the mathematical modeling of consumer preferences by explicitly integrating de-
mand–supply dynamics, budget constraints, and income variations into a single framework.
Our main contributions are:

• Unified quantitative–qualitative modeling. We contrasted multiple functional forms
(linear, logarithmic, quadratic, exponential, Cobb–Douglas) for the preference–shock
mapping F(w,z), capturing both smooth and extreme market responses.

• Dynamic stability analysis. Introducing a critical threshold and fixed-point condi-
tion for the preference index wt under discrete demand–supply shocks reveals when
and how aggregate imbalances return to—or deviate from—baseline levels.

• Endogenous feedback between preferences and demand. By allowing shifts in
preferences to feed back into demand (and hence prices), we moved beyond the one-
way causality of standard models and showed how sentiment shifts can amplify mar-
ket movements.

• Rigorous incorporation of revealed-preference tools. Embedding Afriat – Varian
– Mas – Colell constructions and classical indifference-curve analysis within our dy-
namic setting provides a tighter link between theoretical consistency and empirical
price–income observations.

Taken together, these advances deepen our understanding of how real-world shocks -
whether from price spikes, income changes, or supply disruptions—propagate through in-
dividual utility maximization and aggregate market behavior. They also offer a versatile
toolkit for policymakers and marketers to simulate consumer responses under varying risk
and uncertainty conditions.

Looking ahead, we plan to enrich the model by:

1. Introducing heterogeneous consumer types and segment-specific functional forms.

2. Endogenizing income processes (e.g. stochastic wages, credit constraints).

3. Incorporating social network effects and habit formation into the preference-update
rule.

4. Validating the framework on high-frequency transaction data to calibrate sensitivity
parameters a and critical thresholds.

These extensions will help bridge the gap between theoretical preference representations
and observed purchasing patterns in dynamic, uncertain markets.
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The comparison of the hidden Markov model with machine 
learning techniques in agricultural prediction 

Muraleedharan Vyshnavi1, Madaswamy Muthukumar2 

Abstract 

This study compares hidden Markov models (HMMs) with various machine learning 
approaches to assess their effectiveness in forecasting agricultural data based on Python. 
Accurate forecasts are essential to promote sustainability and increase agricultural 
productivity. Through the use of an extensive dataset of agricultural parameters, specifically 
the cultivated area of oilseeds, the study explores historical trends and correlations. Model 
performance is evaluated using the Mean Absolute Error (MAE) along with the R-squared, 
and residual analysis is used to analyse how well the models represent the underlying trends. 
The findings demonstrate that HMMs are able to predict agricultural trends with higher 
accuracy than their other counterparts, thereby providing useful information for improved 
agricultural planning and decision-making. Future studies should concentrate on improving 
forecast accuracy and resolving any issues associated with agricultural data prediction. 

Key words: machine learning, mean absolute error, R-squared, hidden Markov model, 
residual analysis. 

1.  Introduction 

Technological developments in data science and machine learning (ML) have rev-
olutionized the agriculture industry in the last few decades. With these advanced tools, 
farmers, agronomists, and policymakers can now maximize productivity, control risks, 
and improve decision-making. Due to their capacity to manage the intricate temporal 
and spatial interactions present in agricultural systems, HMM and other ML techniques 
have become essential tools for assessing agricultural data among the variety of meth-
odologies available. The agricultural sector faces distinct difficulties that are defined by 
unpredictability and are impacted by market forces, environmental variables, and tech-
nological advancements. While traditional statistical techniques have yielded valuable 
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insights, they are still limited in their ability to capture complex patterns and intercon-
nections seen in dynamic agricultural systems. This constraint has prompted the use of 
new computational techniques that can better describe uncertainties, nonlinear rela-
tionships, and stochastic processes. 

A strong foundation for simulating temporal sequences in which underlying states 
are deduced from observable data is provided by HMMs. HMMs, which were first cre-
ated in the fields of speech recognition and computational linguistics, have found ex-
tensive use in agriculture for tasks like predicting crop yield, identifying disease out-
breaks, and evaluating the effects of climate change. Because HMMs are probabilistic, 
state transitions and emissions can be flexibly modeled to account for the inherent com-
plexities and uncertainties seen in agricultural datasets. Techniques for ML include  
a broad range of algorithms that can recognize patterns in data and forecast outcomes 
without the need for explicit programming. In agriculture, ML models such as SVMs, 
NNs, LR, and KNN, have been extensively applied across various domains including 
crop classification, soil fertility prediction, yield estimation, and pest management. 
These techniques leverage large datasets to identify patterns and relationships, offering 
valuable insights for optimizing agricultural practices and resource allocation.  

Poonam Somani, Shreyas Talele, and Suraj Sawant (2014) investigated the applica-
tion of SVMs, NNs, and HMM to stock market forecasting. It emphasizes how crucial 
these methods are for reporting on changes in stock prices and suggests an HMM to 
increase precision. Choukri Djellali and Mehdi Adda (2020) presented the RHMM deep 
learning model, which leverages ANN and the HMM for recommender systems. 
Through experimentation, the model outperforms testing models by optimizing  
the bias-variance conflicts and enhancing training stability and accuracy. Pasak 
Senawongse, Andrew R. Dalby, and Zheng Rong Yang (2005) predicted phosphoryla-
tion sites in amino acid sequences, the study used HMMs which outperform decision 
trees and neural network methods and produce predictions with greater certainty than 
HMMs. Lefteris Benos, et al. (2008) examined the potential of machine learning  
in agriculture, emphasizing managing crops, water, soil, and livestock. It emphasizes 
the effectiveness of algorithms using Artificial Neural Networks, with the most 
researched crops being sheep, cattle, wheat, and maize. To summarize, this study aims 
to extend our understanding of how machine learning approaches, such as HMMs, 
might improve the analysis and prediction of long-term oilseed area patterns. This 
research aims to give practical insights to stakeholders in the agricultural industry by 
assessing the strengths and limitations of various models, ultimately contributing to 
more informed decision-making. 
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2.  Methodology 

2.1.  Hidden Markov Model 

A Hidden Markov Model is a statistical model describing systems with unobserved 
(hidden) states. It works particularly well with time series data, where the system is 
considered to follow a Markov process with unknown parameters. It is utilized in this 
study to model and forecast the actual annual oilseed area values. The model begins by 
defining hidden states S = {𝑆ଵ, 𝑆ଶ, . . . , 𝑆ே} that represent various underlying conditions 
impacting oilseed areas, such as different weather patterns or economic factors. These 
hidden states correspond to observable data O = {𝑂ଵ,𝑂ଶ,…,𝑂்ሽ, which in this case are 
the measurements of the oilseed area. The HMM (Leite et al. 2008) parameters are the 
following, 
 Transition Probabilities(A): A matrix A = [𝑎௜௝ሿ where 𝑎௜௝= P (𝑞௧ାଵ ൌ 𝑆௝/𝑞௧ ൌ 𝑆௜ሻ 

indicates the probability of transitioning from state 𝑆௜𝑡𝑜 𝑆௝. 
 Emission Probabilities (B): A matrix B = [𝑏௝ሺ𝑘ሻሿ where 𝑏௝(k) = P (𝑜௧ ൌ 𝑂௞/𝑞௧ ൌ 𝑆௝) 

specifies the probability of observing an oilseed area value 𝑂௞ given that the system 
is in  state 𝑆௝. 

 Initial State Distribution (π): A vector π = [𝜋௜] where 𝜋௜ ൌ 𝑃ሺ𝑞ଵ ൌ 𝑆௜ሻ denotes the 
probability of starting in each hidden state. 

The model is trained using the Baum-Welch algorithm, which is an expectation-
maximization method that iteratively estimates these parameters based on the observed 
oilseed area data. This algorithm enhances the model’s comprehension of state transi-
tions and emissions to maximize the likelihood P(O/ʎ) of the observed data, where ʎ 
represents the model parameters A, B, and π. After, training  HMM can predict the 
actual oilseed area value for the years 1992 to 2022 by identifying the sequence of hid-
den states 𝑞ଵ:் = arg 𝑚𝑎𝑥௤ଵ:்  P(𝑞ଵ:் / 𝑂ଵ:், ʎ) that best explains the observed data. This 
method utilizes the most probable sequence of hidden states and their corresponding 
emissions, providing insights into historical trends and fluctuations in oilseed areas. 

Figure 1.  Structural diagram of HMM 
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2.2. Linear regression 

A modeling approach called linear regression (Tranmer and Elliot 2008) is used to 
analyze data and generate predictions. To predict a response variable (Y) from an ex-
planatory variable (X), a bivariate model is constructed using simple linear regression. 
The scatterplot’s points are fitted with a straight line using linear regression, and pre-
dictions are made using the line’s equation. The equation for the line in regression mod-
eling is as follows: 

                                             Y = 𝛽଴ ൅ 𝛽ଵ𝑋 ൅ 𝑒௜                                                       (1) 

where the slope of the regression line is the regression parameter 𝛽ଵ and the intercept 
is the regression parameter 𝛽଴. With a mean of zero and a constant variance, it is 
assumed that the random error term 𝑒௜ is uncorrelated. The assumption that the 
mistakes are distributed regularly is frequently added to analyses to make inference 
easier and enhance estimation efficiency. The data may be transformed to approach 
normality (Zou et al. 2003).   

 
Figure 2.  Visualization of linear regression model 

2.3.  Support vector machines 

SVMs (Meyer and Wien 2001) for binary classification were created by Cortes and 
Vapnik (1995). In machine learning, support vector machines are an effective technique 
that may be applied to both regression and classification problems. The first step in 
using SVMs for prediction is gathering and preparing the dataset to ensure it is 
appropriately scaled for analysis. The data type is then considered while choosing an 
appropriate kernel function, such as radial basis function (RBF), polynomial, or linear. 
Additionally, the regularization parameter (C) is initialized. It regulates the trade-off 
between maximizing the margin and decreasing classification errors. The data is then 
transformed into a higher-dimensional space where it is simpler to separate using  
a hyperplane by computing the kernel matrix using the chosen kernel function. When 
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input data points 𝑥௜  and 𝑥௝ are used, the kernel matrix element 𝐾௜௝ is calculated as 
follows (Jakkula 2006):  

𝐾௜௝ ൌ 𝐾ሺ𝑥௜ , 𝑥௝ሻ                                                          (2) 
The next step is to formulate a quadratic optimization problem, whose goal is to 

identify the best hyperplane that maximizes the margin between classes while adhering 
to the restrictions. For the quadratic optimization problem, the objective function 
(Jakkula 2006) is: 

 ௠௜௡
ఈ  ∑ 𝛼௜ െ  

ଵ

ଶ
∑ ∑ 𝛼௜𝛼௝𝑦௜𝑦௝𝐾ሺ𝑥௜

௡
௝ୀଵ

௡
௜ୀଵ

௡
௜ୀଵ , 𝑥௝)                              (3) 

Based on the limitations; 
 ∑ 𝛼௜𝑦௜

௡
௜ୀଵ =0 

 0 ൑ 𝛼௜ ൑ C, for all i. 

The solution function for regression problems is: 
f(x) = ∑ 𝛼௜𝑦௜

௡
௜ୀଵ  K (𝑥௜ , 𝑥௝) +b                                            (4) 

SVMs are certain to generate reliable and accurate predictions on fresh data 
through this systematic technique. 

 
Figure 3.  Support vector machine structure 

2.4.  Neural networks 

The neural network (Mark et al. 1992) was designed with three layers: input, 
hidden, and output, as illustrated in the following figure. Layers consist of many nodes 
and are connected by correlation weights. Nodes accept input from either outside the 
model or interconnections. Nodes process the input to produce an analogue output, 
determining the firing rate. The weight function multiplies the incoming firing rate 
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before it arrives at the next layer. Each node's transformation is a sigmoid function as 
specified below: 

f(x) = ଵ

ଵା ௘௫௣ሺି௔ሺ௫ି௕ሻሻ
                                                   (5) 

When the node's input is denoted by x, its output, or firing rate, is represented by 
f(x), the gain is ‘a’, and the bias is ‘b’. The values of a and b are calculated using in the 
below equation: 

(𝐻௜௡௣௨௧) = f (∑ 𝑤௜௝𝑥௝ ൅  𝑏௜
௡
௝ିଵ )                                       (6) 

where 𝑤௜௝ are the weights connecting the input 𝑥௝ . 
  (𝑂௢௨௧௣௨௧) = ∑ 𝑤௞ℎ௞

௠
௞ୀଵ ൅  𝑏௢                                        (7) 

In this neural network model, raw data is processed by the input layer, non-linear 
changes are applied by the hidden layer using the sigmoid function, and predictions are 
produced by the output layer. The network gains strong predictive capabilities through 
training, which teaches it to modify its weights and biases to minimize the error 
between real and anticipated values. 

 
Figure 4.  Structural overview of neural networks: input, hidden, and output layers 

2.5.  K-Nearest Neighbors 

The K-Nearest Neighbors (Sadegh and Bolandraftar 2013) technique predicts the 
outcome for a query point X based on the average of its K nearest neighbors. To 
improve this, one can weigh the contributions of these neighbors so that closer 
neighbors have a bigger impact on the forecast than those further away. Regression 
problems involve predicting the value of a dependent variable (y) using independent 
variables (x). Consider a scheme where a series of points reflects the relationship 
between the independent variable and the dependent variable. KNN uses a set of known 
examples to predict the outcome of a query point (X). The k-nearest neighbor approach 
predicts the value of the nearest neighbor. If 𝑥ସ is the nearest neighbor to X, then: 

ӯ௑=𝑦ସ                                                                   (8) 
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In the 2-nearest neighbor approach, we average the results of the two nearest 
neighbors 𝑥ଷ 𝑎𝑛𝑑 𝑥ସ. 

         ӯ௑ = ௬యା௬ర
ଶ

                                                                   (9) 

This strategy can be applied to K nearest neighbors. The predicted value is obtained 
as the average of the outcomes of the K nearest neighbors. 

ӯ௑ ൌ
ଵ

௞
∑ 𝑦௜
௞
௜ୀଵ                                                            (10) 

where 𝑦௜ denotes the outcome of the 𝑖௧௛ nearest neighbor. The distance between the 
query points can be measured using the Euclidean distance, Squared Euclidean dis-
tance, Manhattan distance, and Chebyshev distance. 

 
Figure 5.  Schematic diagram of K-Nearest Neighbors Model 

2.6. Residual analysis 

Residual analysis (Rebekka and Gomez 2004) is a valuable set of tools for evaluating 
the goodness of a fitted model. The purpose of residual analysis is to verify if statistical 
models applied to data satisfy the underlying assumptions of the models. These 
presumptions include independent and identically distributed model errors, as well as 
a regression function that is appropriately defined. Additionally, since most regression 
estimators only maintain consistency under the assumption that the error distribution 
is true, residual analysis is particularly crucial. The usage of residual plots, or plots of 
residuals against explanatory variables or the corresponding fitted values, has become 
commonplace in the detection of regression model deficiencies evaluation. Residuals 
are the variations between observed values (𝑦௜) and the predicted values (ŷ௜) from the 
models. The mathematical representation is as follows: 

Residual = 𝑦௜  െ  ŷ௜                                                    (11) 
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To evaluate how well the model's predictions match the actual data, residuals are 
utilized. The residuals, when they are randomly distributed around zero, show that 
there are no systematic errors in the model's representation of the underlying structure 
of the data. Several methods are used in residual analysis to validate a model's key 
assumptions, which include independence, normality and homoscedasticity.  

A statistical test called the Durbin-Watson (DW) test is used to determine whether 
the residuals from a regression analysis contain autocorrelation, which is a link between 
values that are separated from one another by a certain amount of time. The DW 
(Walter 2011) is calculated as: 

DW = ∑ ሺ௘೔ି௘೔షభሻ²
೙
೔సమ

∑ ௘೔²
೙
೔సభ

                                                     (12) 

The Shapiro-Wilk (W) test is a statistical tool for evaluating the normality of 
residuals in regression analysis. Residuals must be normally distributed because this 
validates the use of statistical tests and confidence intervals in the model. By running 
this test, we can find potential problems with the assumptions in the model and fix them 
to increase the model's accuracy and reliability. The test statistic (Zofia et al. 2016) is 
calculated as: 

W = ሺ∑ ௔೔௘೔ሻ²
೙
೔సభ

∑ ሺ௘೔
೙
೔సభ ିēሻ²

                                                           (13) 

The Breusch-Pagan (BP) test is a statistical method for detecting homoscedasticity 
in regression model residuals. Homoscedasticity happens when the variance of the 
residuals fluctuates between observations, which contradicts the regression analysis 
assumption that there is constant variance. The Breusch-Pagan test statistic is given by: 

BP = n R²                                                                (14) 

where n is the number of values and R² is the coefficient of determination from the 
auxiliary regression of 𝑒௜ଶ on the independent variables. The computed test statistic BP 
follows a chi-squared distribution with k degrees of freedom, where k represents the 
number of independent variables in the supplementary regression. 

3. Results and discussions 

The dataset used in this study comprises annual historical records of oilseed 
cultivation area in India, covering the period from 1992 to 2022. Each data point 
represents the total cultivated area measured in million hectares for the respective 
agricultural year. This data was sourced from the Economics & Statistics Division of the 
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Ministry of Agriculture & Farmers Welfare and is publicly accessible via their official 
website: http://desagri.gov.in. 

Table 1.  Effectiveness of various models in predicting values in given- years 

Year 
Area-Actual 

Value 
Predicted Value 

HMM KNN LR NN SVMs 
1992-93 24.26 25.85 25.764 24.431 24.836 25.940 
1993-94 26.20 25.85 25.764 24.538 24.915 25.965 
1994-95 26.09 25.85 25.764 24.648 24.993 25.990 
1995-96 26.31 25.85 25.972 24.762 25.072 26.014 
1996-97 25.96 25.85 26.112 24.877 25.151 26.039 
1997-98 25.30 25.85 25.942 24.986 25.229 26.064 
1998-99 26.90 25.85 25.234 25.087 25.308 26.088 
1999-00 25.24 25.85 24.570 25.189 25.386 26.113 
2000-01 22.77 22.93 23.808 25.290 25.465 26.138 
2001-02 22.64 23.70 23.160 25.391 25.544 26.162 
2002-03 21.49 22.93 23.616 25.493 25.622 26.187 
2003-04 23.66 23.70 24.634 25.594 25.701 26.212 
2004-05 27.52 27.30 25.408 25.696 25.779 26.237 
2005-06 27.86 27.30 26.448 25.798 25.858 26.261 
2006-07 26.51 27.30 27.228 25.896 25.937 26.286 
2007-08 26.69 27.30 26.916 25.994 26.015 26.311 
2008-09 27.56 27.30 26.788 26.092 26.094 26.335 
2009-10 25.96 27.30 26.748 26.190 26.172 26.360 
2010-11 27.22 27.30 26.706 26.288 26.251 26.385 
2011-12 26.31 27.30 26.804 26.386 26.329 26.410 
2012-13 26.48 27.30 26.732 26.483 26.408 26.434 
2013-14 28.05 27.30 26.506 26.581 26.487 26.459 
2014-15 25.60 25.85 26.480 26.679 26.565 26.484 
2015-16 26.09 25.85 26.086 26.777 26.644 26.508 
2016-17 26.18 25.85 25.434 26.875 26.722 26.533 
2017-18 24.51 22.93 25.742 26.973 26.801 26.558 
2018-19 24.79 23.70 26.290 27.084 26.880 26.582 
2019-20 27.14 27.30 26.888 27.196 26.958 26.607 
2020-21 28.83 27.30 26.888 27.307 27.037 26.632 
2021-22 29.17 27.30 26.888 27.419 27.115 26.657 

Model evaluation 

R-squared measures how well a model explains the variability in the observed data, 
making it sensitive to how accurately the model captures overall trends and fluctuations. 
Even small changes in the pattern of prediction errors can significantly impact its value. 
A higher R-squared indicates a stronger fit, meaning the model accounts for more of the 



128                                  M. Vyshnavi, M. Muthukumar: The comparison of the hidden Markov model… 
 

 

 

data’s variability, while a low or negative R-squared suggests a poor fit. In contrast, Mean 
Absolute Error (MAE) represents the average size of prediction errors regardless of their 
direction, offering a clear measure of accuracy without reflecting how well the model 
explains the variance in the data. Together, a high R-squared and low MAE provide 
complementary insights into a model’s explanatory power and predictive accuracy. 

Table 2.  Performance comparison of predictive models 

Models MAE R2- Valued 
Hidden Markov Model 0.7041 0.7449 
K- Nearest Neighbors 0.9353 0.5760 
Linear Regression 1.307 0.14 
Neural Networks 1.2783 0.1529 
Support Vector Machines 1.246 0.0466 

With the greatest R-squared of 0.7449 and the lowest MAE of 0.7041 when 
compared to other models, Hidden Markov Models proved to have greater prediction 
accuracy. These results highlight how well they predict agricultural oilseed areas. 

Table 3.  The Durbin-Watson test results for the independence of residuals 

Model Durbin-Watson Statistic Autocorrelation Interpretation 
Residual-HMM 1.324 Mild positive autocorrelation 
Residual-KNN 1.536 Mild positive autocorrelation 
Residual-NN 0.817 Significant positive autocorrelation 
Residual-LR 0.832 Significant positive autocorrelation 
Residual-SVMs 0.744 Significant positive autocorrelation 

These results show variable degrees of positive autocorrelation in the residuals among 
models. A Durbin-Watson statistic closer to 2 suggests less autocorrelation, whereas 
values that deviate significantly from 2 imply more autocorrelation. 

Table 4.  The normality test results for residual errors 

Model Statistic p-value Conclusion 
Residual-HMM 0.978 0.767 Fail to reject H0 

Residual-KNN 0.973 0.621 Fail to reject H0 

Residual-NN 0.908 0.013 Reject H0 

Residual-LR 0.921 0.028 Reject H0 

Residual-SVMs 0.953 0.199 Fail to reject H0 

Shapiro-Wilk tests show that residuals from HMM, KNN, and SVMs follow a nor-
mal distribution (p > 0.05), however, residuals from NN and LR do not (p < 0.05). 
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Table 5.  The results of the Breusch-Pagan test for homoscedasticity 
Model Breusch-Pagan Test Homoscedasticity (Interpretation) 

Residual-HMM 0.128 Likely homoscedastic 
Residual-KNN 0.231 Likely homoscedastic 
Residual-NN 0.615 Likely homoscedastic 
Residual-LR 0.801 Likely homoscedastic 
Residual-SVMs 0.790 Likely homoscedastic 

This assumption indicates that the residuals from each model have a constant 
variance. The p-values (all greater than 0.05) indicate that there is no meaningful 
evidence to challenge this assumption for any of the models. As a result, each model's 
residuals are likely to be homoscedastic, which supports their dependability in produc-
ing consistent predictions. 

3.1. Model fitting and sequence estimation 

This study uses the hidden state space S = {Low, Medium, High} and observable 
state space O = {Decrease, Neutral, Increase}. The hidden states reflect categorized lev-
els of the target agricultural variable (area). Specifically, the Low state corresponds to 
area values ranging from 21 to 23.83, indicating the lower end of the distribution. The 
Medium state includes values between 23.83 and 26.66, reflecting the mid-range or av-
erage levels. The High state covers values from 26.66 to 29.5, representing the upper 
portion of the dataset. The observable states describe the direction of year-to-year 
changes: Decrease indicates a drop in value, Neutral reflects minimal or no change, and 
Increase denotes a rise in value. These classifications support the model in linking hid-
den state transitions with observable patterns, enhancing both estimation and inter-
pretability. 

The model was trained after determining that HMM was the most suitable based 
on performance metrics. During training, the following parameters were estimated: 
1.  Transition Probability Matrix (A): It defines the likelihood of moving from one 

hidden state to another over time. In this study, the hidden states are categorized as 
Low, Medium, and High, representing different levels of agricultural area. Each 
element in the matrix indicates the probability of transitioning from a current state 
to a future state. It is calculated by analyzing how often the model transitions from 
one hidden state to another in a given sequence. Each value in the matrix represents 
the probability of moving from one state (e.g., Low) to another (e.g., Medium or 
High). To compute it, the number of transitions between states is counted and then 
normalized by dividing each row by the total transitions from that state. This 
provides a probability-based understanding of how the system evolves over time.  

                                                     Low Medium High 

                                          A = 
Low

Medium
High

อ
0.75  0  0.25

0.062  0.625  0.312
0 0.55 0.44

อ 
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2.  Emission Probability Matrix (B): It shows the likelihood of observing a particular 
output given a specific hidden state. It connects the hidden states (e.g., Low, 
Medium, High) to the observable outcomes (e.g., Decrease, Neutral, Increase). To 
calculate it, the number of times each observation occurs while the system is in  
a specific hidden state is counted. These counts are then normalized by dividing 
each by the total number of observations for that hidden state, resulting in 
probabilities that reflect how likely each observation is under each state. 

                                                                 Decrease  Neutral Increase 

                                        B = 
Low

Medium
High

 ൥
   1.00        0.00         0.00
   0.00       1.00         0.00
    0.00        0.30         0.70

൩ 

3.  Initial Probability Matrix (𝜋): It represents the probability distribution over hidden 
states at the starting point (time t = 0). It indicates how likely the system is to begin 
in each state (e.g., Low, Medium, or High). To calculate it, the number of times each 
state appears as the first state in multiple sequences is counted and then divided by 
the total number of sequences.  

𝜋 ൌ ሾ0.133, 0.533, 0.333ሿ 

Using the initial state distribution, transition matrix, and emission matrix, a 10-year 
forecast can be made by repeatedly updating the state probabilities through the 
transition matrix. Expected values are then calculated by combining these state 
probabilities with the emission matrix. This method captures the system’s time-
dependent behavior and can be efficiently performed using MATLAB’s built-in HMM 
tools. 

3.2. Graphical representation 

 
Figure 6.  The actual and predicted values of different models 
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The graph presents a comparison between actual oilseed area data and the 
predictions made by five models over the period from 1992 to 2022. The actual data 
shows significant variability, with a noticeable decline during the early 2000s. Among 
all models, the HMM closely tracks the real data, effectively reflecting both declines and 
recoveries. KNN and NN provide reasonably accurate predictions but exhibit some 
inconsistencies. In contrast, SVM and Linear Regression tend to produce smoother or 
more linear trends, overlooking key changes in the actual data. Overall, HMM provides 
the most reliable fit to the values. 

 
Figure 7.  Comparison of MAE and R-squared Value 

The bar chart presents a comparison of predictive performance based on MAE and 
R-squared values. One model achieves the lowest error and highest fit, indicating strong 
accuracy and reliability. Others show moderate to poor performance, either with higher 
errors or weaker data alignment. Overall, the best-performing model stands out in both 
accuracy and consistency. 

 
Figure 8.  The residuals for different models across the observations 
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The line graph illustrates residual variations across different prediction models. 
Residuals close to zero indicate higher prediction accuracy. The HMM model shows 
relatively smaller and more stable residuals, especially after the 10th observation, 
indicating better consistency. In contrast, other models exhibit larger fluctuations, 
particularly around the 10th and 30th observations, suggesting less reliable predictions. 
Overall, the HMM model demonstrates more controlled and balanced residual 
behavior. 

 
Figure 9.  Comparison of actual and forecasted values over time using HMM parameters 

The line chart presents both the actual and forecasted oilseed area values over time. 
The solid blue line represents the observed data, showing noticeable fluctuations with 
periods of sharp declines followed by recoveries. The forecasted values, indicated by  
a red dashed line, generally follow the overall trend of the historical data while 
displaying some variability. This suggests that the model effectively captures the main 
movement of the data and adapts to changing patterns, providing a useful projection 
for future values. 

4.  Conclusions 

The findings of this study demonstrate that Hidden Markov Models (HMMs) 
significantly outperform other predictive methods in forecasting agricultural data. 
HMMs exhibit the lowest Mean Absolute Error (MAE) and the highest R-squared 
values, signifying their superior accuracy and reliability. The residual analysis further 
confirms the model's robustness, as the residuals are randomly distributed with no 
identifiable patterns, indicating a strong model fit. HMMs have proven to be highly 
effective in capturing the temporal and stochastic characteristics of agricultural data, 
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surpassing traditional machine learning techniques in performance. These results 
underline the potential of HMMs as a reliable tool for agricultural forecasting, enabling 
stakeholders to make data-driven decisions and develop strategic plans based on 
accurate predictions. 

Additionally, this study utilizes HMM parameters to forecast agricultural trends for 
the next 10 years, providing valuable insights for long-term planning. Future research 
can expand on these findings by applying HMMs to different agricultural domains and 
exploring further enhancements to improve their predictive capabilities. 
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    Jackknife-based diagnostics for non-monotonic hazard
survival model with interval-censored data

Jayanthi Arasan1

Abstract

This study focuses on jackknife-based model diagnostics for a non-monotonic two-
parameter hazard survival regression model (TBPR) when data is interval and right-
censored. This distribution is very flexible, because it accommodates both monotonic and 
bathtub-shaped hazard rates. This research proposes a bias-corrected jackknife harmonic 
mean and a ran-dom imputation technique to obtain the altered Cox-Snell (r∗

i 
), adjusted 

Martingale (r∗ 
i 
) and Schoenfeld (rS

∗
i 
) residuals. Two simulation studies were conducted to 

assess the perfor-mances of the altered residuals and their ability to detect extreme 
observations and outliers at various censoring proportions (cp) and sample sizes (n) for this 
model. The results indicated that the altered residuals based on jackknife outperformed other 
residuals at cp and n levels. The proposed methods are then illustrated using a real dataset on 
Hodgkin’s Disease with the prior treatment group as the covariate. The results showed that 
the altered residuals work well to address model adequacy and identify potential outliers in 
the dataset.

Keywords: Jackknife, interval-censored, outliers, covariate.

1. Introduction

Survival data with non-monotonic or bathtub hazard rates is commonly encountered in
medical research. Some examples include lifetimes of kidney or heart transplant patients,
lifetime of curability of breast cancer and lung cancer patients. The two-parameter distri-
bution with bathtub shape (TPB) model was proposed by (Chen 2000) and extended by
(Ismail, Arasan, Safie & Mohd Safari 2022) to incorporate covariates, resulting in what is
known as the TPB regression (TPBR) model. This model is very flexible compared to other
survival models as it accommodates both monotonic and non-monotonic, namely bathtub
shaped hazard rates, see (Chen 2000).

This research focuses on the model diagnostics for the TBPR model when data is both
right and interval-censored. Although residual analysis plays a central role in model diag-
nostics, traditional approaches such as the Cox-Snell residual often fail to perform well un-
der right or interval censoring, particularly when the underlying hazard is non-monotonic.
Existing adjustments like midpoint imputation or bootstrap methods have been explored
primarily for simpler monotonic hazard models. However, real-world survival data often
involve more complex hazard shapes (e.g. bathtub) and censoring types. This study ad-
dresses this gap by proposing a jackknife-based adjustment to residuals specifically for the

1Department of Mathematics and Statistics, Universiti Putra Malaysia, Malaysia.
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TBPR model, a flexible model that accommodates both monotonic and non-monotonic haz-
ard functions.

Interval-censored data is prevalent in many clinical and longitudinal studies, primarily
due to constraints such as time, cost, and the necessity for periodic inspections conducted at
varying intervals. Data is interval-censored when the lifetime of the ith patient lies within an
interval, tLi < ti < tRi , where tLi and tRi denote the left and right endpoints of the observed
interval, respectively.

A special case of the interval-censored data, where tLi < ti < ∞, gives us the right-
censored data, see (Sun 2006), who provided a detailed overview of statistical methods
for analyzing interval-censored failure time data, covering techniques like maximum like-
lihood, nonparametric, semiparametric, and Bayesian methods. (Lawless 1982) discussed
statistical methods for analyzing interval-censored data, including current status data as
a special case.

The use of computer intensive techniques such as the jackknife and bootstrap can be
found in (Arasan & Lunn 2008), who compared alternative confidence interval estima-
tion methods, including bootstrap and jackknife techniques, for the parameters of a parallel
two-component system model with dependent failure and time-varying covariates, showing
that the jackknife method outperforms bootstrap techniques for censored data. (Arasan &
Lunn 2009), extended a parallel system survival model based on the bivariate exponential to
include a time-varying covariate, evaluating parameter estimates at various censoring lev-
els, comparing fixed vs. time-varying covariate models, and studying Wald, likelihood ratio,
and jackknife methods for constructing confidence intervals, with applications to diabetic
retinopathy data.

Following that, (Manoharan, Arasan, Midi & Adam 2015) compared the performance
of Wald, likelihood ratio, and jackknife confidence intervals for the parameters of the log-
normal distribution in the presence of left-truncated and right-censored survival data, find-
ing that the jackknife method outperformed the others, particularly for small sample sizes
with left-truncated data and low censoring. (Kiani, Arasan, Midi et al. 2012) examined the
Gompertz model with time-dependent covariates and right-censored data, comparing its per-
formance at different censoring levels and sample sizes, and evaluating Wald and jackknife
methods for confidence intervals.

Survival models with interval-censored data have been explored by authors such as
(Kiani & Arasan 2013), who extended the Gompertz model with time-dependent covari-
ates for interval-censored data, comparing the performance of Wald and likelihood ratio
methods for confidence interval estimation. The study highlighted the effectiveness of these
methods in handling interval-censored data. (Fang, Arasan, Midi & Bakar 2015) compared
jackknife and bootstrap confidence interval estimates for the parameters of a log-logistic
model with censored data and covariates, evaluating their performance through coverage
probability studies at various error probability levels and censoring proportions.

(Alharbi, Jayanthi, Haizum & Ling 2022) extended the generalized exponential model
to include covariates for interval-censored data, evaluating the maximum likelihood estima-
tor and Wald confidence intervals, with better performance observed at larger sample sizes
and lower censoring proportions. Then, (Al-Hakeem, Arasan, Mustafa & Peng 2023) ex-
tended the generalized exponential distribution to incorporate time-dependent covariates for
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interval-censored data, comparing maximum likelihood estimations and finding better per-
formance with larger sample sizes and lower attendance probabilities. (Manoharan, Arasan,
Midi & Adam 2020) assessed the performance of local influential diagnostics for the ex-
tended log-normal model with time-dependent covariates, left-truncation, and case-k inter-
val censoring, comparing it with global diagnostics through a simulation study.

More recently, several models and inference methods have been developed for interval-
censored survival data. For instance, (Zhou, Sun & Ibrahim 2021, Zhou & Sun 2021)
explored transformation models and estimation techniques. (García Meixide, Lema &
Vilar 2024) proposed a sparse neural network AFT model for interval-censored outcomes,
demonstrating improved prediction performance over classical methods using real-world
biomedical data. (Lou, Li & Sun 2024) developed a two-step semiparametric transformation
approach to handle missing covariate issues, supported by simulations and an Alzheimer’s
disease dataset. (Zhang, Li & Weng 2023) introduced a valid inference procedure post-
variable selection for the Cox model with interval-censored data, using lasso and asymp-
totic techniques. Lastly, (Pal, Peng & Aselisewine 2023) discussed a support vector–based
semiparametric cure model that accommodates interval-censored survival times.

Other research related to survival models with covariates include (Arasan & Ehsani
2011), who applied a repairable system model for interval failure data with a time-dependent
covariate, evaluating several NHPP-based models on ball bearing failure data and using
bootstrapping for variance estimation. They found that the proposed model was effective
and easy to implement. (Manoharan, Arasan, Midi & Adam 2017) extended the three-
parameter log-normal survival model to incorporate left-truncated and right-censored data
with covariates. They applied bootstrap inferential procedures to estimate the parameters
and assessed the model’s performance through a simulation study.

The Cox-Snell residuals (rCi ) are commonly used for checking the fit of a model in
survival analysis. When the data is positively skewed because of censoring, the Cox-Snell
residuals tend to be smaller or less informative because they are based on the assumption
that all observations are fully observed, which is not the case with censored data, as pointed
out by (Cox & Snell 1968). To correct this, the Cox-Snell residuals can be modified by
adding a positive surplus to make it more reliable. Two conventional modifications of rCi

take the surplus as the mean (r
′
Ci

) and median (r
′′
Ci

) of the standard exponential distribution,
see (Cox & Snell 1968). The use of the median of the standard exponential distribution
for the surplus was proposed by (Crowley & Hu 1977) as they found the mean tends to
inflate the residual far too much. Normally, the arithmetic mean works well when the data
is simple and does not have extreme values or outliers, as discussed by (Huber 1981). If the
data contains extreme values, the arithmetic mean may not be ideal, as it can overly increase
the residuals.

For survival data, which can often follow an exponential or skewed pattern, the geomet-
ric mean is a better option because it handles this kind of data more effectively. However,
when the data contains extreme values or outliers, the harmonic mean is preferred because
it is less affected by these extremes. (Naslina, Jayanthi, Syahida & Bakri 2020) and (Lai &
Arasan 2020) deduced that the modified Cox-Snell residuals for the Gompertz model based
on the empirical harmonic mean perform better than both standard and other modified Cox-
Snell residuals. (Arasan & Midi 2021) concluded that harmonic mean and jackknife har-
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monic mean residuals perform significantly better, especially when censoring proportions
are high.

In the case of interval-censored data, where the exact timing of an event is unknown but
falls within a specified range, traditional methods may not yield accurate results. When
data is interval-censored, the Cox-Snell residuals themselves are also interval-censored.
(Farrington 2000) recommends replacing the interval residuals with expected values un-
der exp(1). However, this approach may be impractical for more complex models or when
the data exhibits mixed-case censoring. To address this, this study proposes a change to
the Cox-Snell residuals by using the jackknife bias-corrected harmonic mean and random
imputation, which is better at dealing with heavy censoring. This adjustment is expected
to give more reliable results, as shown in (Arasan & Midi 2023), especially when the data
is censored in different ways and contains outliers, which can improve model assessment
accuracy.

(Arasan & Midi 2023) introduced a method using the bias-corrected bootstrap harmonic
mean and random imputation to adjust residuals for the extreme minimum value regression
with right- and interval-censored data. The extreme minimum value regression model only
accommodates monotonic hazards with a simpler data structure. Their study demonstrated
that these adjusted residuals were effective for assessing model adequacy and identifying
influential observations. In contrast, the current study focuses on modifying the Cox-Snell
residuals using the jackknife bias-corrected harmonic mean and random imputation for
a two-parameter distribution with a bathtub-shaped hazard, which has a more complex data
structure. While both the study by (Arasan & Midi 2023) and the present work aim to im-
prove residuals in the presence of censoring, our approach emphasizes the jackknife tech-
nique, particularly in cases of mixed censoring with a non-monotonic hazard rate. Although
these two studies explore similar goals, they propose different models and computational
techniques for addressing residual issues in survival analysis.

2. Methodology

2.1. The model

Let T be a non-negative random variable representing the survival time of an event. The
density and survivor functions for the TBP model by (Chen 2000) are given by Eqs. (1) and
(2).

f (t,λ ,γ) = λγtγ−1 exp
(

tγ +λ (1− etγ

)
)
, (1)

S(t,λ ,γ) = exp
(

λ

(
1− etγ

))
, t > 0. (2)

The effect of the covariates can be incorporated into the model by allowing the parameter
λ to be a function of the covariates. If the vector of covariate values is x′ =(x0,x1, · · · ,xp−1),
and the vector of regression coefficients is β

′ = (β0,β1, · · · ,βp−1), then λ = e−β ′x, where
γ > 0 represents an unknown parameter. The density and survivor functions for the TBPR
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model are given by Eqs. (3) and (4).

f (t,β ,γ) = γtγ−1 exp
(
−β

′x+ tγ + e−β ′x(1− etγ

)
)
, (3)

S(t,β ,γ) = exp
(

e−β ′x(1− etγ

)
)
, t > 0. (4)

The distribution has a monotonically increasing hazard function when γ ≥ 1 and may
have a bathtub-shaped hazard function when γ < 1. Consider the case where there are
lifetimes for i = 1,2, . . . ,n observations. Let the left and right endpoints for the ith subject
be tLi and tRi , respectively. To distinguish between censoring types for each observation, we
define an indicator variable δi as follows:

δi =

{
1 if the ith observation is interval-censored,

0 if the ith observation is right-censored.
(5)

The likelihood function for the full sample with interval and right-censored data is
shown by Eq. (6).

l(β ,γ) =
n

∏
i=1

[S(tLi)−S(tRi)]
δi [S(tLi)]

(1−δi) . (6)

So, for the TBPR model the likelihood and log-likelihood functions for the full sample
are shown by Eqs. (7) and (8).

l(β ,γ) =
n

∏
i=1

[
ee−β ′xi (1−exp(tγ

Li
))− ee−β ′xi (1−exp(tγ

Ri
))
]δi

[
ee−β ′xi (1−e

tγLi
)
](1−δi)

(7)

L(β ,γ) =
n

∑
i=1

δi

{
log

[
ee−β ′xi (1−exp(tγ

Li
))− ee−β ′xi (1−exp(tγ

Ri
))
]}

(8)

+(1−δi)

{
e−β ′xi(1− etγ

Li
)

}
.

The estimates for β and γ are obtained by solving the likelihood equations using any
iterative technique suited for nonlinear equations. The inverse of the observed informa-
tion matrix, denoted as i(β̂ , γ̂), can be computed from the second partial derivatives of the
log-likelihood function, evaluated at β̂ and γ̂ , providing estimates for the variance and co-
variance, as shown in Eq. (9).

V̂ar(β̂ , γ̂) = [i(β̂ , γ̂)]−1. (9)
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2.2. The residuals

The Cox-Snell residual for the ith subject is given by rCi = Ĥ(ti) = − log(Ŝ(ti)), where
Ĥ(ti) and Ŝ(ti) are the estimated cumulative hazard and survivor functions, respectively.
As discussed by (Cox & Snell 1968), a challenge arises when dealing with censored data,
particularly right-censored observations, as these residuals tend to underestimate the true
values. To address this, we propose modified Cox-Snell residuals using bias-corrected har-
monic means via the jackknife method and random imputation, depending on the type of
censoring.

Right-Censored Data

To adjust Cox-Snell residuals under right-censoring, the jackknife bias-corrected har-
monic mean is applied. The ith jackknife sample is constructed by removing the ith observa-
tion from the original dataset of n observations, as described by (Efron & Tibshirani 1994)
and defined in Eq. (10).

t(i) = (t1, t2, . . . , ti−1, ti+1, . . . , tn) (10)

Let θ̂h(i) be the harmonic mean from the ith jackknife sample. The average of these
harmonic means is:

θ̂h(.) =
n

∑
i=1

θ̂h(i)

n

The jackknife estimate of bias is given by (n−1)(θ̂h(.)− θ̂h), where θ̂h is the harmonic
mean of the full dataset. The jackknife bias-corrected estimate can then be obtained as
shown in Eq. (11).

θ̂h jack = nθ̂h − (n−1)(θ̂h(.)). (11)

The altered Cox-Snell residual when data is right-censored using the jackknife bias-
corrected estimate is given by Eq. (12).

rjack

Ci
= rCi + θ̂h jack for the ith subject (12)

Interval-Censored Data

Residual analysis under interval-censoring is more complex (Farrington 2000). A prac-
tical method introduced by (Arasan & Midi 2023) uses random imputation. Let S(·) denote
the model-based survivor function. For the ith subject, generate R values from the uni-
form distribution U(S(tRi),S(tLi)), then transform these to obtain pseudo-lifetimes t r

i , for
r = 1,2, . . . ,R. The imputed lifetime is estimated as:

t
′
i =

R

∑
r=1

t r
i
R
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The adjusted Cox-Snell residual for interval-censored data is then:

rint
Ci
= Ĥ(t

′
i ) =− log(Ŝ(t

′
i )) (13)

General Formulation

Combining both scenarios, the modified Cox-Snell residual is defined as:

r∗Ci
=

{
rjack

Ci
if data is right-censored

rint
Ci

if data is interval-censored
(14)

Following that, the adjusted martingale and deviance residuals using the jackknife bias-
corrected estimate are given by Eqs. (15) and (16).

r∗Mi
= δi − r∗Ci

. (15)

r∗Di
= Sgn(r∗Mi

)[−2(r∗Mi
+δi ln(δi − r∗Mi

))]1/2. (16)

The score or Schoenfeld residual (rSi ) was proposed by (Schoenfeld 1982), and is de-
rived from the first derivatives of the log-likelihood function with respect to its parameters.
Consequently, these residuals exhibit varying values for each parameter in the model. Since
the data is both interval- and right-censored, the adjusted score residuals can be obtained
using the imputed lifetimes discussed in Section 2.2. Let,

t̃ =

{
t
′
i for ti interval-censored,

tLi for ti right-censored.
(17)

The log-likelihood for the full sample is given by Eq. (18).

ℓ(β ,γ) =
n

∑
i=1

δi log f (t̃i,β ,γ)+(1−δi) logS(t̃i,β ,γ)

=
n

∑
i=1

δi

[
logγ +(γ −1) log t̃i −β

′xi + t̃γ

i + e−β ′xi(1− et̃γ

i )
]

(18)

+(1−δi)
[
e−β ′xi(1− et̃γ

i )
]

The adjusted score residuals (r∗Si
) can now be calculated from the components of the first

derivatives of the log-likelihood function with respect to its parameters, β and γ , evaluated
at their respective MLEs, see Eqs. (19) and (20).

∂L(β ,γ)
∂β j

=
n

∑
i=1

−xi j

[
δi + e−β ′xi(1− et̃γ

i )
]
, j = 0,1 · · · , p−1, (19)
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∂L(β ,γ)
∂γ

=
n

∑
i=1

[
δi

(
1
γ
+ ln t̃i

)
+ t̃γ

i ln t̃i
(

δi − e−β ′xiet̃γ

i

)]
. (20)

The plot of r∗Si
versus the observation number should be randomly distributed around

zero for a good fit. Index plots of the score residuals for each covariate in the fitted model
are useful at indicating extreme observations and outliers.

3. Simulation study

Two simulation studies were designed to assess different aspects of the proposed resid-
ual diagnostics as follows.

• Simulation Study I (Sim I) was designed to identify the most suitable modified resid-
uals by evaluating their ability to assess model adequacy across different levels of
censoring and sample sizes.

• Simulation Study II (Sim II) builds on the findings of Sim I and investigates the
effectiveness of the best-performing residuals from Sim I in detecting extreme or
influential observations, which is vital for model diagnostics in clinical survival data.

Sim I was conducted using 1000 replications, at n = 50, 80 and n = 120, with approx-
imate right censoring proportions (cp) of 0.30, 0.40, 0.50, 0.55 and 0.60 for the TBPR
model. The objective is to compare the effectiveness of altered Cox-Snell residuals, utiliz-
ing bias-corrected jackknife harmonic mean and multiple imputation, r∗Ci

against r
′
Ci

and r
′′
Ci

,
using mid-point imputation. Mid-point imputation estimates lifetimes by using the average
of the tLi and tRi . It assumes the true value is near the middle of the range. The simulation
study only examines the effectiveness of the altered Cox-Snell residuals, as the values of
the martingale and deviance residuals are based on these altered Cox-Snell residuals.

The values of β0, β1, and γ were set to 3.3, 0.95, and 0.42, respectively, to mimic the
lifetime of cancer data, measured in months. Survival times were derived using the inverse
transformation method. For the ith observation, the censoring time ci follows an expo-
nential distribution with parameter µ , where the value of µ is adjusted to achieve the de-
sired approximate right censoring proportion in our dataset. The covariate was simulated as
a categorical variable with proportions set to P = 0.5 to mimic the distribution of treatment
types among patients. The parameter estimates can be obtained by solving the likelihood
equations using an iterative procedure designed for nonlinear equations. In this study, the
maximum likelihood estimators for all parameters were computed employing the Newton-
Raphson iterative method.

To generate interval-censored data, we utilized a sequence of 24 check-up times,
τ1,τ2, · · · ,τκ , spaced at two-month intervals, assuming all subjects attended these check-
ups. Subsequently, we determined whether the uncensored lifetimes, ti, fell within any of
these intervals. If ti fell within the interval (τm,τm+1) where m ≤ κ , then the corresponding
left and right bounds, tLi and tRi , for the ith observation, were set to τm and τm+1, respectively.
Otherwise, if ti > τκ , ti would be right-censored at τκ .



STATISTICS IN TRANSITION new series, March 2026 145

To assess the efficacy of various modifications of the Cox-Snell residuals, it is necessary
to derive the estimated Kaplan-Meier survivor function based on the values of these altered
residuals. Let Ŝ(r∗Ci

) represent the estimated Kaplan-Meier survivor function derived from
the adjusted Cox-Snell residuals. The plot of log[− log(Ŝ(r∗Ci

))] against log(r∗Ci
) should ide-

ally manifest as a linear function with unit slope and intercept zero, as expected when the
residuals follow an unit exponential distribution under a correctly specified model. Conse-
quently, by applying the same methodology to the other residuals, their performances can
be compared based on the mean absolute deviation (MAD) of three key metrics: the inter-
cept, slope, and correlation coefficient R, from their ideal values of 0, 1, and 1, respectively,
indicating a well-fitting model.

Sim II, with 1000 replications, was also carried out using sample sizes of 50,80, 200
and 360, along with approximate right censoring proportions (cp) set at 0.10 and 0.30 for
the TBPR model. The covariate was simulated as categorical variable with a proportion
set to P = 0.5 to mimic the distribution of two different treatment types among patients.
The purpose of this simulation study is to assess and compare the effectiveness of the best
adjusted residuals in detecting extreme observations and outliers. Two data points were
randomly chosen and perturbed to yield extreme observations compared to the others. This
was achieved by altering the mth lifetime, tm, by an amount ω = 3.5 scaled by the standard
deviation of the lifetimes, st , and the largest censored observation, tmax, resulting in t

′
m =

tm +ωst + tmax.
The detection percentage was determined based on whether the randomly selected out-

liers produced the two largest absolute values of the adjusted residuals. For the score resid-
uals, the residual corresponding to the covariate parameter was used to detect outliers. The
detection rate was further categorized into two cases: the percentage of datasets where both
outliers were detected and the percentage of datasets where only one outlier was detected.
In some cases, the methods did not detect any outliers. The overall detection rate was cal-
culated by considering both full and partial detections. Specifically, full weight was given
to cases where both outliers were detected, while half weight was assigned to cases where
only one outlier was detected.

3.1. Simulation results

The results of Sim I are given in Figures 1-3. The plots demonstrate that the newly
proposed adjusted residual, r∗Ci

consistently exhibits significantly lower MAD values for
intercept, slope, and correlation coefficient (R) across all levels of censoring proportions
and sample sizes. This indicates superior performance by r∗Ci

in assessing model adequacy.
Although performance of r

′′
Ci

is marginally superior to that of r
′
Ci

, r∗Ci
notably surpasses both

in indicating a well-fitted model. As n increases, the gap narrows, but r∗Ci
still maintains

a clear advantage, supporting its robustness across different data conditions. These results
confirm the effectiveness of the jackknife bias correction and random imputation method in
improving residual-based diagnostics for right- and interval-censored data.

Sim II results, shown in Table 1, evaluate the ability of four adjusted residuals, r∗Ci
, r∗Mi

,
r∗Di

, and r∗Si
, to detect outliers under two censoring scenarios: cp = 0.10 and cp = 0.30.

The values outside parentheses correspond to cp = 0.10, while those in parentheses refer to
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Figure 1. MAD for TBPR model at n = 50
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Figure 2. MAD for TBPR model at n = 80

cp = 0.30. The goal is to measure how often the two deliberately perturbed observations
are correctly identified as the most extreme. The results indicate that the newly proposed
adjusted Cox-Snell residual, r∗Ci

, performs best in detecting both outliers in over 99% of
simulations even at small sample sizes, and maintaining perfect detection rates at n = 200
and above. It is followed by r∗Mi

, then r∗Di
and r∗Si

, in terms of detection accuracy.

The performance of all methods improve as n increases and when n = 360, where all
residuals except the adjusted score residuals achieved 100% detection for both outliers.
When cp = 0.3, r∗Ci

and r∗Mi
remain robust, maintaining overall detection above 95%, even

with a sample size as low as n = 50. However, the performance of r∗Di
declines rapidly,

achieving only 65.9% overall detection compared to r∗Si
, which achieves 86.3%. Once again,

all performances improve as n increases, particularly r∗Di
, which begins to outperform r∗Si

when n ≥ 200. However, only r∗Ci
and r∗Mi

achieve 100% detection for both outliers at all
censoring levels when n = 360.

These findings demonstrate the effectiveness of r∗Ci
for assessing model adequacy and

detecting outliers, especially in complex censoring settings. Comparing the performance of
different residuals across sample sizes and censoring levels also offers practical guidance
for researchers and clinicians in selecting suitable diagnostics for survival analysis. To-
gether, the results from both simulation studies confirm the reliability and robustness of the
proposed residual adjustments.
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Figure 3. MAD for TBPR model at n = 120

Table 1. Percentage detection for different sample sizes and censoring proportions

n Type 2 obs 1 obs Overall
r∗Ci

99.0 (97.5) 1.0 (2.5) 99.5 (98.8)
r∗Mi

97.3 (90.2) 2.7 (9.8) 98.7 (95.1)
50 r∗Di

71.7 (39.6) 26.9 (52.5) 85.2 (65.9)
r∗Si

76.1 (76.3) 20.8 (20.0) 86.5 (86.3)
r∗Ci

100.0 (99.1) 0.0 (0.9) 100.0 (99.6)
r∗Mi

99.7 (97.1) 0.3 (2.9) 99.9 (98.6)
80 r∗Di

86.5 (55.3) 13.2 (40.3) 93.1 (75.5)
r∗Si

84.1 (80.3) 14.5 (16.9) 91.4 (88.8)
r∗Ci

100.0 (100.0) 0.0 (0.0) 100.0 (100.0)
r∗Mi

100.0 (100.0) 0.0 (0.0) 100.0 (100.0)
200 r∗Di

99.0 (89.1) 1.0 (10.9) 99.5 (94.6)
r∗Si

94.3 (88.5) 5.7 (10.7) 97.2 (93.9)
r∗Ci

100.0 (100.0) 0.0 (0.0) 100.0 (100.0)
r∗Mi

100.0 (100.0) 0.0 (0.0) 100.0 (100.0)
360 r∗Di

100.0 (98.5) 0.0 (1.5) 100.0 (99.3)
r∗Si

97.1 (93.8) 2.9(6.1) 98.6 (96.9)

Values outside parentheses correspond to cp = 0.10, while values in parentheses correspond to cp = 0.30.

4. Real example on Hodgkin’s Disease

In this section, we apply the proposed methods to a real dataset to demonstrate the
practical applicability of the modified residuals. The dataset comprises the survival times
(in months) of 35 patients diagnosed with Hodgkin’s Disease and treated with nitrogen mus-
tards, as originally analyzed by (Bartolucci & Dickey 1977). The survival time represents
the duration from treatment initiation to either death or censoring. Patients were classified
into two groups: Group 1 received minimal or no prior therapy, while Group 2 underwent
heavy prior therapy. Among these patients, 9 were right-censored, resulting in a censoring
proportion of cp = 0.257, which falls within the range considered in our simulation studies.

This dataset was selected to evaluate the diagnostic performance of the adjusted residu-
als in detecting model fit and influential observations in a real-world clinical scenario. We
focus on checking the fit of the TBPR model and testing the modified residuals with both
right- and interval-censored data. By comparing the results from our simulations with the
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Figure 4. Turnbull and TBPR Survivor Function Estimates for Hodgkin’s Disease data by
Group

real data, this section will help confirm the findings from the simulation study and shows
how useful the proposed methods are for model diagnostics in a clinical context.

The TBPR model was fitted using the treatment group as a categorical covariate. To
align with the objectives of this study, the data was modified to create interval-censored
data with a 2-month width. To assess the model fit, we obtain the Turnbull estimate of the
survivor function (TB) and compare it with the parametric survivor function obtained using
the TBPR model for each patient group. Figure 4 presents the plots, indicating that employ-
ing the TBPR model would be rather appropriate for the dataset. The survival functions for
the two groups indicate that the patients who received little or no prior therapy have slightly
better chances of survival than the patients who received heavy prior therapy.

Table 2 displays the parameter estimates obtained from fitting the TBPR model to the
Hodgkin’s Disease dataset, with group as the covariate. The p-value associated with β1

indicates a lack of statistically significant difference between patients who received minimal
or no prior treatment and those who underwent heavy prior treatments. According to the
estimated parameters, the median survival time for patients in the first and second groups is
14.5 and 14.2 months, respectively, indicating a relatively small difference. Figures 5 and
6 show the index plots for r∗Ci

, r∗Mi
,r∗Di

, and r∗Si
for the Hodgkin’s Disease data.

All plots except the r∗Di
plot indicate that observation 30 exceeds the two standard devi-

ations from the mean limit, respectively. Thus, it is important that we investigate this obser-
vation thoroughly. Patient 30 had the longest censored lifetime of approximately 40 months
among those who underwent extensive prior treatment. All other observations, whether
they experienced failure (uncensored) or were censored, had survival times shorter than ob-
servation 18. The r∗Si

plot was the only one that singled out observation 18 in addition to
observation 30. This was the second largest censored lifetime of approximately 30 months
among those who underwent extensive prior treatment. All other patients, whether they
experienced an event (failure) or were censored, had survival times shorter than that of ob-
servation 18. However, since observation 18 was not flagged as extreme in either the r∗Ci
and r∗Mi

plots, both of which exhibited superior performance in the simulation study, it is
unlikely to be a true outlier.
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Table 2. Estimates and 95% Wald interval for the parameters of TBPR Model

Parameter Estimates Std.Err Z P Val lower upper

β0 2.794 0.693 4.030 0.000 1.435 4.153
β1 -0.0199 0.404 -0.049 0.961 -0.811 0.772
γ 0.341 0.035 9.830 0.000 0.273 0.410
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Figure 5. Index plot of adjusted Cox-Snell (a) and adjusted martingale (b) residuals for
Hodgkin’s Disease data.

The analysis of the Hodgkin’s Disease dataset confirmed the findings from the simula-
tion studies. The adjusted residuals, particularly r∗Ci

and r∗Mi
, effectively identified obser-

vation 30 as an influential outlier, demonstrating their reliability across both simulated and
practical scenarios. This is clearly illustrated in Figure 5, where observation 30 appears
as a distinct outlier with substantially higher residual values in both the r∗Ci

and r∗Mi
plots,

reinforcing the simulation findings. These results support the practical effectiveness of the
proposed methods in real-world survival analysis, even under moderate censoring. The
TBPR model showed a good fit to the data, and patients with minimal or no prior therapy
exhibited slightly better survival outcomes.

These real data findings align with those observed in Simulation Study II. The adjusted
residuals r∗Ci

and r∗Mi
consistently identified the most extreme observations, confirming their

robustness and diagnostic value. Figure 5 highlights observation 30 as a clear outlier, fur-
ther validating the ability of these residuals to detect influential cases. In addition, the com-
parison of model-based and Turnbull survivor curves supports the adequacy of the TBPR
model. Together, the results demonstrate that the proposed residual adjustments serve as
reliable tools for evaluating model fit and identifying outliers, making them valuable for
practical use in survival analysis with interval- or right-censored data.
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(a) (b)

Figure 6. Index plot of adjusted score (a) and adjusted deviance (b) residuals for Hodgkin’s
Disease data.

5. Conclusion

In this study, we aimed to develop and evaluate modified residuals for model diagnos-
tics in survival analysis, particularly for the TBPR model with right- and interval-censored
data. Specifically, we explored the performance of various residuals modified using bias-
corrected jackknife harmonic means with random imputation. The results of the first simula-
tion study showed that the newly proposed adjusted residual, r∗Ci

, consistently outperformed
other variations of the Cox-Snell residuals in detecting model fit, exhibiting significantly
lower mean absolute deviation (MAD) values across all levels of censoring proportions and
sample sizes. While r

′′
Ci

performed slightly better than r
′
Ci

, r∗Ci
still proved superior in iden-

tifying well-fitted models.
The second simulation study showed that r∗Ci

and r∗Mi
residuals were particularly effective

in detecting influential observations, while r∗Si
and r∗Di

residuals performed poorly, although
their performance improved as sample sizes increased. These findings highlight the im-
portance of selecting the appropriate residuals for specific types of censoring and sample
sizes. Thus, the newly proposed r∗Ci

residual significantly outperformed other variations of
the Cox-Snell residuals in terms of model diagnostics and detecting extreme observations.
Our objective was to improve upon traditional residuals and test their effectiveness through
both simulation and real data.

We also applied the proposed methods to a modified real dataset on Hodgkin’s Disease
patients. The goal was to demonstrate how the proposed residual adjustments perform in
a real-world survival analysis. We focused on assessing the fit of the TBPR model and
testing the modified residuals with both right- and interval-censored data, which are com-
mon in survival analysis. By comparing the results from our simulations with the real data,
we were able to confirm the findings from the simulation study and show how useful the
proposed methods are for model diagnostics in a clinical context. The results showed that
the modified residuals were effective in detecting extreme and influential observations, for
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the TBPR model, which aligns with the objectives of this study. For instance, the r∗Ci
and

r∗Mi
residuals successfully identified outliers in the Hodgkin’s Disease data, confirming their

utility in practical, real-world survival analysis. Therefore, the study’s objectives were suc-
cessfully achieved: the proposed modifications to the Cox-Snell residuals improved model
diagnostics and provided meaningful results in both simulated and real-world data contexts.

The methods presented in this research, being computationally intensive and empirically
driven, can easily be extended to other models, such as bivariate or parallel-system models,
and can handle different types of data, including truncated, left-censored, and mixed-case
censored data. Further exploration could involve using double bootstrap techniques to refine
these diagnostics. Finally, the analysis of the Hodgkin’s Disease dataset illustrates that
the TBPR model is suitable for the data, with patients who received minimal or no prior
therapy having slightly better survival outcomes compared to those who received heavy
prior therapy.
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The application of BERTopic models to the analysis of Polish 
research publications in the field of economics and management 

Paweł Lula1 

Abstract 

The main objective of the article is to analyze topics from the field of economics and 
management discussed in the Polish publications from 2000 to 2024. The research process 
allowed the identification of the main topics and the evaluation of their importance in 
subsequent years covered by the analysis. The BERTopic model was chosen as the main 
research method. The paper presents both the theoretical basis of the employed research 
method and the results of its application to the analysis of the Polish publication achievements 
registered in the Scopus database. The paper presents a description of topics identified, 
a specification of the relationship between them and changes in the importance of each topic 
between 2000 and 2024. All calculations were performed using computer programs prepared 
in Python language. 

Key words: publication achievements, topic modelling, BERTopic method. 

1.  Introduction 

The analysis of issues discussed in Polish publications related to the field of 
economics and management in the period 2000–2024 was the main goal of the research. 
Topic modelling, and BERTopic model in particular, was chosen as the main research 
tool. 

Topic modelling belongs to main subareas of the natural language processing.  
It allows for identification of main issues raised in large collections of documents and 
for the evaluation of the significance of identified topics. The development of methods 
of topic modelling and analysis can be observed since the 1990s. A brief overview of the 
approaches used in this field can be found in Section 2 of the paper. Section 3 presents 
BERTopic models, while Section 4 discusses methods for assessing topic model’s 
quality. Section 5 presents the results of the analysis of Polish publication achievements 
in the area of economics and management in the period 2000–2024. 
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2.  Topic modelling 

Topic modelling allows for the identification and description of main issues 
discussed in a collection of documents. Having analyzed works on the use of statistical 
methods for natural language processing, several different approaches to the problem 
of topic modelling in documents can be identified: 
1. Algebraic methods – among which Latent Semantic Analysis (LSA) (Deerwester et 

al., 1990) is the best known solution. This method is based on frequency matrix 
representation and allows for the presentation of documents and words in  
a common base in which dimensions correspond to latent semantic components 
that can be interpreted as the main issues represented in the corpus. From the 
computational side, LSA is based on the SVD decomposition of the frequency 
matrix. Also, non-negative matrix factorization can be used for topics identification 
(Lee and Seung, 1999).  

2. Probabilistic methods – in this approach every topic is described by specifying the 
distribution over words and every document is represented by the distribution over 
topics. Latent Dirichlet Allocation (LDA) (Blei, Ng and Jordan, 2003) method is the 
best known representative of this group of models. LDA can be considered as  
a generalization of the probabilistic latent semantic analysis (Hofmann, 1999). 

3. Transformer-based models. Transformers can be defined as linguistic models that 
are able to process sequences of tokes (Vaswani et al., 2017). They take into account 
the semantic aspects of words by using an embedding-based representation. They 
allow of describing the relationships between words through the use of the attention 
mechanism. Complex neural networks are used in their construction, where the 
learning process is carried out based on large corpora of documents. BERTopic 
technique is one of the most popular approaches belonging to this group of models 
(Grootendorst, 2022). 

3.  BERTopic model 

BERTopic technique allows for the identification, description and analysis of topics 
discussed in the collection of documents. This method consists of the following steps: 

1. Calculation of sentence embeddings. 

2. Dimensionality reduction of embeddings. 

3. Identification of topics by clustering of reduced embeddings. 

4. Building topic’s description. 
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3.1.  Calculation of sentence embeddings 

An embedding is a vector representing a given object in the semantic space. The 
more similar the objects are to each other, the smaller the distance between their 
embeddings. In natural language processing, embeddings can represent words, 
sentences, paragraphs or whole documents. Embeddings should present linguistic 
objects embedded in their context. One of the first researchers to draw attention to the 
crucial role of context in understanding words was John Rupert Firth (Firth, 1962). 

For comprehensive presentation of the process of calculating embeddings of 
sentences, the architecture of the BERT model should first be presented (Devlin et al., 
2019). Taking the transformer architecture as a starting point, it can be concluded that 
the BERT model performs the functions of the encoder, which determines the 
numerical representation for tokens comprising the input sequence. BERT is a neural 
network model which: 
 takes as input a sequence of tokens forming two sentences, 

 is trained to solve two types of tasks: predicting the missing word in a sentence 
based on the remaining words, and checking whether two input sentences form  
a logical sequence, 

 uses the attention mechanism to describe the relationships between words forming 
input sentences, 

 is used for the calculation of embeddings - output values of the neural network 
calculated for a given input word form its embedding. 

SBERT (Reimers and Gurevych, 2019) is a version of the BERT model optimized to 
calculate sentence embeddings. For SBERT model, it is assumed that one sentence is 
provided as an input and that values of embedding vector for the whole sentence are 
produced as an output. 

3.2.  Dimensionality reduction of embeddings 

Sentence embeddings calculated with the use of the SBERT model are vectors with 
several hundred elements. During the current step of the analysis, embeddings are 
reduced to vectors of a few or a dozen elements. Most often this operation is performed 
using the UMAP (Uniform Manifold Approximation and Projection for Dimension 
Reduction) algorithm, which was introduced in (McInnes, Healy and Melville, 2020). 

The UMAP algorithm uses weighted graphs to describe the structure of objects in 
high-dimensional space and the structure of objects’ projections in low-dimensional 
space. The main objective of the method is to determine such a configuration of objects 
in a low-dimensional space for which the dissimilarity measure between the graphs 
describing the distribution of objects in each space will be the smallest. In graphs 
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describing the distribution of objects, edges are created between each node and its 𝑛 
nearest neighbours. The weight assigned to the edge between 𝑖-th and 𝑗-th vertex 
defines the probability that a relationship between these vertices exists. All probabilities 
of link existence between the 𝑖-th vertex and the vertices not belonging to its 
neighborhood are assumed to be zero. The matrices 𝐖௡ൈ௡ and 𝐕௡ൈ௡ are the weight 
matrices of the graphs describing the arrangement of objects in high-dimensional and 
low-dimensional space. Cross entropy is taken as a measure of the dissimilarity of 
graphs: 
 𝐻ሺ𝐖,𝐕ሻ ൌ െ∑ 𝑤௜௝ log 𝑣௜௝ ൅ ൫1 െ 𝑤௜௝൯ log൫1 െ 𝑣௜௝൯௜,௝  (1) 

Using the UMAP method, the optimization algorithm searches for such a 
distribution of object projection in low-dimensional space for which 𝐻ሺ𝐖,𝐕ሻ takes the 
smallest value.  

To summarize the current section, it may be stated that the UMAP-step transforms 
sentence embeddings into vectors with several elements, in a way that minimizes the 
loss of semantic information of sentences. 

3.3.  Cluster analysis of reduced embeddings 

In this step of the analysis sentence embeddings are grouped into clusters with the 
use of the HDBSCAN method (Hierarchical Density-Based Spatial Clustering of 
Applications with Noise) (Campello Ricardo J. G. B.  and Moulavi, 2013).  

In the first step, the HDBSCAN method estimates the probability density function 
for the analyzed set of points. Next, potential clusters are extracted by finding regions 
of data space corresponding to every peak of probability density function. The main 
problem which should be solved is related to the distinction of peaks representing 
clusters from peaks corresponding to a group of objects forming a part of a larger 
cluster. This decision is based on the comparison of probability masses of descendant 
clusters with the probability mass of ancestor cluster reduced by the sum of children 
masses. If probability masses of descendant clusters are dominant then a current cluster 
should be split into two new clusters. HDBSCAN splits objects into clusters in a way 
that maximizes the sum of probability masses of recognized clusters. 

The idea presented above is implemented by performing the following steps: 
1. Calculation of mutual reachability distances between every pair of embeddings. 

Let us assume that 𝑑ሺ𝑥,𝑦ሻ is a distance between 𝑥 and 𝑦 points and 𝑟௫௡ and 𝑟௬௡ are 
radii of the smallest circles with centers respectively at point 𝑥 and 𝑦 containing 𝑛 
points belonging to the neighborhood of each of these points. Then the mutual 
reachability distance between 𝑥 and 𝑦 point may be defined as: 

 𝑑ெோ஽ሺ𝑥,𝑦ሻ ൌ 𝑚𝑎𝑥൫𝑑ሺ𝑥,𝑦ሻ, 𝑟௫௡, 𝑟௬௡൯ (2) 
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If points being compared are densely distributed in the space, then 𝑑ெோ஽ሺ𝑥,𝑦ሻ is 
equal to 𝑑ሺ𝑥,𝑦ሻ. In the case of sparsely distributed points, the 𝑑ெோ஽ሺ𝑥,𝑦ሻ is greater 
than 𝑑ሺ𝑥, 𝑦ሻ.  

2. Building a minimum spanning tree (MST). 
Every pair of objects 𝑥 and 𝑦, for witch 𝑑ெோ஽ሺ𝑥,𝑦ሻ ൐ 0 is linked by an edge to 
create an undirected graph with 𝑑ெோ஽ሺ𝑥,𝑦ሻ as weights. Next, a minimum spanning 
tree is found with the use of Prim’s algorithm (Prim, 1957). This operation is 
equivalent to dendrogram building with the use of single linkage method and 
mutual reachability distance. 

3. Performing a pruning process. 
Leaves of the MST are combined to form groups containing the required number 
of objects. 

4. Extraction of clusters. 
The main objective of this step is to answer the question whether the probability 
mass of the descendant clusters is high enough to separate them into separate 
clusters. Estimation of the probability mass corresponding to a given cluster is 
performed by analyzing the weights assigned to the edges leading from the node 
forming a given cluster to the nodes where potential descendant clusters are 
created. 
During this step of analysis sentences are grouped into clusters. Clusters in which 

the number of elements exceeds the declared threshold value are treated as topics. The 
remaining sentences are treated as noise. 

3.4.  Building topic’s description 

For every extracted topic, its description is built. It has a form of a sequence of 
words which are crucial to a given topic. A class-based version of the TFIDF schema is 
used to create topic description (Sparck Jones, 1972). The algorithm is composed of 
several steps: 
1. All sentences assigned to every cluster are merged into separate document, 
2. For a set of documents obtained as a result of step 1, a frequency matrix 𝐓𝐅ሾௐൈ஼ሿ ൌ

ൣ𝑓௜௝൧, where 𝑖 ൌ 1, … ,𝑊 indicates a word, and the 𝑗 ൌ 1, … ,𝐶 represents a cluster, 
symbol 𝑓௜௝ denotes the number of occurrences of the 𝑖-th word in the 𝑗-th cluster.  

3. Weights are calculated with the use of the formula: 

 𝑤௜௝ ൌ 𝑓௜௝ ൈ log ቀ1 ൅
஺

௙೔
ቁ (3) 

where 𝐴 is an average number of words per class and 𝑓௜ denotes frequency of the 𝑖-th 
word across all classes. 
4. Labels for 𝑗-th cluster are created by merging words with highest values of 𝑤௜௝. 
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4.  BERTopic model quality 

One of the main methods used to evaluate topic models is coherence measure 𝐶௏, 
which can be defined as the average of consistency coefficients calculated for the 𝑛 most 
important words for each topic. The below presentation of 𝐶௏ is based on (Rijcken, 
2023). 

The concept of pointwise mutual information (PMI) is a starting point for defining 
the consistency of words. PMI is a measure of association between two events 𝑥 and 𝑦 
and can be defined as: 

 pmiሺ𝑥;𝑦ሻ ൌ log
௉ሺ௫;௬ሻ

௉ሺ௫ሻ௉ሺ௬ሻ
 (4) 

PMI compares the probability of the simultaneous occurrence of two events with 
the probability of their simultaneous occurrence when they are independent. The PMI 
value can be normalized using the formula: 

 npmiሺ𝑥; 𝑦ሻ ൌ
୮୫୧ሺ௫;௬ሻ

ି ୪୭୥൫௉ሺ௫;௬ሻ൯
 (5) 

where npmi is a normalized (to ሾെ1; 1ሿ range) pointwise information and 
െ log൫𝑝ሺ𝑥;𝑦ሻ൯ is a self-information (Shannon information) related to the message 
about simultaneous occurrence of 𝑥 and 𝑦. 

Assuming that: 

 𝑫 ൌ ൛𝑑ଵ,𝑑ଶ, … ,𝑑|𝑫|ൟ is a set of documents, 

 𝒅𝒊 ൌ ൣ𝑤௜,ଵ
ௗ ,𝑤௜,ଶ

ௗ , … ,𝑤௜,|ௗ೔|
ௗ ൧ defines the 𝑖-th document as a list of words, 

 𝑆ሺ𝑑௜ , 𝑗,𝜎ሻ is a sliding window defined for the 𝑖-th document, starting at the 𝑗-th 
position and including 𝜎 words, 

 𝑇 ൌ ൛𝑡ଵ, 𝑡ଶ, … , 𝑡|்|ൟ is a set of identified topics, 

 𝑉௞ ൌ ൣ𝑣௞,ଵ, 𝑣௞,ଶ, … , 𝑣௞,ே൧ defines a list of 𝑁 words defining the 𝑘-th topic. 

Next, the matrix of association coefficients between words defining every topic 
should be created. For topic 𝑘 the matrix 𝐐௞ has a form: 

 𝐐௞ ൌ ቎
𝑞ଵ,ଵ
௞ … 𝑞ଵ,ே

௞

… … …
𝑞ே,ଵ
௞ … 𝑞ே,ே

௞
቏ (6) 

where: 

 𝑞௫,௬
௞ ൌ 𝑛𝑚𝑝𝑖൫𝑣௞,௫, 𝑣௞,௬൯ (7) 
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For topic 𝑘, normalized PMI values are calculated using probabilities of occurrence 
of words 𝑣௞,௫ and 𝑣௞,௬ inside the sliding window 𝑆ሺ𝑑௜ , 𝑗,𝜎ሻ moving through all 
documents in 𝑫. It may be expressed as: 

 𝑛𝑚𝑝𝑖൫𝑣௞,௫, 𝑣௞,௬൯ ൌ
୪୭୥

ುቀೡೖ,ೣ,ೡೖ,೤ቁశഄ

ುቀೡೖ,ೣቁುቀೡೖ,೤ቁ

ି ୪୭୥൫௉൫௩ೖ,ೣ,௩ೖ,೤൯ାఌ൯
 (8) 

where 𝑃൫𝑣௞,௫, 𝑣௞,௬൯ is defined as: 

 𝑃൫𝑣௞,௫, 𝑣௞,௬൯ ൌ
∑ ∑ ௚൫௔,௕,ఙ,௩ೖ,ೣ,௩ೖ,೤൯

|೏ೌ|ష഑శభ
್సభ

|ವ|
ೌసభ

∑ ሺ|ௗೌ|ିఙାଵሻ|ವ|
ೌసభ

 (9) 

where: 

 𝑔൫𝑎, 𝑏,𝜎, 𝑣௞,௫, 𝑣௞,௬൯ ൌ ൜
1 𝑖𝑓 𝑣௞,௫, 𝑣௞,௬ ∈ 𝑆ሺ𝑑௔, 𝑏,𝜎ሻ
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (10) 

and 𝑃൫𝑣௞,௫൯ is calculated using the formula: 

 𝑃൫𝑣௞,௫൯ ൌ
∑ ∑ ௛൫௔,௕,ఙ,௩ೖ,ೣ൯

|೏ೌ|ష഑శభ
್సభ

|ವ|
ೌసభ

∑ ሺ|ௗೌ|ିఙାଵሻ|ವ|
ೌసభ

 (11) 

where: 

 ℎ൫𝑎, 𝑏,𝜎, 𝑣௞,௫൯ ൌ ൜1 𝑖𝑓 𝑣௞,௫ ∈ 𝑆ሺ𝑑௔, 𝑏,𝜎ሻ
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (12) 

Next, for every topic, vector 𝑴௞ is calculated: 

 𝑴௞ ൌ ൣ𝑚௞,ଵ,𝑚௞,ଶ, … ,𝑚௞,ே൧ ൌ ൣ∑ 𝑞௝,ଵ
௞ே

௝ୀଵ ,∑ 𝑞௝,ଶ
௞ே

௝ୀଵ , … ,∑ 𝑞௝,ே
௞ே

௝ୀଵ ൧ (13) 

Elements of 𝑴௞ are calculated as sums of values located in subsequent columns of 
𝐐௞. 𝑴௞ may be treated as a 𝑘-th topic representation. 

To calculate the coherence measure for a given set of topic, the 𝑪 matrix is first 
calculated. 

 𝑪ሾ|்|ൈேሿ ൌ ቎
𝑠𝑖𝑚ሺ𝑴ଵ,𝒒ଵ

ଵሻ … 𝑠𝑖𝑚ሺ𝑴ଵ,𝒒ே
ଵ ሻ

… … …
𝑠𝑖𝑚ቀ𝑴|்|,𝒒ଵ

|்|ቁ … 𝑠𝑖𝑚ቀ𝑴|்|,𝒒ே
|்|ቁ

቏ (14) 

where symbols 𝒒௝௞ represent the 𝑗-th row of the 𝐐௞ matrix and 𝑠𝑖𝑚ሺ. ሻ is a cosine 
similarity between vectors. 

Finally, the coherence measure 𝐶௏ is calculated as an arithmetic average of elements 
of the 𝑪 matrix. 
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Values of the 𝐶௏ coefficient belong to the range ሾ0; 1ሿ. Higher values indicate higher 
consistency of topics. When deciding on the number of topics, it is advisable to 
maximize this indicator. 

5.  The analysis of Polish research publications in the fields of economics 
and management 

5.1.  The scope of the analysis 

The dataset included titles and abstracts of research publications published in the 
period 2000–2024, with at least one Polish author, registered by the Scopus database 
and assigned to BUSI (business), ECON (economics) or DECI (decision science) areas. 
The total number of publications which met the above conditions was 36445, but the 
analysis covered 35626 publications that had a title and an abstract in English. 

Basic quantitative indicators describing the whole set of Polish publication 
achievements (36445 works) are presented in Figure 1. 

 

 
Figure 1.  Number of publications (bar plot, right axis), number of citations per publication (average 

value – blue solid line, left axis; median value – red dotted line, left axis)  

Source: own work based on Scopus database. 

A rapidly increasing number of publications can be seen by 2021. The number of 
published papers seems to stabilize in the following years. In contrast, the number of 
citations per published paper has been decreasing over the past 15 years. 
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5.2.  BERTopic model building and interpretation 

The BERTopic model was used for the analysis of titles and abstracts of Polish 
publications. First, documents were split into tokens with a form of sentences. All 
tokens with 28 or less letters were removed (these tokens most often contained names 
of publishing houses or names of affiliated institutions). Finally, in the analysis 283576 
sentences were used. 

Next, embeddings for sentences were calculated with the use of the SBERT model. 

Several BERTopic models were tested and finally the model with 9 topics was 
chosen. This decision was taken on the basis of the 𝐶௏ coherence, which, depending on 
the number of topics, took values shown in Table 1. 

Table 1.  Values of the 𝐶௏ coherence for models with different number of topics 

Number of topics 𝑪𝑽 

6 0.4228 

7 0.4338 

8 0.4438 

9 0.4823 

10 0.4643 

Source: own work. 

Table 2 shows the number of tokens (sentences) assigned to every topic.  

Table 2.  Number of sentences assigned to every topic 

Topic ID Topic -1 Topic 0 Topic 1 Topic 2 Topic 3 

Count 133358 108453 18851 13650 3351 

Topic ID Topic 4 Topic 5 Topic 6 Topic 7  

Count 2432 1689 1656 136  

Source: own work. 

Topic -1 represents all sentences which have been identified as noise and are not 
related to any of the recognized topics. 

In order to interpret each topic, lists of the words most closely related to each topic 
have been created (Figure 2). 
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Figure 2.  The most important words for identified topics  

Source: own work.  

Topic 0 covers issues related to economic development and management methods 
and their implementation in Poland. The key issue addressed under Topic 1 is decision 
support methods. Topic 2 represents issues specific to commodity science. Issues 
specific to natural environment and regional development are discussed within Topic 
3. Subjects related to image processing are discussed under Topic 4. Health care issues 
are related to Topic 5. Biology and genetics issues are related to Topic 6. Topics 7 is 
related to mathematics, in particular to geometry. 

Issues specific to identified topics are in many cases related to each other. 
A visualization of the similarity matrix is shown in Figure 3. 

 
Figure 3.  Visualization of the similarity matrix between topics  

Source: own work.  
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A useful tool for analyzing relationships between topics can also be an intertopic 
distance map presented in Figure 4. 

 
Figure 4.  Intertopic distance map for identified topics  
Source: own work.  

An analysis of Figure 4 indicates that three groups of themes can be identified: 
 Group 1: Topic 1, Topic 4, Topic 7. 
 Group 2: Topic 0, Topic 3, Topic 5. 
 Group 3: Topic 2, Topic 6. 

In the next step of the research, a sentence-topic matrix was estimated to determine 
the importance of every topic in every single sentence. Next, information about topic 
contribution to every sentence was aggregated at the level of every document. The 
aggregation was done by calculating geometric average for values relating to sentences 
that formed a given document. Then, using the same approach, an aggregation of the 
importance of each topic was carried out for each year included in the scope of analysis. 
The results are presented in Figure 5. 

 
Figure 5.  Changes in topics’ importance in Polish research works over years  
Source: own work.  
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Analyzing the data presented in Figure 5, it is worth noting that the values 
presenting the importance of each topic in consecutive years are relative (they add up 
to unity for each year). At the beginning of the current century, the greatest publication 
achievements were related to decision support systems and commodity science. Since 
the second decade of the 21st century, economic development and management issues 
have played a key role in the publication output. In contrast, the importance of 
commodity science and decision support systems has been declining. Interest in image 
processing methods, which fall under the umbrella of multivariate analysis, is also 
noticeable. The importance of the other topics was rather low. 

6.  Conclusions 

The research carried out allows for formulation of the following conclusions: 

1. In quantitative terms, the Polish publication achievements in the field of economics 
and management has increased significantly since the beginning of this century, 
although the number of publications stabilized in the last few years. The growth 
potential seems to be exhausted. 

2. The quality of the analyzed publication achievements, measured by the number of 
citations, has not shown any positive change for the last 15 years. 

3. Main topics discussed in Polish publications included: economic development, 
management methods, decision support solutions, commodity science issues, 
natural environment and regional development, health care system, biology and 
genetics and mathematics. 

4. Topics related to economic development and management issues gained the most 
importance in the last two decades. 

5. Decision support systems and commodity science issues have lost their relevance. 

6. The importance of the quantitative approach remains noticeable and unchanged. 

7. The remaining topics have relatively small significance. 

8. The use of the BERTopic model has made it possible to analyze large text datasets 
and aggregate the results. 

9. Further research on BERTopic and other topic modelling methods should be 
considered as necessary. 
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The role of education and gender in shaping career paths of Polish 
millennials: a shared frailty survival model analysis 

Wioletta Grzenda1, Agnieszka Marszałek2 

Abstract 

Our study aims to examine the influence of gender and the level of education on job mobility 
among young employees, using the Polish labor market as an example. When analyzing job 
changes, we go beyond previous studies by considering the duration of individual job 
episodes and the time-varying nature of some characteristics in young people, such as the 
level of education or the marital status. Our analysis was based on survival analysis methods, 
including frailty models. Using data from the Generation and Gender Survey, we found that 
the impact of the examined factors on job mobility varied by gender. We observed that the 
influence of having a child on job mobility was significant only for women. Mothers had  
a lower risk of job changes than childless women. The stabilization of men's careers takes 
place over time and is associated with leaving the family home and marriage. Moreover, 
having higher education has a greater impact on the risk of job changes for men than for 
women. 

Keywords: education, gender, job mobility, survival analysis. 

1.  Introduction 

Millennials, known as the Y generation, consider work less significant in their lives, 
prioritize leisure to a greater extent, and exhibit a weaker work ethic compared to 
individuals from the Baby Boomers and Generation X (Twenge, 2010). Moreover, 
Millennials are perceived as people who are motivated by higher pay, quickly become 
dissatisfied and leave their jobs (AbouAssi et al., 2021). Simultaneously, young 
employees expect job stability as much or even more than their counterparts from the 
Baby Boomer and Generation X generations at the same age (Twenge, 2010). Larasati 
and Aryanto (2020) point to Generation Y as a generation that, despite many advantages, 
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such as self-confidence, independence and social activity, has a poor reputation as job-
hoppers. Job-hopping refers to an employee’s frequent and voluntary inter-
organizational transitions, not necessarily related to a change in the nature of work 
itself (Steenackers and Guerry, 2016; Lake et al., 2018). This phenomenon was initially 
referred to as the 'hobo syndrome' in the 1970s and was explained as the tendency for 
an employee to migrate between organizations, driven not necessarily by rational 
motives but rather by a sudden urge for change (Ghiselli, 1974). The purpose of such 
behavior is to find the best job to meet some subjective criteria. One of them may be  
a willingness to increase earnings that can be obtained by offering one’s work 
experience to another employer. The Redmond and McGuinness (2019) study results 
confirm that previous status employment influences future employee wage increases. 
However, the impact of job mobility on wage growth depends on gender and education 
(Pearlman, 2018). 

Analyses of young people's behavior in the labor market indicate a negative 
correlation between a person's age and their propensity to switch employers. At the 
beginning of their careers, young people are more likely to switch jobs than their older 
colleagues (Steenackers and Guerry, 2016). Moreover, young women tend to job-hop 
significantly more than young men. Also, Larasati and Aryanto (2020), based on a lite-
rature review, conclude that young women change jobs more often than young men. 
The objective of our study is to examine the influence of gender and education on job 
mobility among people from Generation Y. Furthermore, as we analyze the factors 
influencing gender-related job changes, we investigate the causes of excessive job 
mobility and discuss the consequences of job-hopping. 

In our study, we focus on Poland as an example of a country where unemployment 
among young people is particularly low compared to other European countries 
(Eurostat, 2023). However, traditional gender-based social roles in this country are still 
considered important (Kasprzak, 2023). Moreover, research shows that professional 
and family careers are interdependent (Landmesser, 2013; Grzenda, 2019). We used 
data from the first and second waves of the Polish Generations and Gender Survey 
(GGS), which were conducted in 2010–2011 and 2014–2015, respectively. While the 
realm of Millennials' behavior in the job market has been thoroughly explored, there 
are still some gaps that lead us to the following research questions: (Q1) What are the 
differences in the impact of factors determining job mobility based on gender? (Q2) 
What impact does education have on the risk of job changes?  

Our contribution to the literature is twofold. First, we aim to go beyond previous 
studies by identifying differences by gender in the impact of factors such as education, 
age, and having a child on the risk of job mobility. Second, we make full use of the 
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longitudinal approach, taking into account in the analysis not only job changes but also 
the duration of each job episode as well as changes over time in the values of other 
characteristics, such as education or marital status. Thus, the results of our study 
contribute to research on the importance of the role of gender and education in the 
employment decisions of young people and on the factors that predispose individuals 
to follow a specific career path.  

2.  Review of the literature 

2.1.  Labor turnover and job mobility  

The primary driver for job changes among Millennials is the pursuit of job satisfac-
tion (Campione 2015; Hassan et al., 2020). However, as highlighted by Campione 
(2015), the factors that push them away tend to carry more weight than the positive 
factors that draw them in. One of the factors influencing the retention of Millennials  
in a company is pay. Redmond and McGuinness (2019) show that individuals who have 
worked for another employer before taking up their current position are more likely to 
receive pay raises than people who were previously unemployed. However, too frequent 
job changes do not necessarily yield positive outcomes. Yankow (2022) found that in-
dividuals who exhibit moderate job changes within the first 2 years of entering the 
labor market but subsequently reduce their mobility actually achieve higher wages 
compared to both those who remain in the same job and those who consistently change 
jobs. Generation Y's inclination for frequent job changes in pursuit of fulfilling work 
challenges employers in retaining skilled labor and coping with high turnover within 
this generation (Hassan et al., 2020). According to the human capital theory, the 
departure of an experienced or skilled worker may result in a decrease in future 
productivity (Becker, 1964). It is claimed that apart from the loss of tacit knowledge 
and experience, employee turnover is also associated with excessive costs related to HR 
administration and recruitment and training costs of new workers (Huang and Zhang, 
2016). The consequences of losing an employee, especially management staff, are so 
great that companies, after losing executives to other companies, significantly increase 
their incumbent executives' pay (Gao et al., 2015). Furthermore, the departure of one 
employee might have a negative impact on the job satisfaction and productivity of other 
employees who stay within the organization (Steenackers and Guerry, 2016). 
Companies wishing to retain Millennials in the organization should focus primarily 
on work-life balance issues, flexible time, and paid leave, and avoid extreme hours and 
irregular hours schedules worked (Twenge, 2010; Campione, 2015). 
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2.2.  Job mobility and gender 

The research results on the behavior of young people in the labor market do not 
indicate clear conclusions regarding the tendency toward job mobility by gender. There 
has been a long-standing debate in the literature about the gender differences in 
employment and wage (Wootton, 1997; Pedulla 2016; Blau and Kahn, 2017; Reichelt et 
al., 2021; Zamarro and Prados, 2021) as well as the relationships between paid work and 
motherhood (Boeckmann et al., 2015; Zhou, 2017; Cabello-Hutt, 2020; Cukrowska-
Torzewska and Matysiak 2020; Schmitt, 2021). Based on the above literature, it can be 
concluded that gender inequality in the labor market is a consequence of various factors 
and does not necessarily reflect the biological roles fulfilled by women. According to 
Boeckmann et al. (2015), maternal employment is shaped by institutional and cultural 
contexts, which make men less involved in caring for small children than women. Looze 
(2017) found that preschool-age children largely immobilize white American women, 
as they discourage these women from making types of voluntary job changes. On the 
other hand, in the initial stages of their careers, women are more likely than men to 
change employers (Steenackers and Guerry, 2016). This is related to the search for a 
rewarding and stable job that will allow for childcare after starting a family. Similar 
conclusions are provided by the results of earlier research by Matysiak (2009) on 
fertility and female employment in Poland. It was found that young Polish women, 
before starting a family, are highly active in their search for a stable position in the labor 
market that would enable them to pursue their professional lives and have children 
(Matysiak, 2009). Also, Kaufman and White (2015), when examining gender 
differences among Swedish workers, showed that having secure employment is more 
important for women than for men. The lower willingness of women to quit their jobs 
has also been confirmed by Moynihan and Landuyt (2008) when examining state 
government jobs. Disparities in career path patterns and tendencies to change 
employers based on gender and parental status influence one's professional career 
trajectory, and consequently, disparities in current and future wages. Reshid (2019) 
found that although men and women change jobs and occupations simultaneously, 
women receive a significantly lower wage return on mobility than men. Moreover, 
differences in women's professional mobility, particularly concerning their maternal 
status, lead to disparities in their earnings and negatively impact their future 
professional careers (Looze, 2017). 

2.3.  Job mobility and education 

The individual labor market behavior is significantly influenced by the acquired 
human capital, and one of its main indicators is education. The Millennial Generation 
is reporting higher levels of educational attainment than earlier generations (Ng and 
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Johnson, 2015). However, the research results on the relationship between education 
level and job changes are not fully consistent. Grosemans et al. (2020) primarily focused 
their research on the transition from higher education to the workforce and concluded 
that increased occupational mobility is observed during this period. However, they 
emphasize the importance of distinguishing between deliberate exploration and 
floundering. Based on the research by Ignaczak et al. (2022), it can be concluded that 
higher education affects professional careers in two different ways. Well-educated 
employees are in demand by companies, which makes it easier for such people to find 
a job that meets their expectations and, at the same time, lowers the risk of future 
dismissal. On the other hand, higher demand in the labor market makes such people 
more confident when deciding to change employers, because the action is less risky. 
Thus, workers with a college degree have a higher tendency to job-hopping than 
individuals with a relatively low education level (Ignaczak et al., 2022). Also, Ng and 
Johnson (2015) reported that the increased level of education, notably in the field of 
graduate management education, among Millennials, is instrumental in enhancing 
their capacity for career mobility, with a particular emphasis on transitioning between 
sectors. In contrast, Steenackers and Guerry (2016) in their study of the Belgian labor 
market state that the level of education has no impact on the job-hopping behavior of 
an employee and having more job alternatives is not always connected to an increased 
tendency of job switching. 

3.  Data 

To model the employment trajectories of young individuals in the Polish labor 
market, we used data from Wave 1 and Wave 2 of the Generations and Gender Survey 
Poland (GGS-PL). The GGS-PL survey is part of an international research the 
Generations and Gender Programme (GGP) designed to obtain information on 
demographic processes with consideration of the economic, social, and cultural 
context. In our analysis, we included respondents who, at the time of the second survey, 
were aged between 18 and 29 and had previously undertaken at least one job in the 
private or public sector (excluding self-employment). The upper age limit of the 
respondents was based on Arnett's (1998; 2006) findings, in which he states that young 
people reach full social maturity around the age of 30. Given the assumptions adopted 
in our study, the total number of participants was 543, with 49.63% being women (270) 
and 50.37% men (273). Employment history was reconstructed based on the first and 
second waves of the GGS survey. The statistics on respondents’ number of jobs are 
presented in Table 1. It was found that the maximum number of job changes by 
respondents was 7. Furthermore, more women than men had only one job. Biemann et 
al. (2012) indicated that a career path is significantly influenced not only by gender, but 
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also by age, marital status, having a child, education, and employment sector. In our 
study, we also consider these characteristics to see to what extent they are related to the 
job changes of Polish millennials. 

Table 1. Number of respondent’s jobs undertaken until Wave 2 of the GGS-PL by gender 

Number of 
jobs 

Number of respondents Per cent 

Women Man Total Women Man Total 

1 156 145 301 57.78 53.11 55.43 

2 61 70 131 22.59 25.64 24.13 

3 36 34 70 13.33 12.45 12.89 

4 10 11 21 3.70 4.03 3.87 

5 3 6 9 1.11 2.20 1.66 

6 2 7 9 0.74 2.57 1.66 

7 2 0 2 0.74 0.00 0.36 

Source: own calculations; data from Generations and Gender Survey Poland. 

The dependent variable, which in survival analysis is the time to failure, for each 
respondent and each his/her job was defined as the number of months from the start of 
this job to its termination in the case of employment termination. In the case of people 
who had not terminated their employment relationship with their last employer at the 
time of the second wave of the study, the time was counted until Wave 2 of the GGS. In 
addition, a censoring variable was created and assigned a value of 1 if the event 
occurred, that is, if the respondent terminated the employment relationship, and 0 
otherwise.  

In the next stage of the research, we verified which of the considered demographic, 
socio-economic, and work-related characteristics changed over time. It was obtained 
that only attributes such as the respondent’s sex, place of residence in childhood, and 
father’s and mother’s education level are constant in time. The remaining 
characteristics, such as the respondent’s age group, education level, marital status, 
sector of employment, and information on whether the respondent has at least one 
child and whether he or she has ever lived without parents, are time-varying. In 
addition, the new variable describing the age group was created by categorizing the 
respondent based on his/her date of birth. The first category (18-24 years) is the age 
range into which adolescents are classified, while the second group (25-29 years) is 
those in the so-called emerging adulthood stage (Arnett, 2006). The set of potential 
independent variables selected for modelling is presented in Tables 2 and 3. 
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Table 2. Sample characteristics by gender – variables constant in time 

Variable Categories 
Per cent 

Women Men Total 

Place of residence  
in childhood 

A city of 100,000 or more residents 24.07 27.01 25.55 
A city of under 100,000 residents 37.78 35.40 36.58 
Rural areas 38.15 37.59 37.87 

Father’s education 
level 

Basic vocational, lower secondary, primary, 
incomplete primary 

70.00 67.15 68.57 

Higher, postsecondary and vocational 
secondary, general secondary 

30.00 32.85 31.43 

Mother’s education 
level 

Basic vocational, lower secondary, primary, 
incomplete primary 

53.70 54.38 54.04 

Higher, postsecondary and vocational 
secondary, general secondary 

46.30 45.62 45.96 

Source: own calculations; data from Generations and Gender Survey Poland. 

Table 3. Sample characteristics by gender – time-varying variables 

Variable Categories 
Per cent 

At the beginning  At the end 
Women Men Total Women Men Total 

Age group 18-24 years 99.26 99.27 99.26 48.89 41.97 45.40 
25-29 years 0.74 0.73 0.74 51.11 58.03 54.60 

Education 
level 

Lower 
secondary, 
primary, 
incomplete 
primary 

17.78 23.08 20.44 4.44 9.12 6.80 

Basic vocational 6.67 21.61 14.18 8.89 25.18 17.10 
General 
secondary 

28.52 23.81 26.15 14.81 14.23 14.52 

The first stage of 
tertiary, 
postsecondary 
and vocational 
secondary 

34.07 25.64 29.83 44.44 37.59 40.99 

The second stage 
of tertiary and 
higher 

12.96 5.86 9.39 27.41 13.87 20.59 

Is married No 100.00 99.63 99.82 70.37 81.02 75.74 
Yes 0.00 0.37 0.18 29.63 18.98 24.26 

Has at least 
one child 

No 100.00 99.63 99.82 71.11 77.74 74.45 
Yes 0.00 0.37 0.18 28.89 22.26 25.55 

Has ever lived 
without 
parents 

No 24.81 49.08 37.02 24.81 49.27 37.13 
Yes 75.19 50.92 62.98 75.19 50.73 62.87 

Sector of 
employment 

Public 24.44 15.75 20.07 19.26 16.79 18.01 
Private 75.56 84.25 79.93 80.74 83.21 81.99 

Source: own calculations; data from Generations and Gender Survey Poland. 
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4.  Methods 

In our study, we used generalization of the Cox proportional hazard model. For 
each individual 𝑖, let 𝐱 ൌ ሾ 𝑥ଵ, … , 𝑥௞ሿ் denote the vector of independent variables, and 
𝛃 ൌ ሾ 𝛽ଵ, … ,𝛽௞ሿ denote the vector of regression coefficients, then the hazard function 
for the model of proportional hazards takes the form: 

ℎ௜ሺ𝑡ሻ ൌ ℎ଴ሺ𝑡ሻ expሺ𝐱𝒊𝛃ሻ,         (1) 

where ℎ଴ሺ𝑡ሻ denotes baseline hazard. Given the non-parametric form of the baseline 
hazard, the partial likelihood method is used to estimate model parameters (Cox, 1972; 
Cox, 1975, Cox and Oakes, 1984). This form of the Cox model is dedicated to estimating 
the occurrence of a single event. In the case of multiple events, it is required to adjust 
the formula. In 1982 Andersen and Gill proposed a generalized version of the Cox 
proportional hazards model dedicated to recurring event data called the Andersen-Gill 
model or intensity model (Andersen and Gill, 1982). This model relates the event 
recurrence intensity function to the covariates in a multiplicative manner. The method 
uses a counting process approach, treating each individual as a process of counting 
multiple events with essentially independent increments. The model assumption is that 
the risk of an event occurrence in time 𝑡 does not change regardless of whether past 
events have occurred or not, which implies the independence of recurring events.  

Let ℎ௜௞ሺ𝑡ሻ represent the hazard function of the 𝑘-th event for 𝑖-th individual at time 
𝑡 and ℎ଴ሺ𝑡ሻ represent the common baseline hazard for all events/individuals. The 
hazard function for the Andersen-Gill model then takes the form: 

ℎ௜௞ሺ𝑡ሻ ൌ ℎ଴ሺ𝑡ሻ expሺ𝐱𝒊𝛃ሻ.         (2) 

When the assumption of recurring events independence is met, it is possible to 
estimate the risk of all events using the event times of each observed event. The 
Andersen-Gill model aims to estimate the same quantity as the Cox proportional haz-
ard model, but the estimation is based on more information because the person who 
experienced the event remains at risk of subsequent events. Consequently, the corre-
sponding partial probability is based on a larger number of events and a modified set 
of risks. If this assumption is not met, the Andersen-Gill model is still applicable, but it 
requires some modification known as the proportional means model (Lin et al., 2000). 

The other option is to extend the Andersen-Gill model into the frailty model by 
adding random effects to it, which would allow us to consider the unobservable 
heterogeneity of individuals. The model created in such a way is called the shared frailty 
model. It is assumed that for each individual, there is more than one observation within 
each cluster, and all the observations within the cluster share the same level of frailty. 
Using the frailty term makes it possible to correct some or all of the errors in the 
coefficients caused by unobserved heterogeneity. The model is estimated with the use 
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of the penalized partial likelihood method (Ripatti, Palmgren, 2000); thus, the 
parameter estimates for the fixed effects obtained from the shared frailty model differ 
from the proportional means model (Allison, 2010). The hazard function of the 𝑘-th 
event for 𝑖-th individual (in the 𝑖-th cluster) takes the form: 

ℎ௜௞ሺ𝑡ሻ ൌ ℎ଴ሺ𝑡ሻ expሺ𝐱𝒊𝛃ሻ ൅  𝛾௜ ,       (3) 

where 𝛾௜ is a random effect for the 𝑖-th individual. The random components are 
assumed to be independent and distributed identically.  

The generalized version of the frailty model is a model that includes both time-
independent and time-dependent covariates: 

ℎ௜௞ሺ𝑡ሻ ൌ ℎ଴ሺ𝑡ሻ expሺ𝐱𝒊𝛃 ൅ 𝐳𝒊ሺ𝑡ሻ𝛅ሻ ൅  𝛾௜ ,      (4) 

where 𝐱𝒊 is a vector of time-independent covariates, 𝛃 is a coefficient vector for time-
independent covariates, 𝐳𝒊 denotes a vector of time-dependent covariates, and 𝛅 is  
a coefficient vector for time-dependent covariates. 

Given that the shared frailty model is estimated using the penalized partial 
likelihood method, it is recommended to use a suitably modified test when fitting the 
model. One of the recommended methods is to use the Wald test with generalized 
degrees of freedom (Gray, 1992; Therneau and Grambsch, 2000), which was also used 
in this work. 

5.  Results 

Given that the results of previous research indicate the existence of some 
differences in labor market behavior patterns between men and women (Moynihan 
and Landuyt, 2008; Matysiak, 2009; Kaufman and White, 2015; Steenackers and 
Guerry, 2016), we built three models: a general model for all respondents and two addi-
tional models by gender. 

Based on the assumption that there may be notable differences between individuals 
in their behavior in the labor market, in the first stage of the research, we assessed the 
statistical significance of the random effect to verify if the shared frailty model is 
justified for our study. It was obtained that the random effect is statistically significant 
for each of the three models. 

Based on the preliminary data analysis, it was determined that most of the 
respondents' characteristics vary over time. Therefore, to construct the model, the 
waiting time for the occurrence of an event for each respondent was divided into 
subintervals, ensuring that all examined features remain constant within these 
designated subperiods. 
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Following the analysis of the available data and the Wald test, the set of covariates 
for the main model was established. The study aimed to investigate gender differences 
in labor market behavior; therefore, an identical specification of explanatory variables 
was applied in the models for women and men. The results obtained from the shared 
frailty are presented in Table 4 (all respondents) and Table 5 (women and men 
separately).  

Table 4. Estimated parameters with standard error, p-value and hazard ratio – general model 

Covariate 
Parameter 
estimate 

Standard 
error 

p-value 
Hazard  

ratio 
Age (ref. 18–24 years)  

25-29 years -0.578 0.363 0.112 0.561 
Education level (ref. Lower secondary, primary, 
incomplete primary) 

 

Basic vocational -0.104 0.212 0.624 0.901 
General secondary 0.006 0.194 0.976 1.006 
The first stage of tertiary, postsecondary  
and vocational secondary 

0.321 0.189 0.090 1.379 

The second stage of tertiary and higher 1.205 0.233 <.001 3.337 
Is married (ref. No)  

Yes -0.470 0.222 0.034 0.625 
Has at least one child (ref. No)  

Yes -0.380 0.256 0.137 0.684 
Has ever lived without parents (ref. No)  

Yes -0.155 0.122 0.204 0.856 
Sector of employment (ref. Public)  

Private -0.271 0.124 0.029 0.763 
Sex (ref. Man)     

Woman 0.059 0.119 0.623 1.060 

Source: own calculations; data from Generations and Gender Survey Poland. 

The first shared frailty model included all respondents. We found that older 
respondents have a lower risk of job mobility. People aged 25 to 29 had a 43.9% lower 
hazard of job mobility than people aged 18 to 25. However, based on the obtained p-
value, it cannot be concluded that this characteristic is statistically significant. 
Analyzing the variable describing the respondents' education, we found that this factor 
influences the risk of job mobility. Respondents with a first stage of tertiary, 
postsecondary, and vocational secondary level of education had a 37.9% greater hazard 
of job mobility compared to lower secondary, primary, and incomplete primary 
education. In contrast, respondents with at least a second stage of tertiary education 
had more than 3 times higher hazard of job mobility than the least educated 
respondents. Furthermore, married people had a 37.5% lower hazard of job mobility 
than other respondents. In addition, the results show that the sector of employment is 
a statistically significant factor too. Young people working in the private sector had 
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a 23.7% lower hazard of job mobility in comparison to people working in the public 
sector. In the case of the first shared frailty model, characteristics such as having at least 
one child or ever living without parents proved to be statistically insignificant. 
Presented interpretations remain valid under the ceteris paribus assumption. 

In the subsequent research stage, two models were constructed - one including only 
women and the other including only men, to better understand gender differences in 
the behavior of young individuals in the labor market. Comparing the results of these 
two models, it can be concluded that age was an important factor only in the case of 
men. Male respondents in the older age group (25-29 years) had a 65.4% lower hazard 
of job mobility compared to the younger group.  

Table 5. Estimated parameters with standard error, p-value and hazard ratio – model for women and 
model for men 

Covariate 
Women Men 

Parameter 
estimate 

Standard 
error 

p-
value 

Hazard 
ratio 

Parameter 
estimate 

Standard 
error 

p-
value 

Hazard 
ratio 

Age (ref. 18–24 years)         

25-29 years -0.120 0.465 0.797 0.887 -1.060 0.609 0.082 0.346 

Education level (ref. Lower 
secondary, primary, 
incomplete primary) 

    
    

Basic vocational 0.122 0.366 0.739 1.129 -0.047 0.286 0.869 0.954 
General secondary -0.206 0.282 0.464 0.814 0.105 0.293 0.719 1.111 
The first stage of tertiary, 
postsecondary  
and vocational secondary 

0.050 0.287 0.863 1.051 0.572 0.273 0.037 1.771 

The second stage of 
tertiary and higher 

0.756 0.327 0.021 2.130 1.953 0.388 <.001 7.047 

Is married (ref. No)         

Yes -0.336 0.273 0.219 0.714 -0.632 0.400 0.115 0.532 
Has at least one child  
(ref. No) 

    
    

Yes -0.672 0.406 0.098 0.511 -0.123 0.352 0.726 0.884 
Has ever lived without 
parents (ref. No) 

    
    

Yes -0.141 0.190 0.458 0.869 -0.230 0.178 0.197 0.794 
Sector of employment  
(ref. Public) 

    
    

Private -0.365 0.167 0.029 0.694 -0.143 0.200 0.474 0.866 

Source: own calculations; data from Generations and Gender Survey Poland. 
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The results also indicate that the level of education was a factor that more strongly 
differentiated the employment of men than that of women. Both the first stage of 
tertiary, postsecondary and vocational secondary and the second stage of tertiary and 
higher education levels had a positive effect on the risk of job mobility. Male 
respondents with the first stage of tertiary, postsecondary and vocational secondary 
education had a 77.1% higher hazard of terminating their jobs compared to the least 
educated group, and respondents with the highest education level had more than 7 
times higher hazard of job mobility compared to the least educated group of male 
respondents. In the case of female respondents, it was revealed that only women with 
at least a second stage of tertiary or higher education had statistically significant, more 
than 2 times higher hazard of job mobility compared to the least educated female 
respondents. 

Other statistically significant factors influencing the risk of job mobility in the case 
of female respondents were having a child, as well as the employment sector. Women 
who had at least one child had a 48.9% lower hazard of job mobility compared to 
women without children. Females working in the private sector had job mobility hazard 
lower by 30.6% compared to those working in the public sector. These factors were 
statistically insignificant in the case of male respondents. 

Moreover, based on the results of the Wald test with generalized degrees of 
freedom, it can be concluded that in the case of men, the marital status and the history 
of living accommodation also influenced the risk of job mobility. Men who were 
married had a 46.8% lower hazard of job mobility compared to those unmarried. If the 
male respondent had ever lived without parents, his hazard of job mobility was lower 
by 20.6% compared to those who had lived with their parents all their lives. All 
interpretations remain valid under the ceteris paribus assumption. 

6.  Discussion and Conclusions  

Our study focuses on Generation Y, which has a significantly different approach to 
employment than the earlier Generation X (Twenge, 2010). People from Generation Y 
often live in a hurry and focus on their development, which makes them less loyal to 
their employers (Robak, 2017). Millennials exhibit a higher propensity for changing 
jobs and employers more frequently than their predecessors, and they also display a 
greater readiness to embrace career shifts that may not necessarily involve upward 
mobility (Lyons et al., 2012). Our study aimed to examine the influence of gender (Q1) 
and education (Q2) on job mobility among young individuals. We revealed that, among 
Polish Millennials, gender did not influence the risk of job change, whereas it did play 
a significant role in determining the impact of other factors on job mobility, including 
education level. 
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Gender disparities in the labor market often stem from traditionally held social 
roles for women, with motherhood being a key aspect (Kaufman and White, 2015; 
Steenackers and Guerry, 2016; Cukrowska-Torzewska and Matysiak, 2020). This is 
confirmed by the results of our research, which indicate that the impact of having  
a child on job mobility was significant only for women. Furthermore, women with at 
least one child had a lower risk of job changes compared to childless women. The 
recognition of incongruity between women's careers and their duties as mothers, as well 
as the consequent adjustments they make, influences women's gender role perceptions 
as they transition into motherhood. This is reflected in women's different attitudes 
towards job mobility both before and after the birth of a child (Zhou, 2017). 
Furthermore, Bass (2015) demonstrates that gendered expectations related to 
parenthood may play a significant role in perpetuating patterns of labor market 
inequality, even before the practical constraints of parenthood come into play. Based 
on our findings, it can be concluded that, in the case of men, having a child does not 
directly impact professional mobility. However, the stabilization of men's careers 
occurs with age and is associated with leaving the family home as well as marriage. In 
the case of women, these factors had no impact on professional mobility. In conclusion, 
we agree with Boeckmann et al. (2015) that women's employment patterns are 
determined more by motherhood than gender. Moreover, we show that this finding 
also applies to career mobility. 

While women are, on average, better educated than men (Cukrowska-Torzewska 
and Lovasz, 2016), their employment situation is not necessarily more favorable. We 
found that the level of education mattered for job mobility for Polish Millennials, but 
this factor shaped the labor market behavior of men more strongly than that of women. 
For women, only having at least a second stage of tertiary education statistically 
significantly reduced the risk of job changes compared to women with the lowest level 
of education, while for men this risk was also reduced by having a first stage of tertiary, 
postsecondary or vocational secondary education, likewise versus the least educated 
men. Nevertheless, our findings are in line with previous research, indicating that 
individuals with higher education exhibit a stronger inclination toward professional 
mobility compared to those with relatively lower levels of education (Ignaczak et al., 
2022; Ng and Johnson, 2015).  

Considering the employment sector, AbouAssi et al. (2021) note that American 
youth tend to change jobs frequently, but only within a given sector, not across sectors. 
Moreover, the strongest predictor of public sector employees changing jobs within the 
sector is job dissatisfaction. In the case of Polish Millennials, the employment sector 
was significant only for women, with the risk of changing jobs being lower for women 
employed in the private sector. It can, therefore, be concluded that the public sector, 
previously associated with employment stability, is no longer attractive to young 
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people. Taking into account the results of previous research indicating the impact of 
salary on the choice of career path (Redmond and McGuinness, 2019; Pearlman, 2018) 
in the case of Poland, this may be related to lower salaries offered in the public sector 
compared to the private sector. 

Millennials, when changing employers, seek a satisfying job to meet their subjective 
criteria (Campione 2015; Hassan et al., 2020). Polish Millennials had average cross-
organizational mobility, with approximately half of them still in their first work at the 
time of the second wave of the GGS. Our evidence suggests that there are differences in 
the patterns of job mobility of young women and men in the Polish job market. Job 
changes early in one's professional career have both advantages and disadvantages. On 
the one hand, more frequent transitions can provide diverse professional experience 
and facilitate the discovery of a satisfying job, which may serve as a stepping stone to  
a successful future career. On the other hand, the lack of professional stability can 
hinder leaving the parental home and starting a family. 

Simultaneously, frequent job changes among young individuals pose a significant 
challenge for employers. Considering the costs of turnover, employers have to make 
every effort to attract and retain valuable employees, particularly Millennials 
(Campione, 2015). The findings we have obtained can provide decision-makers with 
valuable insights for shaping strategies aimed at reducing employee turnover among 
Generation Y. 

7.  Limitations 

This study has some limitations. First, the GGS-PL survey does not provide 
information on whether stopping work resulted from voluntary reasons or was 
determined by other factors. Moreover, we lacked detailed job-specific information, 
apart from the sector in which each individual was employed. Such details could have 
provided additional insights into gender-based disparities in the professional mobility 
of young individuals. 
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  Is the GPT model suitable for sentiment analysis?
Testing for geographical, political and gender bias

Agnieszka Choczyńska1

Abstract

The new generation of Large Language Models, based on Generative Pre-trained Transform-
ers (GPT) can be useful for automatic text annotation and sentiment analysis. However, they 
tend to learn the bias from training data, which can lead to distorted results. In this paper, 
the GPT-4o-mini model by OpenAI is tested for the presence of geographical, political and 
gender bias in the case of Polish economic news headlines. It has been found that the model 
consistently differs in sentiment scores for the same sentence, depending on the country 
mentioned. A remedy to this problem is proposed, which masks the references to countries 
and nationalities using the GPT model. Some differences in sentiment scores resulting from 
explicit references to gender or political parties are also identified, although these types of 
bias are considerably weaker than geographical bias.

Key words: large language models, geographical bias, gender bias, political bias, sentiment 
analysis.

1. Introduction

Large Language Models (LLMs) based on Generative Pre-trained Transformers (GPT) 
are increasingly used in scientific r esearch. Text annotation is one of the applications that 
can benefit f rom t he G PT m odels ( Kheiri a nd ,  2 023). O n t he o ne h and, t hey a re faster 
and more affordable than human annotators. On the other, they are more versatile than the 
language models trained for a narrow purpose and do not require a training dataset (Kocoń 
et al., 2023). Given that most of the information created by the human population is in 
natural language, having a universal, ready-to-use text-mining tool would be beneficial for 
in social science.

There are, however, some obstacles to overcome. LMMs tend to absorb the biases found 
in the texts on which they are trained (Rozado, 2020). A growing amount of research finds 
gender (Radaideh, Kwon and Radaideh, 2025; Lee et al., 2024; Zhu, Wang and Liu, 2024), 
nationality (Manvi et al., 2024; Aslan 2024), political (Retzlaff, 2024; Rozado, 2023), and 
other types of bias (Huang et al., 2020) in the text generated by the GPT models. Other 
studies focus on word embeddings (vector representations of words created during model 
training) and find that models pick up stereotypical associations from the natural language 
(Garg et al., 2018; Rozado, 2020).
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188 A. Choczyńska: Is the GPT model suitable for sentiment ...

One could suspect that the bias learned by the generative AI also impacts their abilities
in text annotation. For example, they would assign lower sentiment to the sentences men-
tioning a country or demographic group the training datasets were biased against. In their
analysis of sentences related to the energy industry, Radaideh, Kwon and Radaideh (2025)
found that the GPT-2 model assigned a lower score to the sentences mentioning nuclear
energy, male gender, old age or conservative political ideology.

However, the topic is still understudied. Firstly, most of the existing literature focuses on
the English language, while one of the benefits of the GPT models is their multilingualism.
The studies uncovering algorithmic bias in GPT models typically analyze the word embed-
dings or the impact of bias on text generation. Despite sentiment analysis being a popular
application for this kind of models, it is still not well known how the bias can distort its
outcomes.

This paper analyzes the bias in GPT-based text annotations, focusing on the Polish lan-
guage and the texts broadly related to economics. The issue is approach from a new angle,
using a set of fictional economic news headlines with positive, negative, or neutral impli-
cations for the mentioned country. Headlines are generated with different country names
each time and prompt the GPT-4o-mini model to assign the sentiment to the sentence. The
results show that countries significantly impact the sentiment score (p-value < 0.001), even
though the headline does not change.

The same framework is used to test if the GPT models exhibit political bias in sentiment
analysis. A set of headlines mentioning political orientation (left-wing or right-wing party),
power dynamics (ruling party or the opposition), and the names of the main political parties
in Poland are generated. As a control, there are also provided headlines where no political
party, position or orientation is mentioned.

The results show that the sentences without any mention of a party tend to have the high-
est sentiment score, though the differences are generally small. A positive sentence gets,
on average, a higher sentiment score if it mentions the ruling party, but negative sentences
about the ruling party get lower scores than if they mention the opposition. No bias was
found with regard to political orientation or particular party names.

Similarly, the paper assesses the presence of gender bias in sentiment analysis. The
generated sentences include either a) direct mention of gender (e.g. men, women, male,
female), b) mention of a fictional male or female name, or c) gendered grammatical forms.
In Polish, verbs, nouns and adjectives have gendered forms, so it is impossible to change
the gender of the subjects by just replacing names and pronouns.

The analysis shows very small effect of gender bias. Among the positive sentences, the
ones mentioning female names received higher sentiment scores than the ones mentioning
male names. Among negative sentences, the model assigned slightly lower scores to the
ones that mentioned the female gender. The successes of particular women may be per-
ceived more positively, as they are typically framed as a bigger breakthrough. On the other
hand, if the problem is related to women (negative sentences with direct mention of gender),
it is perceived as a bigger problem - and assigned a lower sentiment - than if it was related to
men. However, no other configurations yielded significant differences. In particular, there
is no evidence of gender grammatical forms impacting the sentiment score.
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Finally, there is proposed a method of dealing with inherent geographical bias by censor-
ing country names from the text. A dataset of economic news headlines from the public TV
portal is used for this purpose. The GPT-4o-mini model is prompted to assign a sentiment
score from -5 (strongly negative) to 5 (strongly positive) towards each country mentioned in
the text. Next, there are create anonymized sentences by replacing all references to countries
with codes and run sentiment analysis for that modified dataset.

The model consistently overstates the sentiment for Poland. For Germany and Russia,
it tends to produce more neutral scores (e.g. less positive for positive news and less negative
for negative news), while the references to the US receive more extreme values. However,
the model’s performance in country recognition and anonymization is unsatisfactory, leav-
ing a room for improvement.

Although the researchers have been long aware of the problem of algorithmic bias, this
paper expand the current knowledge by showing how it can impact the outcomes of senti-
ment analysis in a non-English language. Tests for geographical, gender and political bias
reveal that they are all present, with the first one being by far the strongest. This study may
be helpful for those looking to apply the GPT model to sentiment analysis, especially for
the case of news analysis.

2. Literature review

2.1. Applications of the GPT models in sentiment analysis

With their natural language processing abilities, the GPT models could be used for sen-
timent analysis and other text-mining tasks. They are many times faster and more afford-
able than human annotators. Unlike specialized machine learning models, they can perform
a wide variety of tasks on different forms of text. Some of the existing solutions are available
through API, meaning that the researcher does not need to have the computational power or
storage needed to train a large model.

These models can outperform untrained text annotators (Gilardi, Alizadeh and Kubli,
2023) and, in some cases, the state-of-the-art solutions (Kheiri and Karimi (2023); Fatouros
et al., 2023). However, their performance varies by task and dataset, and they should not
be treated as a universally good solution (Curry, Baker and Brookes, 2024). Most research
finds the GPT models to underperform, compared to the high-tuned, specialized language
models (Kocoń et al., 2023; Liyanage, Gokoni and Mago, 2024; Krugmann and Hartmann,
2024; Kristensen-McLachlan et al., 2023).

However, there are a few caveats to this research. First, in the case of OpenAI, we do not
know the full list of language corpora these models were trained on. If researchers perform
the tests using publicly available datasets, the model may have already seen them, mean-
ing that its performance on new data may be overestimated (Kocoń et al., 2023; Ahuja et
al., 2023). Secondly, comparing a specialized model trained for a specific task with a GPT
model in a zero-shot approach may underestimate the latter’s abilities with additional train-
ing. It is still difficult to determine the extent of additional training this model would need
to match the performance of a specialized solution, and if it would be indeed substantially
smaller than preparing a model from scratch.
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Finally, with the fast pace of AI development, it is difficult to assess their performance.
Most of the aforementioned studies are not yet published, and the models they test will
likely be obsolete before they do. Overall, researchers call for caution and additional vali-
dation before using GPT models for text annotation (Pangakis, Wolken and Fasching, 2023;
Kristensen-McLachlan et al., 2023; Ollion et al., 2023; Curry, Baker and Brookes, 2024).

Most of the research on LLMs in text analysis is focused on the English language.
A Common Crawl corpus, widely used in model training, has 45% of English texts, so one
could expect models will be the most proficient in this language (Dac Lai et al. 2023).
In a comprehensive evaluation of several LLMs (including GPT-3.5 and 4) in 70 languages,
Ahuja et al., (2023) noticed a worse performance for prompts written in non-English lan-
guage. For the same reason, Etxaniz et al., (2023) proposed translating the problem to En-
glish before analysis. Similar results were found by Dac Lai et al. (2023). However, there
are some studies that counter these findings, not finding the benefits of English prompts
(e.g. Debess, Simonsen and Einarsson, 2024). Both model and task-specific aspects may
interfere with the results, although most of the research seems to find the benefit of English
prompts.

This study focuses on bias in sentiment analysis and not on the accuracy of the model.
Based on the research above, the authors decided to write the prompts in English and set
the temperature parameter to 0.25, which gave the most consistent results in the previous
experiments with the GPT model.

2.2. Bias in sentiment analysis

The GPT models are based on embeddings, which are vector representations learned
from a large corpus of natural language. Closely related words in natural language should
end up relatively close in the vector space (Garg et al., 2018). If the corpus contains stereo-
typical associations between words, the model will likely incorporate that information and
express human-like bias (Caliskan, Bryson and Narayanan, 2017). Moreover, the bias will
not necessarily be diminished by more training, if the additional training dataset contains
bias as well (Radaideh, Kwon and Radaideh, 2025).

Rozado (2020) found that most of the research on bias in word embedding models
considered gender bias (93% of analyzed papers) and racial bias (54%). They performed
a wider analysis of associations between positive words and terms related to gender, age,
race, religiosity, affluence, and political orientation in several natural language corpora
used in LLMs training. They found that positive words were more associated with women
and femininity, youth, beauty, affluence and liberal political orientation. Typical African-
American names and religiosity held negative associations, but the results for direct men-
tions of race or sexual orientations were mixed, with different directions, depending on the
corpora. Garg et al., 2018 found that associations between gender/race and certain occu-
pations were correlated with the factual proportions of employees. The additional bias was
largely explained by stereotypes held by the population.

The research on bias in the GPT models mainly focused on the stereotypical or toxic
elements in the generated text. Huang et al., (2020) asked the model to finish sentences
with notions of different genders and occupations, finding that it can produce more negative
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outputs in certain contexts. A similar framework was used by Lee et al., 2024 in the South
Korean context and Zhu, Wang and Liu (2024) in Chinese, finding bias related to gender
and nationality.

Manvi et al., (2024) performed a study of geographical bias, prompting the model to
rank the countries, according to objective facts (e.g. population density), objective facts
uncorrelated with geographic position (e.g. solar flux), and subjective opinion (e.g. at-
tractiveness of the citizens). They found that the model systematically underestimates or
overestimates the ranks of objective facts, despite being able to provide precise numbers
when prompted. There is also a bias against the regions of lower socioeconomic conditions
in rankings of subjective opinions. The authors tested 5 models and the GPT-4 exhibited the
lowest bias.

Another form of bias is of a political nature. When asked questions from the political
compass test, the GPT model leaned towards liberalism (Retzlaff, 2024). These findings are
supported in the analysis of word embeddings by Rozado, 2020, but the political bias is not
as well studied as that related to gender, race or nationality.

To what extent the bias built in the word embeddings or present in the generated text
would impact the sentiment analysis? This topic is not yet well studied. Radaideh, Kwon
and Radaideh (2025) studied the impact of bias on the sentiment scores assigned by five
LLMs, including the GPT-2 model, in the case of sentences related to the energy industry.
They generated sentences in which they switched terms related to energy source, politics,
gender, age and ethnicity, and prompted the models to assign sentiment scores to each con-
figuration. They found that the mentions of nuclear energy, conservative ideology, male
gender, old age and white race usually lowered the sentiment score, however, with some
variations between models. A similar approach is applied in this analysis.

2.3. Bias mitigation

Strategies to mitigate bias include a) creating more fair and balanced datasets, b) fairness-
aware model training, and c) algorithmic debiasing (Srinivasan et al., 2024, Liu, 2025). The
first strategy may be done by balancing the dataset to obtain equal number of observations
for majority and minority group (Han, Baldwin and Cohn, 2022). In an unbalanced dataset,
minority groups may be classified with a higher error, due to their limited representation
in the dataset. Another strategy is to embed fairness into the training process, designing
loss-function so that it takes the bias into account.

Specifically in LLMs, it is possible to mitigate biases by manipulating word embed-
dings. Zhao et al., (2018) used this approach to neutralize the gender connotations of (by
definition) gender-neutral occupations. For example, a word "nurse" may refer to any gen-
der, but its vector representation appears closer to "female" in the embedding space, as
historically most nurses were women. Zhao et al., (2018) captured the distances between
occupations and genders and used them as weights in training of a gender-neutral model.
Ravfogel et al., (2020) presented an Iterative Null-Space Projection, a method of removing
certain properties from neural representations. Liang et al., (2021) tested their approach on
the embeddings of the GPT-2 model.
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The first problem is that these methods require a priori knowledge of all underprivileged
groups and biases. Utama, Moosavi and Gurevych (2020) proposed a framework in which
the first "shallow" model is trained on a limited dataset to pick up existing stereotypes and
biases, which are further used to down-weight biased observations, lowering their impact on
the final model. This is based on the assumption that biases represent the most superficial
knowledge, that would be learned first by the model presented with limited data. A similar
approach was tested by Orgad and Belinkov (2023).

The second problem is that these methods require either access to the data or repeating
the training process. In the case of large, pre-trained models this may not be feasible.
An alternative approach was proposed by Liu (2021), who attempted to mitigate political
bias. They obtained the hidden states from the GPT-2 model and transformed them so that
a gender neutral embedding was of equal distance to the two options, in this case liberal and
conservative. However, they noticed a trade of between fairness and fluency and accuracy
(see also: Nadeem, Bethke and Reddy, 2021, Liang et al., 2021).

2.4. Hypotheses development

In this analysis, three types of sentiment bias are considered: geographical, political and
gender bias. As public TV covers international news, one should expect the bias against
particular countries could make a big difference in sentiment. The first hypothesis is based
on the results obtained by Manvi et al., (2024) and Rozado (2020):

H1: The GPT model is biased against countries of low socio-economic status.
Economic and business news may often reference political parties as well when they

report government economic policy, investments, state-owned companies or corruption af-
fairs. If the training data corpora contain positive associations with liberal and progressive
political ideology (Rozado, 2020), one could expect the second hypothesis to be true:

H2: The GPT model is biased against right-wing parties.
Finally, the study considers the aspect of gender bias. In Polish, most parts of the speech

have gendered forms. Every time a news headline mentions a person or a group of people,
their gender is revealed through grammar. If the GPT model associates female names or
grammatical forms with more positive sentiment, it could distort the analysis. Hence the
third hypothesis:

H3: The GPT model is biased against men.
Although researchers note other dimensions of bias, they are not likely to impact the

sentiment analysis in this case. Poland is a rather racially homogenous country and mentions
of race are not common in economic news articles. Due to the economic focus, headlines do
not generally mention physical appearance, sexual orientation or disabilities of the subjects,
so these aspects were ommited as well.

3. Testing the GPT models for text annotation

3.1. Data

The data used in this analysis are news headlines from the business section of the Polish
public TV internet portal. The dataset spans from 2012-06-13 to 2024-09-13 and consists
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of 17,554 pieces. Each news piece is composed of a headline and a one- or two-sentence
description, that introduces a longer video material.

The first part of this study uses generated headlines similar to these articles but con-
structed in a way suitable for bias testing. For geographical bias sentences have to mention
exactly one country. They had to include one party or party members for the political test.
In the case of the gender bias test, each sentence had to either directly mention gender or
a fictional person of a specified gender. In the second part of the study, the original headlines
are used to test how geographical bias impacted sentiment analysis in a real-life scenario.

Similarly to human annotators, the GPT model will not always return the same output
for the same prompt. First, there is a check of replicability of the GPT text-annotation
task results. A random sample of 1000 headlines is selected and the model is prompted to
perform two text-mining tasks. The first is to assign a sentiment score from -5 (strongly
negative) to 5 (strongly positive). The second one is to extract all countries mentioned in
the text. Each analysis is performed 10 times in different sessions to assess the consistency
of the results.

The results are fairly consistent. In 66.4% of cases, the model returned the same senti-
ment in each round, and only four times (0.4%) the difference was 3 points or more. For the
country recognition task, the Jaccard similarity index was applied. For each pair of outputs,
it counts the number of countries provided in both outputs (intersection of sets), divided by
the overall number of countries that appeared in them (union of sets). The average score is
0.955.

All tasks are carried out with the GPT-4o-mini model by OpenAI using the Batches
interface. Batches enable scheduling of a larger portion of API requests for asynchronous
processing. As each text is to be analyzed independently, it is a suitable option for text-
mining tasks.

3.2. Geographical bias test

The test uses 30 sentences (10 positive, 10 negative, and 10 neutral in sentiment). The
sentences are similar to the news headlines in the TVP dataset, but constructed in a way
that only one country is mentioned in a headline, and the country name is interchangeable.
English translations of example headlines are provided below:

Positive: Prices no longer on the rise. Inflation in XXX falls quicker than expected.
Neutral: XXX is struggling with drought. The government is implementing special

support programs for farmers.
Negative: In XXX, the problem of unemployment is getting worse. Every fifth adult is

looking for a job.
The full set of headlines can be found in the repository (https://github.com/agachocz/

SiT_GPT_bias_appendix.git). After generating the sentences, the XXX placeholder is re-
placed with one of the 194 country names in a correct grammatical form. Then the GPT-4o-
mini model is prompted to assign the sentiment score to each sentence.

If the model’s sentiment analysis abilities are not impaired by geographical bias, each
sentence should be assigned the same score across countries. The sentiment analysis is
repeated 10 times to test if potential differences in the outputs occur consistently.
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Table 1 presents the test results: minimum, maximum and average score obtained for
each group of sentences, along with the Kruskal-Wallis test statistic. Kruskal-Wallis test is a
non-parametric alternative for ANOVA, more suitable for analyzing differences in rankings
distributions. Under H0 hypothesis, there are no statistically significant differences withing
groups of sentences, therefore the model assigns the same sentiment score consistently,
regardless of a country mentioned.

Table 1. The results of geographical bias test. Significance codes: * < 0.05, ** < 0.01,
*** < 0.001

Group Min score Max score Average score Kruskal-Wallis test Correlation with GDP PC

Positive 2 5 4.15 855.98*** -0.003

Neutral -3 -3 0.534 602.36*** -0.055

Negative -5 -1 -2.9 399.93*** -0.057

All -5 5 0.593 77.209

As presented in Table 1, the differences were significant in all sentiment categories, with
the highest Kruskal-Wallis statistic for positive sentences. However, there is no significant
effect for all categories taken together. One reason may be that the bias is not linear - some
countries may score more positively in positive sentences and more negatively in negative.

This effect can be seen in Figure 1, presenting the average sentiment scores for all coun-
tries within categories. Note that the maps have independent colour scales so the differences
are better visible. In positive sentences, Poland scores the highest among all countries, be-
cause the good news may seem the best for the Polish language users if it is related to their
own country. However, among negative sentences, the sentiment for Poland is at the bottom
of the scale, since the bad news may seem worse when they hit close to home.

Similarly, Russia scores the lowest in positive sentences and is about in the middle of
the scale for negative ones. Since it is responsible for aggression on Ukraine near the Polish
border, positive news about the Russian economy may be perceived more negatively, and
negative ones - more positively.

To directly test Hypothesis 1, the correlation is computed between the average sentiment
and the GDP per capita. The data on GDP expressed in purchasing power parity is sourced
from the Worldometer database (Worldometer, 2024), excluding 14 countries for which
there was no data. The correlation coefficients are presented in the last column of Table 1.

In all sentiment categories, correlations between sentiment scores and GDP per capita
are small and insignificant. Contradictory to the hypothesis, the sentiment does not seem
to depend on the economic development of the countries. Looking at Figure 1, it is clear
that the sentiment scores are the lowest for the countries that may be perceived as a threat
by Polish citizens. The most notable being Russia, but also North Korea, Afghanistan and
China.
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Figure 1. Average sentiment of positive, neutral, and negative sentences. Note that each
map has an independent colour scale.
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3.3. Political bias test

The same framework is used in the political bias test. Instead of country names, there
are two terms for the party’s position (ruling party, opposition), two terms for its political
orientation (left-wing, right-wing), and eight names of the main political parties in Poland.
The example sentences are as follows:

Positive: Renowned economist praises XXX’s proposition. "This action is long over-
due."

Neutral: XXX has published its new programme. What does it plan for seniors?
Negative: Millions in grants, zero results. The foundation linked to XXX MPs will

come under scrutiny.
Additionally, there are generated the same sentences without any political terms, or

with anonymous ones, such as "one of the parties" or "this party". This will provide the
benchmark for the political terms. Again, the model is used to assign sentiment scores on
a scale of -5 to 5 and repeat this task 10 times.

Table 2 provides the average scores for each term and the Kruskall-Wallis test statistics
within groups. In general, any mention of politics lowers the sentiment of the sentence.
Headlines without a term related to a party have the highest scores among positive sentences.

Table 2. The results of the political bias test. Significance codes: * < 0.05, ** < 0.01,
*** < 0.001

Political term Positive Neutral Negative
Average Test Average Test Average Test

No term 3.470 - 0.340 - -2.840 -
Position (ruling/opposition) + no term

Ruling 3.32 11.889 0.31 0.067 -3.06 18.924
Opposition 2.97 ** 0.38 -2.71 ***

Orientation (left-wing/right-wing) + no term
Left-wing 3.06 12.005 0.2 2.358 -2.78 0.944
Right-wing 2.98 ** 0.26 -2.85

Party names + no term
KO 3.20 11.149 0.44 4.779 -2.780 6.901
Konfederacja 3.15 0.39 -2.770
Nowa Lewica 3.20 0.40 -2.740
PiS 3.26 0.21 -2.920
PO 3.19 0.45 -2.810
Polska2050 3.28 0.46 -2.770
PSL 3.09 0.39 -2.780

The Kruskal-Wallis test statistic is significant in the political orientation group for posi-
tive sentences. However, the pairwise Wilcox Rank Sum test reveals that only a difference
between left/right orientation and no political term is significant. There is no difference
between scores for left-wing and right-wing sentences, but they both score lower than sen-
tences with no adjective related to political orientation. As there are no significant effects
of bias toward specific party names, the Hypothesis 2 is rejected.

As for the position of the party in the political system, the ruling party tends to get higher
scores in positive sentences, and lower for the negative ones, compared to the opposition.
This may be a sign of more polarized opinions toward ruling parties, or assigning them
a higher responsibility for the positive or negative outcomes.
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3.4. Gender bias

Finally, the gender bias is tested. There are constructed sentences with mentions of
gender, either explicitly (man/woman or male/female), through a fictional male or female
name (Jan Nowak and Anna Kowalska), or just as a grammatical form (because nouns, verbs
and adjectives have gendered alterations in Polish). The examples of headlines are provided
below:

Positive: Infrastructure Minister Jan Nowak at the opening of the new power plant.
"A milestone towards green energy."

Neutral: Polish men are innovative, but few of their discoveries live to see patents.
Conclusions of a new CSO report.

Negative: Company founded by Jan Nowak in huge financial trouble. It is likely to
declare bankruptcy.

The positive sentence above has a feminized version: «Infrastructure Minister Anna
Kowalska at the opening of the new power plant. "A milestone towards green energy."»
Then the name is removed to create an indirectly gendered sentence. Although in English
this sentence would not imply the gender of the Minister, in Polish the word "Minister"
would have two forms.

The example of a neutral sentence does not contain a name but a direct reference to the
male gender, which can be switched to "women" for the female version. The indirect sen-
tences are "Poles are innovative, but few of their discoveries live to see patents. Conclusions
of a new CSO report.", where "Poles" has gendered form ("Polki" or "Polacy").

The results of the analysis are provided in the Table 3. In general, gendered grammatical
forms do not differentiate sentiment scores. Among positive sentences, the ones including
a female name received significantly higher scores than the ones including a male name.
Possibly, the individual success of a woman is perceived as a bigger breakthrough (and
more impressive by that) than the same success of a man. However, negative sentences
mentioning the female gender received lower scores than the same sentences related to the
male gender. This may be because problems seem more grave if they are related to women.

Overall, the results support Hypothesis 3, that the sentiment analysis with the GPT-4
model is biased against men. However, the effects are miniscule, compared to the scale of
geographical bias, and the bias is related only to two specific cases.

Table 3. The results of gender bias test. Significance codes: * < 0.05, ** < 0.01,
*** < 0.001

Type Women avg Men avg Kruskall-Wallis test
Positive

Explicit gender 4 4 -
Gendered name 3.81 4.09 4.067*
Grammatical gender 4.05 3.90 2.620

Neutral
Explicit gender 0.1 -0.15 0.639
Gendered name 1.45 1.35 0.514
Grammatical gender 0.64 0.42 1.123

Negative
Explicit gender -2.93 -2.73 4.248*
Gendered name -3.16 -3.2 0.435
Grammatical gender -3.15 -3.17 0.148
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4. Anonymization

In the previous section, it was found that the GPT-4o-mini model is vulnerable to strong
geographical bias. A method to remedy this problem is proposed by masking all references
to country or nationality in the source text. This section is dedicated to a sentiment analy-
sis of economic media headlines with and without masking and compare the results. The
prompts used for particular tasks are provided in the repository (https://github.com/agachocz/
SiT_GPT_bias_appendix.git).

First, the GPT model is prompted to modify the headlines by masking all countries or
nationalities with codes: AAA, BBB, CCC, and so on. An example of this transformation
could be:

Input: Hundreds of Estonian companies still trade with Russia. Estonian exports to
Russia fell drastically after the latter invasion of Ukraine, but over 300 companies registered
in Estonia kept trading with this country.

Output: Hundreds of AAA companies still trade with BBB. AAA exports to BBB fell
drastically after the latter invasion of CCC, but over 300 companies registered in AAA kept
trading with this country.

In the same prompt, the model is also asked to return the dictionary in the form "Coun-
try:code", in this case: "Estonia:AAA;Russia:BBB;Ukraine:CCC", to easily retrieve coun-
try names behind the codes after sentiment analysis.

Next, the model is asked to separately assign a sentiment score to the original and
masked headlines. Finally, there is a comparison of the results to see to what extent the
bias related to country names impacted the sentiment analysis. For this purpose, there were
selected four countries with the biggest coverage. Poland has the highest number of men-
tions (5,733 news pieces), followed by Russia (1,399), Germany (1,235) and the US (1,017).

Table 4. Differences between sentiment assigned by the GPT model for sentences with
and without anonymization. A positive average means that anonymized mentions receive
higher scores than the ones revealing country names. N refers to the number of mentions

Poland Germany Russia US

n 3,403 865 1178 824

Correlation 0.854 0.768 0.709 0.773

Positive

n 2,363 348 375 454

average diff -0.066 0.856 1.570 -1.040

std deviation 1.510 2.080 2.800 2.370

Neutral

n 348 164 171 139

average diff -0.891 -0.445 0.474 0.583

std deviation 2.050 1.700 1.880 2.080

Negative

n 692 353 632 231

average diff -1.240 -1.050 -0.231 0.342

std deviation 2.250 1.440 1.440 1.680
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The correlation coefficients between sentiment scores for original and anonymized sen-
tences are presented in Table 4. The scores are quite similar, as the correlation varies from
0.709 for Russia to 0.854 for Poland. The impact of bias related to country names is not
very high.

The articles are split into sentiment categories based on the sentiment score from anony-
mized sentences: positive for scores higher than 2, negative for lower than -2, and neutral
for scores between. Most mentions of Poland and the US were positive, while mentions of
Germany and Russia were largely negative. Table 4 presents the difference between scores
from anonymized and original sentences and present the averages and standard deviations.

In all categories, the averages for Poland are negative, meaning that mentions of Poland
resulted in higher scores than thise that would have been obtained from the anonymized
sentence. In the case of Russia and Germany, the average difference for positive sentences
is positive, so mentions of these countries make the sentence seem less positive, compared
to an anonymized sentence. However, for the negative sentences, there is the same pattern
as for Poland, where the sentiment with country mention tends to be less negative than the
sentiment without it. The reverse is true for the mentions of the United States. Here, the
positive sentences typically receive higher scores, and negative sentences get even lower
scores than the ones with masked country names.

Overall, the model seems to consistently overstate the sentiment, when Poland is men-
tioned. For Germany and Russia, it tends to produce more neutral scores (e.g. less positive
for positive news and less negative for negative news), while the mentions of the US receive
more extreme values.

However, the model does not handle these tasks perfectly. There are cases, where the
outputs do not match, either because the model does not recognize all countries mentioned
in the original sentence, makes mistakes in anonymizing, or fails to provide sentiment for all
codes from masked sentences. The cases with multiple countries, nationality adjectives, or
mentions of geographical regions, institutions, companies and other entities tend to produce
mismatched outputs. These problems can be somewhat remedied by providing more precise
prompts or cleaning the data afterwards, but the method still leaves room for improvement.

5. Conclusions

One of the drawbacks of automatic text annotations with Large Language Models is
algorithmic bias. The models tend to learn the stereotypical associations present in human-
created data used to train them and it may distort the results.

In the case of Polish economic news, this study tests for the presence of geographical,
political and gender bias in sentiment scores assigned by the GPT-4o-mini model by Ope-
nAI. The method uses generated sentences with interchangeable terms related to country
names, political parties or gender, and prompt the model to assign sentiment scores on the
scale from -5 (strongly negative) to 5 (strongly positive). If the model was unbiased, there
should be no difference in sentiment scores.

The results show a significant effect of geographical bias. The GDP model tends to
judge the same sentences as more or less positive, depending on the country mentioned.
Contrary to other studies, sentiment bias was not correlated with the GDP of countries. For
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the positive sentences, the lowest scores were obtained for countries violating international
law and human rights, such as Russia or North Korea.

Political and gender bias were not that strong. Mentions of Polish parties did not dif-
ferentiate sentiment and references to both left-wing and right-wing political orientations
resulted in lower sentiment than no mention at all. Sentiment related to the ruling party was
more polarized, compared to the opposition. Positive sentences mentioning the former were
more positive, and the negative ones - were more negative. Positive sentences were also
judged slightly more positively if they mentioned a female name, but negative sentences
received more negative scores when the female gender was mentioned.

A remedy to the problem of geographical bias is proposed by masking all countries
mentioned in the text. For this purpose, a dataset of economic news headlines from the
public TV portal is used. The GPT model is prompted to assign a sentiment score from
-5 (strongly negative) to 5 (strongly positive) towards each country mentioned in the text.
Next, the anonymized sentences are created by replacing all references to countries with
codes and run sentiment analysis for that modified dataset.

The study finds that the impact of bias depends on the country. For Poland, the model
consistently provided higher scores for original sentences, compared to the anonymized
headlines. For Germany and Russia, it tended to give less positive scores for positive news
and less negative for negative news. On the contrary, the references to the US received
more extreme values than the same sentences with masked country mentions. However, the
model’s performance in country recognition and anonymization has a room for improve-
ment.

From the practical point of view for the GPT model users, testing for social bias is
a necessity. The model can exhibit stereotypical tendencies when assigning sentiment, and
the types of bias may depend on the specific data and use case. Recognizing and mitigating
such biases should be a standard procedure in any sentiment analysis using large language
models. This study shows that anonymization of the inputs may be a simple solution to
deal with geographical bias, although in a larger scale, it requires a more reliable model to
remove geographical markers from the text.

These findings could be useful for social science researchers interested in using Large
Language Models for text analysis, especially if the source text is in Polish. The prob-
lem of algorithmic bias, especially related to countries and nationality, significantly affects
the outcomes of sentiment analysis. However, the analysis is limited to Polish and short
news articles about the economy. There may be cases where gender or political bias plays
a greater role, or where sentiment analysis is distorted in other kinds of bias that have not
been tested for here.

Additional data

Tables with generated sentences and all prompts used in the analysis are available in the
repository: https://github.com/agachocz/SiT_GPT_bias_appendix.git.
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Survey sampling in wartime: addressing challenges  
for cross-national and longitudinal studies 

Olena Kaminska1 

Abstract 

Conflict situations pose unique challenges before survey sample design, three of which are 
examined in this paper in the context of the ongoing full-scale war in Ukraine. Firstly, de-
fining the population becomes a complex task as a result of substantial population changes. 
This includes internal displacement, a significant proportion of the population emigrating 
(but with a potential  future return), and a considerable number of individuals actively en-
gaged in combat who are currently unreachable for interviews. Secondly, defining house-
holds, particularly for longitudinal studies, is complicated by the temporary separation of 
many families. Thirdly, accurate accounting for vacant and demolished dwellings is essen-
tial, as national statistics often lack precise and reliable data in these areas. This study out-
lines the design of two samples: one for a cross-national European Social Survey in Ukraine 
(ESS), and the other for the longitudinal household panel study, UKRAINS. By carefully 
addressing these complex sampling challenges, it is possible to develop high-quality proba-
bility samples that account for population mobility and unpredictability in a wartime con-
text. 

Keywords: sample design, population definition, eligibility, conflict, war. 

1.  Introduction 

Conflict situations bring significant changes to populations, and these need to be 
reflected in sample design to ensure accurate representation. Unlike the usual popula-
tion dynamics in peaceful times, which include births, deaths, and relatively stable im-
migration and emigration patterns, conflict introduces large-scale and unpredictable 
changes. The full-scale invasion of Ukraine by Russia in 2022 exemplifies these chal-
lenges, presenting unique obstacles for survey sampling. 

Firstly, the conflict has led to the non-coverage of territories temporarily occupied 
by Russian forces, areas of active fighting, and adjacent unsafe regions. Additionally, 
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there has been a substantial internal displacement, with people moving from Eastern 
and Southern Ukraine to safer areas in Central and Western Ukraine (UNHCR, Re-
gional Bureau for Europe, 2024). The war has also resulted in significant emigration, 
primarily of women and children, as men are largely prohibited from leaving the coun-
try during the war (UNHCR, Regional Bureau for Europe, 2024). Furthermore, indi-
viduals currently serving in the military are not accessible for surveys. 

Household structures have also been profoundly affected, many of which are tem-
porarily separated. The two main types include: a household where the wife (and chil-
dren, if any) has left the country for safety while the husband remains in Ukraine, and 
another where one member is serving in the military while the other stays home. De-
spite the physical separation, these households often continue to function as cohesive 
units, maintaining financial and emotional support and intending to reunite as soon as 
circumstances allow (e.g. the war ends). 

The conflict has also resulted in a large proportion of vacant dwellings. Families 
may have moved abroad, joined the military, or relocated within the country to safer 
areas. The proportion of vacant houses varies by region, urban versus rural settings, 
and proximity to the frontline, reflecting the perceived safety of these areas. Reliable 
information on vacant housing is difficult to obtain prior to sampling, with many esti-
mates lacking precision. 

These complexities create a new context for planning survey sample design. This 
paper addresses these challenges through two separate designs: a cross-national survey 
and a longitudinal household survey. After a look at the Ukrainian context and litera-
ture review of the survey sampling in conflict, we follow with a brief description of the 
two studies, their objectives, and their designs. We then discuss the impact of wartime 
on the definition of a population, the associated challenges, and our solutions for a sam-
ple design. Next, we address the difficulties in defining households and our approaches 
to these issues. Vacant houses problem and how they are accounted for in the sample 
design is explored next. Finally, we describe sampling-related challenges during field-
work. The discussion section summarizes the main challenges in detail and concludes 
with suggestions for future studies in similar conflict situations. 

2. Ukrainian context 

The Russian invasion of Ukraine began in 2014 with the annexation of Crimea, 
followed by the occupation of large parts of Eastern Ukraine, including the regional 
centers of Luhansk and Donetsk. This led to a significant internal displacement, with 
many internally displaced persons (IDPs) relocating to areas under Ukrainian control. 
It is estimated that the initial stage of the war resulted in approximately 1.4 million IDPs 
moving to safer locations within Ukraine (Mikheieva & Kuznetsova, 2023). This is 
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around 3% of the total population of Ukraine of 45.4 million estimated as of 2014 (Kulu 
et al., 2022). The Minsk I and II agreements (OSCE, 2014; OSCE, 2015) led to a cessa-
tion of active conflict until 2022, allowing IDPs to settle and survey organizations to 
interview them in their new homes. This period provided invaluable experience in sur-
veying IDPs, residents near frontlines, those in occupied territories, and decommis-
sioned military personnel (e.g. Cafiero et al., 2021; ILO Decent Work Technical Support 
Team and Country Office for Central and Eastern Europe, 2016). During this time, ac-
tive fighting was confined to the frontline and occupied territories, leaving the rest of 
Ukraine relatively safe. 

The full-scale invasion launched on February 24, 2022, marked a dramatic escala-
tion, with Russia attempting to occupy most, if not all, of Ukraine. Military engage-
ments occurred in Central, Eastern, and Southern Ukraine, and Russian missiles, along 
with military drones, targeted the entire country, leaving no place safe for civilians. This 
resulted in around 8.2 million individuals leaving Ukraine, at least temporarily, and 
around 8 million being internally displaced in the first months of the war (Rogoza, 
2023). This is a substantial proportion of 37.3 million population living in Ukraine-
controlled territories as of 2019 (Rogoza, 2023). Following the invasion, martial law was 
imposed, prohibiting males of military age (18-60) from leaving Ukraine, except under 
specific conditions.  

Some people have returned home, but as of February 2024 the number of new IDPs 
moving to safer areas within Ukraine who remain displaced is estimated at 3.7 million 
(IOM UN migration, 2024). An estimated 6.4 million people remain abroad as of the 
end of 2023 (UNHCR, Regional Bureau for Europe, 2024). Of those who are abroad 6.0 
million are hosted in countries across Europe with 88 percent of them being women 
and children (UNICEF, 2024). Of those who stayed in Europe the most common coun-
tries for Ukrainians to find refuge as of 2023 was Germany (1.03 million), Poland 
(994,000), and Czech Republic (448,000). Those outside of Europe, just over 400,000, 
are mainly in Canada (220,000) and the USA (over 100,000) (UNHCR, Regional Bureau 
for Europe, 2024). Separately, 2.8 million Ukrainians have registered residence in Rus-
sia since 2022, including 19,500 forcibly deported children (Rogoza, 2023). 

Since the beginning of the full-scale invasion Ukraine has experienced profound 
additional demographic changes: mass casualties among soldiers and civilians, includ-
ing children; a significant decline in birth rates due to excess mortality and deteriorating 
living conditions; large-scale relocations from Eastern to Western Ukraine; substantial 
emigration; demographic shifts in major cities such as Odesa, Dnipro, Lviv, and Kyiv 
due to both evacuation and relocation; the movement of entrepreneurs and manufac-
turing to safer areas; and extensive destruction of civilian infrastructure, particularly 
housing (Libanova and Pozniak, 2022). 
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Despite the ongoing conflict, some Ukrainians, estimated at 900,000 (UNHCR, Re-
gional Bureau for Europe, 2024) as of the end of 2023 have returned from abroad to 
their homes, and additionally 298,000 returned from abroad to a different location from 
their original home, while many of homes still remain under occupation or near the 
frontline. Additionally, some IDPs continue to return to their homes within Ukraine, 
particularly in de-occupied areas. Many, however, are still awaiting the opportunity to 
return, with estimates of those remaining abroad about 6.4 million (UNHCR, Regional 
Bureau for Europe, 2024). 

3. Literature on sampling in conflict situations 

In any context, the primary goal of a sampling statistician is to obtain a representa-
tive sample of a population in the most cost-efficient manner. Representativeness is 
ensured by giving everyone in the population a chance to be selected, with this chance 
being known as a specific probability (Kish, 1965). Sampling in conflict situations 
shares the same fundamental challenges as in other contexts but faces two additional 
significant issues: large population movements, such as an influx of refugees to neigh-
boring countries or internal displacement of people (Anguilera et al., 2020; Mneimneh 
et al., 2014; Lubbad, 2024), and often a lack of up-to-date sampling frame information, 
which quickly becomes unrepresentative of the new reality of population distribution 
(Anguilera et al., 2020; Mneimneh et al., 2014; Lubbad, 2024; Box and Thomas, 1944). 
Similar challenges are encountered in surveys conducted in post-conflict situations, 
partly due to the population movement back home after temporary shelter in other 
parts of the country or abroad (Lynn, 2004). 

Sampling theory has made significant advances in the field of selection where no 
sampling frame is available (e.g. West, 2016), for hard-to-reach populations (e.g. Raif-
man et al., 2022), or even where the population is highly mobile (Raifman et al., 2022; 
Reichel and Morales, 2017). By combining these methods with classic selection tech-
niques driven by the context of the available sampling frame information, statisticians 
can develop probability samples in conflict situations. Common solutions to the lack of 
up-to-date sampling frame and population distribution information include using sat-
ellite imagery to define first-stage clusters (Anguilera et al., 2020; Mneimneh et al., 2014; 
Lubbad, 2024), satellite photographs with random point estimates and circles around 
them as clusters (Shannon, 2012), multiple frames, respondent-driven samples 
(Mneimneh et al., 2014; Khoury, 2019), and random walk samples (Shannon, 2012; 
Spagat, 2012). 

Simultaneously, several considerations must be addressed: due to safety concerns, 
some insecure areas may be excluded (Mneimneh et al., 2014), or access to affected 
communities may be limited (Spagat, 2012; Mneimneh et al., 2014). When situations 
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rapidly change, flexibility in sample design is required to reflect new security concerns 
and population flows (Mneimneh et al., 2014). Importantly, noncontact and nonre-
sponse (Mneimneh et al., 2014; Lubbad, 2024) and mistrust (Lubbad, 2024) may also 
be higher. Additionally, new sampling frames may become available during conflicts, 
such as ration card lists in WWII UK (Box and Thomas, 1944), UNICEF immunization 
lists in Afghanistan, and food distribution lists in Kosovo (Mneimneh et al., 2014). 

Ukraine has successfully conducted social surveys during the ongoing armed con-
flict since 2014, primarily via face-to-face mode, and since COVID-19 also via phone 
mode (largely mobile phones) (Paniotto, 2022). Among survey errors, the war has im-
pacted coverage error, unit nonresponse, and measurement error (for sensitive ques-
tions) but has not affected sampling error, item nonresponse, interviewer error, or pro-
cessing error (Paniotto, 2022). In the Ukrainian context, coverage error results from the 
inability to survey occupied territories by Russia, and to a lesser extent, areas near the 
frontline. However, this noncoverage in terms of population percentage does not 
equate to the proportion that lived in these areas before the war. A significant portion 
of that population have moved to safer parts of Ukraine, where they are reachable and 
can be interviewed by a survey organization. Similarly, areas close to the frontline have 
negligible populations remaining, while most residents have moved to other parts of 
Ukraine or abroad (Paniotto, 2022).  

A separate consideration involves newcomers to occupied territories, where Russia 
has intentionally illegally settled Russians (Myroshnychenko, 2023). Although they re-
side in the geographically recognized territory of Ukraine, they never lived there before 
and did not have Ukrainian citizenship. Including or excluding them from the popula-
tion is a theoretical consideration that should reflect research aims. In practice, while 
the war is ongoing and Russia controls these territories, it is likely that there will not be 
access for an objective social survey of Russian settlers in Ukrainian territories. Such 
proportions are not negligible, as it is estimated that 500,000 – 800,000 illegal new Rus-
sian settlers have been living in Crimea since 2014 (Ostiller and The Kyiv Independent 
news desk, 2023), while the Crimean population in the 2001 Census was just over 2 
million (Wikipedia contributors, 2024); and 40,000 Russian citizens settled in Mariupol 
as of 1 July 2023 with Russians planning for this number of go over 300,000 with pre-
invasion population of Mariupol of around 420,000 (Myroshnychenko, 2023). 

Estimating population totals and density in Ukraine presents an additional chal-
lenge. With significant population movements, an outdated Census from 2001, and no 
reliable administrative data depicting the full population picture, innovative methods 
are required. Sarioglo and Ogay (2022) propose an innovative method of population 
estimation by modelling population size, density, and location using mobile network 
and mobile phone operators’ data combined with administrative registers and a social 
survey on mobile device usage. This approach provides timely estimates of population 



210                                                          O. Kaminska: Survey sampling in wartime: addressing challenges… 
 

 

 

size across regions and localities and potentially their changes. Yet, the approach is lim-
ited to Ukraine-controlled territories where Ukrainian mobile service is available.  
In areas not controlled by Ukrainian government Russia blocks the mobile signal to 
Ukrainian networks, and data usage of mobile phones becomes unavailable, thus pre-
venting population estimates in occupied territories.  

Finally, the Ukrainian context also poses challenges for longitudinal studies. Estab-
lishing a longitudinal panel before the start of a war has substantial advantages, as con-
tinuing through the war can provide invaluable information on opinion and life 
changes. However, this also brings methodological challenges. A two-wave opinion 
study by PONARS collected in December 2019 via face-to-face mode and in October 
2022 via telephone in Ukraine faced significant challenges due to large population 
movements, especially from Eastern parts of Ukraine (Rickard et al., 2023). This re-
sulted in substantial attrition with important differences across regions, with higher at-
trition rates in areas with higher civilian fatalities, often concentrated on the frontline 
and in occupied territories. This is critical for opinion surveys in Ukraine because East-
ern Ukraine had different political attitudes, including those towards Russia and 
NATO, compared to Western Ukraine prior to the full-scale war. The task of a meth-
odologist is to disentangle true changes in opinion from changes due to attrition caused 
by the war. Here, attrition combines two factors: typical nonresponse and eligibility 
definition, where a significant portion of the population may become ineligible. Rickard 
et al. note that they excluded Ukrainians who moved abroad (to Western countries or 
to Russia) between the first and second waves of data collection, which may include 
substantial proportions of Eastern Ukrainians. Such exclusion may lead to observed 
changes in opinions, which need to be accounted for when analyzing longitudinal data 
for pre- and post-war analysis. 

4. Sampling theory and conflict 

The first step in planning a sample design is to define the population we aim to 
represent. This population consists of units of analysis and should be entirely driven by 
the theoretical needs of the research, without consideration of practical challenges, 
sampling frame limitations, or other constraints. For example, in the Ukrainian con-
text, we might be interested in residents or households currently living in Ukraine (en-
compassing the entire 1991 recognized territory). 

The first challenge faced by survey data collection in conflict zones is the safety of 
interviewers, particularly in face-to-face surveys. Data cannot be collected in occupied 
territories or areas near the frontline, resulting in non-coverage. Addressing this issue 
involves acknowledging these limitations in the analysis and interpretation of results, 
as there is little scope for a practical solution. 
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The next step in sample design is to ensure the probability nature of the sample, 
meaning every eligible unit of the population should have a known, nonzero chance of 
being selected. In the Ukrainian context, accurate pre-full-scale-war population statis-
tics, specifically population estimates for electoral districts and precincts (from 2019), 
can serve as a convenient sampling frame. Since the start of a full scale invasion signif-
icant population changes have occurred across these districts and precincts which is 
crucial to recognize in the design. 

Incorporating a longitudinal aspect into a panel adds a time dimension to the pop-
ulation definition. In peaceful circumstances, this involves accounting for mortality and 
incorporating newborn children into the study. Migration considerations include peo-
ple who have left the population and, through boosts, recent immigrants (including 
population rejoiners). In conflict situations, these aspects still need to be addressed, but 
additional challenges arise. Solutions are required to represent newly deoccupied terri-
tories when they become safe, to include households when they rejoin, to account for 
substantial future internal movements when parts of the country become deoccupied 
and safe, and to reflect changes in the population when the war is over. 

5. Data 

We explore two surveys planned for Ukraine to be conducted during the war: 
Round 11 of the European Social Survey (ESS) and a longitudinal household survey 
(UKRAINS). 

The ESS is a cross-national survey conducted biannually in 20-30+ countries. It is 
a cross-sectional, face-to-face survey of adults (15+ years old) aiming for an effective 
sample size of 1,500 per country (or 700 in very small population countries). Its main 
goal is to provide data on attitudes, beliefs, and behavior patterns for cross-country 
comparison, enabling time-trend analysis for some core questions (European Social 
Survey European Research Infrastructure Consortium [ESS ERIC], 2021). Round 11 
took place in 2023-2024, with Ukraine participating. 

The ESS methodology focuses on cross-country comparability, ensuring con-
sistency in questionnaire design, fieldwork procedures, nonresponse correction, and 
sample design. The ESS survey in Ukraine is planned within this context. 

The second survey planned for Ukraine is the longitudinal household survey 
(UKRAINS). Its aim is to represent the people of Ukraine longitudinally in their house-
hold context, starting in the current situation and following them into the long-term 
future. The goal is not only to track individuals currently living in Ukraine, but also to 
be able to represent Ukrainian population as it changes in the future, and to represent 
household structure in its novel temporary state, where some households are separated. 
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The planned sample size is 4,000 households in wave 1, with around 12,800 adult (18+) 
individual interviews. 

6. Population definition and noncoverage in the context of conflict 

The ESS employs a standard population definition across all participating coun-
tries, including all persons aged 15 or older living in private dwellings. This definition, 
essential for cross-national and time-series comparability, presents several challenges 
in the current Ukrainian context: 
 Ukrainians abroad: Ukrainians who are abroad are not part of the population defi-

nition. An estimated 6 million people left Ukraine in early 2022. This substantial 
proportion, relative to the pre-war population of around 40 million, includes many 
who intend to return but are currently not in Ukraine. These individuals are ex-
cluded from the Ukrainian ESS population but may be included in ESS surveys  
in their current countries of residency. 

 Servicemen Not Living at Home: Between 600,000 and 1 million people are esti-
mated to be in service, often not living at home. These individuals, part of the 
Ukrainian population more broadly, are now excluded from ESS definition as they 
do not reside in private dwellings. 

 Unsafe Areas for Face-to-Face Interviews: Around 20% of Ukrainian territory is 
currently occupied by Russians, including Crimea and major cities like Luhansk, 
Donetsk, and Mariupol. Unsafe areas also include frontline and nearby areas, which 
are reached by Russian shelling. Interestingly, the population definition would 
technically include many Russians who moved into the vacated homes of Ukrainian 
families who fled the war following the invasion. In Crimea, it is estimated that 
400,000 Russians have relocated since the Russian occupation, accounting for 20% 
of Crimea's 2013 population. However, due to non-coverage, it is not possible to 
study this subgroup.  
When the war ceases, the data will quickly become outdated in terms of population 

representation. Comparison to future ESS rounds will be problematic as changes in 
opinions will be confounded with population shifts. However, the ESS sample design 
aims to represent individuals aged 15+ currently living in private dwellings in Ukraine. 

UKRAINS aims to represent the current and future Ukrainian population. It con-
siders the return of people currently abroad, servicemen rejoining their families post-
war, and internal population movements following de-occupation. To achieve this, 
UKRAINS plans for: 
 Sample refreshments to include de-occupied territories; 
 Sample refreshments across Ukraine to include returning households; 
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 Include servicemen as panel members, initially through proxy interviews; 
 Include family members currently abroad in split households, if at least one mem-

ber remains in a private dwelling in Ukraine. 

The definition for UKRAINS is: people living in private dwellings in Ukraine and 
their household members. 

Non-coverage of unsafe territories, as described for ESS, also applies to UKRAINS. 
However, in a longitudinal context, the definition of unsafe territories may change with 
frontline movements and de-occupation. People returning to de-occupied territories, 
both IDPs and those returning from abroad, will need to be represented. Some individ-
uals may have remained in their homes throughout the occupation and thus would not 
have a chance to be included in the initial panel selection. These individuals would need 
to join the panel upon de-occupation. To represent all three categories of people, a sep-
arate sample from de-occupied territories is necessary. This approach should account 
for the double selection probabilities of returning IDPs or other people, who might be 
selected initially in safer areas and again upon their return. A sampling statistician may 
consider excluding such people based on their previous chance of selection. However, 
reselecting them through a refreshment sample can mitigate the effects of attrition po-
tentially heightened by shifts in life circumstances or geographic relocation. Conse-
quently, it may be more practical to conduct a representative sampling in recently de-
occupied territories, adjusting for the dual selection probabilities associated with inter-
nally displaced persons (IDPs) or other individuals migrating from previously safer re-
gions of Ukraine. A simple representative sample in de-occupied territories also avoids 
challenges of household eligibility definition, particularly in cases where only some 
members of a household relocated from other parts of Ukraine, while others remained 
during the occupation. In such situation a selection of the household would be auto-
matic into a sample, but sample selection probabilities would be calculated separately 
for each household member, reflecting their previous circumstances at the time of the 
original panel selection. 

Since Russia's full-scale invasion in February 2022, many Ukrainians have returned 
home for various reasons, including the reduced likelihood of Kyiv, Central, and North-
ern Ukraine being occupied and better protection from Russian air threats. However, 
safety is not guaranteed, and larger population movements are expected when the war 
ends. Therefore, two types of refreshments are needed: during the war to account for 
those returning home from abroad, and post-war to account for a potentially larger 
internal movement and further returns from abroad. 

In terms of the timeline UKRAINS aims to represent life events since the beginning 
of the full-scale invasion. As the panel has not been in field at that time, retrospective 
data collection through an event history calendar (EHC) is planned. This will gather 
detailed information on major life events for all panel members since February 2022, 
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regardless of their start time in the panel. This approach will allow for the study of war 
experiences and their influence on future life decisions. 

A separate group of interest includes IDPs. Those residing in private dwellings 
within government-controlled areas can be selected through an address-based sample. 
This includes IDPs who reside on their own or with relatives and / or friends in safer 
parts of Ukraine. However, representing IDPs in temporary shelters (such as hotels, 
hostels, and schools) presents a challenge. When practical restrictions prevent inter-
viewing these individuals, future refreshment samples may include them once their cir-
cumstances stabilize. 

In the current context of Ukraine, defining a household presents unique challenge, 
partly due to the presence of multiple households cohabiting in the same dwelling. This 
arrangement often arises as families host relatives or friends from less secure regions, 
or as households join relatives in rural areas with alternative heating sources, particu-
larly during winter, in response to Russian targeting of Ukrainian infrastructure. Given 
these dynamics, different researchers may adopt distinct household definitions tailored 
to their specific research questions. In this context, a practical approach for a sampling 
statistician may involve selection of all individuals residing at the same dwelling  
(i.e. the same postal address) and collecting data on key household dynamics. Questions 
addressing shared meals, financial arrangements, and prior household compositions 
would provide flexibility, enabling researchers to apply various household definitions 
according to their analytical needs. 

The population definition related to split households is discussed in the following 
section. 

7. Household survey of split households 

ESS primarily focuses on individual opinions, beliefs, and behavior, rendering 
household context relatively insignificant. Conversely, UKRAINS is a household panel 
study that examines life decisions and choices, where household context is crucial. The 
standard household definition—comprising individuals who live together and share fi-
nances and meals—may not accurately reflect the current situation in Ukraine, where 
many households are temporarily split. 

For example, a husband serving at the frontline for over a year, while his wife and 
children remain at their family home, still supports his family financially, communi-
cates frequently, and plans to return home post-war. Despite the physical separation, 
they consider themselves one household. Another example involves a wife and children 
who have relocated to a safer European country, while the husband remains in Ukraine, 
unable to leave due to wartime restrictions. They maintain financial ties, communicate 
daily, and intend to reunite once it is safe. We refer to these as temporarily split house-
holds. 
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At the data collection stage, we could define households in several ways: as those 
who lived together before February 2022, as those who currently share finances, or 
based on individuals' own definitions of their household as they see it today. However, 
it is critical to include all household members at the panel's start to fully understand the 
household context, encompassing members not currently residing at the dwelling. 
UKRAINS plans to include servicemen who belong to the household as panel members, 
conduct brief proxy interviews while they are serving, and conduct full interviews upon 
their return. The study also intends to interview household members abroad via online 
video calls, continuing these interviews over time. This approach will enable the study 
of household dynamics including when members from abroad return to Ukraine. 

While some servicemen and Ukrainians living abroad will be represented in the 
study, not all of them will be included. Households without a member residing in  
a private dwelling will be excluded from the initial wave, for example where a single 
servicemen lived alone before deployment or households where all members have 
moved abroad. However, they will be represented in future refreshments if they return 
to live in a private dwelling in Ukraine. 

8. Vacant and demolished houses 

Ukraine does not have a named register available to sampling statisticians, making 
an address-based sample a viable option. For the ESS sample design, 2019 electoral pre-
cincts are used as clusters, each containing an average of around 1,500 individuals aged 
18 and over, with a range of about 300 to 4,000 per precinct. By estimating average 
household sizes, we can approximate the number of households per precinct in 2019. 
However, many dwellings are now vacant or demolished, and the population distribu-
tion has changed significantly. 

The most efficient sample allocation is an equal probability sample, which, at the 
cluster selection stage, implies a proportional to population size (PPS) allocation. This 
ensures that clusters with larger populations have a higher chance of being selected, 
reflecting their relative size. Ideally, the most recent population size information would 
be used, including only current residents and excluding those who have temporarily 
left their homes. Unfortunately, high-quality, up-to-date statistics at the precinct level 
are not available. 

To address this, the plan is to select all dwellings—vacant or not—and then screen 
for occupancy among the selected dwellings. Since the exact number of vacant dwell-
ings is unknown, the selection must include both occupied and vacant dwellings in pro-
portions representative of the cluster. Importantly, as the screening will follow the se-
lection of clusters, the PPS should reflect the total number of dwellings, including both 
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occupied and vacant ones. The 2019 statistics provides a good estimate of the total num-
ber of dwellings even at the time of the war. Thus, clusters can be selected using PPS 
according to the total number of dwellings. 

There is no high-quality list of dwellings within each electoral precinct. After clus-
ter selection, enumeration is necessary, involving enumerators listing all dwellings  
in the cluster. During this stage, demolished dwellings and non-private buildings can 
be excluded. A set number of dwellings (e.g. 25) is then randomly selected in each PSU, 
and interviewers can determine occupancy during visits. Some vacant dwellings may 
not be detected and might be classified as non-contacts. Nevertheless, this sampling 
design ensures equal selection probabilities for occupied dwellings, and their PPS rep-
resentation. 

9. Challenges during fieldwork 

Several challenges can arise during the fieldwork stage. The situation may change 
between the drawing of the sample and the data collection. For example, in our experi-
ence with the ESS, the Ukrainian-controlled part of the Donetsk region was deemed 
safe at the time of drawing the sample, and two clusters were selected in this region. 
However, by the time of enumeration, the safety situation had deteriorated. While the 
overall sample size remained unchanged and enumeration proceeded in many other 
PSUs, we decided to randomly allocate additional dwellings from the Donetsk region 
across the rest of the sample. Some flexibility in the design and ability to adapt to  
a rapidly changing situation is therefore necessary, and planning for different scenarios 
in advance can be beneficial. 

Another challenge is related to males aged 25-60 who can be conscripted into mil-
itary service. While many men volunteer for service or join when called, some avoid 
service and hide in their homes. This can create difficulties for interviewers listing 
household members, as these men may not be reported to avoid detection. This issue 
can be partially mitigated through interviewer training and assurances of confidential-
ity, but some proportion of this subgroup may still be omitted during the war. To ad-
dress this, we plan to reassess household composition at the end of the war, allowing 
for updates and corrections to previous responses, including the addition of any house-
hold members not initially listed. 

We also anticipate that the reported dwelling vacancy rate may be underrepre-
sented. In unsafe regions, a neighbor might look after multiple vacant dwellings and 
may be reluctant to report these vacancies due to fear that such dwellings could be tar-
geted by criminals. While this issue does not affect population representation, it can 
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lower apparent response rates, as genuinely vacant houses will be counted as non-con-
tacts. Again, interviewer training and assurances of confidentiality can help mitigate 
this problem. 

10. Discussion and conclusions 

While theoretical sampling concepts such as population and household definitions 
are relatively straightforward in many survey contexts, conflict situations necessitate  
a much more careful consideration of these definitions, especially for longitudinal and 
household surveys. Population movement within a country, emigration and return pat-
terns at the onset of conflict, and the continued movement as some areas become safer 
or more dangerous, occupied, or deoccupied, create a fluid population that still needs 
to be accurately represented at each point in time through high-quality sample design. 

This paper provides practical solutions to sampling in a conflict situation in Ukraine 
during a full-scale war. A cross-sectional study, such as the ESS, is easier to plan since 
its purpose is to capture a snapshot of the population at a single point in time. Although 
the population described in such a study may quickly become outdated, it remains rel-
evant to a critical historical moment in the country’s life. However, analysts must be 
aware of missing subgroups: IDPs living in non-private households, servicemen (who 
now constitute a larger proportion of the population than in non-conflict circum-
stances), and individuals who are abroad unless specifically covered. 

For a household longitudinal study, additional considerations are necessary to en-
sure continuous representation of the population, reflecting all its changes. While it is 
challenging to plan for the unknown, different scenarios can be considered. This in-
cludes tracking people who flee for safety and through sample refreshment accounting 
for those who return to their old homes as areas become safe or are deoccupied. Incor-
porating split households into the design can involve including household members 
who are currently away (even long-term) if one member of the household can be inter-
viewed. These away members can be interviewed via proxy or video interviewing to 
provide a complete household context. 

Finally, post-stratification may be challenging or significantly limited compared to 
times of peace, as earlier statistics may no longer accurately reflect the current popula-
tion due to drastic changes. Even fundamental demographic characteristics, such as age 
by gender distribution, have undergone substantial shifts during the full-scale war.  
A large number of males aged 25-60 are in military service, while many young females 
and children have moved abroad. Additionally, in less safe regions, there are signifi-
cantly fewer children than before.  

Unlike in many other surveys where post-stratification can help correct for non-
coverage, the current context in Ukraine lacks reliable statistics for territories occupied 
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by Russia or frontline areas. Therefore, using poststratification to adjust for noncover-
age may not be an  option. 

Although this paper describes two studies in Ukraine in the context of 2023–2024, 
the challenges outlined are similar to those encountered in other conflict situations. 
Our sampling experience may serve as a valuable starting point for planning sample 
designs in similar circumstances elsewhere. 
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