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The bias of the estimation of income distribution parameters
in non-probability surveys: an experiment based on EU-SILC
microdata for Poland

Arkadiusz Kozlowski!

Abstract

The selection bias is a major issue when using non-probability samples for inference about
finite populations. Minimizing it requires sufficient auxiliary power from external sources
and proper modelling. This article examines the potential bias of estimates of income distri-
bution parameters using real-life data from a household survey (European Union Statistics
on Income and Living Conditions, EU-SILC) and computer simulations. It investigates the
change in the performance of the estimates depending on data defectiveness, the sample size,
the pool of auxiliary variables, sources of auxiliary information, and the estimation method.
The non-probability samples had non-ignorable bias intentionally introduced by designing
selection mechanisms directly tied to income or the access to a computer and the Internet.
The results indicated that the bias of the estimates behaved predictably for simple parame-
ters, such as the median and mean. However, for more complex parameters, the bias patterns
were less stable. The use of sociodemographic variables for weighting did not consistently
reduce the bias; on the contrary, in certain cases, it led to the aggravation of the bias. The
number of auxiliary variables and the sample size were as important for the bias reduction
as the actual estimation methods, of which the doubly robust estimation performed best.

Key words: selection bias, non-probability sampling, non-ignorable mechanism, income ine-
quality, data weighting.

1. Introduction

Survey research is typically conducted on samples of elements with the aim of esti-
mating the parameters of the whole finite population from which a sample was drawn.
The method of sample selection is the key element in determining the possibility and
validity of subsequent inference about the population parameters. Over the past
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70 years, the predominant paradigm in survey research methodology has been proba-
bility (random) sampling for sample selection and a design-based (randomisation) ap-
proach for inference about finite population parameters. The foundation of this ap-
proach was established by Neyman (1934) and subsequently developed by Hansen and
Hurwitz (1943) and Horvitz and Thompson (1952), among others. The classic works
on survey sampling fall within this framework; see, for example, Cochran (1963), Kish
(1995), and Siarndal et al. (1997).

However, random sampling is costly and not always feasible, primarily due to the
need to have a list of all units belonging to the study population (sampling frame) and
the need to reach randomly selected (inconvenient) units. In the practice of social re-
search, a sample designed to be random is rarely truly random in the strict sense be-
cause of the incorrect mapping of units in the sampling frame (coverage error) and the
presence of non-responses. Another common obstacle in list-based samples is the lack
of anonymity of the respondents (the entities in a sampling frame must be identifiable
so that a researcher can reach them if they are sampled), which makes it difficult to
research sensitive topics.

In contrast, non-probability sampling (e.g. quota sampling, haphazard sampling,
purposive sampling, see Baker et al., 2013) offers many practical advantages for the re-
searcher. These include convenience, low costs, and the speed of the attainment of re-
sults. Recent trends pertaining to the conditions in which surveys are conducted, such
as declining response rates in traditional probability surveys, the increased burden on
respondents, the ever-growing demand for timely statistics, and the abundance of non-
probability data sources (including big data), have prompted questions about the pos-
sible replacement of traditional research based on probability samples with the non-
probability equivalents, even for official statistics (Beaumont, 2020; Beaumont and Rao,
2021; Kalton, 2023).

For non-probability samples to be a valid source for inference about finite popula-
tions, their two main deficiencies must be properly handled. The first is the lack of
a widely acceptable framework for the assessment of estimation error. In probability
sampling, the inference is based on the framework of possible outcomes from repeated
draws of a sample with known inclusion probabilities. In non-probability sampling, the
inclusion probabilities are not known (the sheer concept of inclusion probability in the
non-probability sample and the possible repetition of the selection process are not clear,
see, e.g. Lohr 2022, p. 526). The next section provides a short overview of the most im-
portant approaches to inference from non-probability samples.

The second weakness is the selection bias - systematic differences between the com-
position of a sample and the true population characteristics caused by the selection
mechanism. Selection bias arises when the inclusion into the sample is somehow cor-
related with the studied variables. For example, to estimate how frequently people with
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disabilities participate in public events, the sample may be selected as a convenience
sample. People who go out more often, attend concerts, go to restaurants, etc., will be
easier (more convenient) to recruit; therefore, their participation in the sample will be
greater than their proportion in the general population. Such a sample will be biased
and will generate systematically erroneous results (Szreder and Kozlowski, 2024,
pp- 73-74).

Selection bias can be reduced if the researcher knows the selection mechanism well
and can properly model it using auxiliary variables and additional reliable data sources,
such as a probability sample or administrative records. These auxiliary variables and
the right model are crucial for bias reduction. If the variables at hand have weak explan-
atory power for the selection mechanism, the bias could still be eliminated, provided
they have strong explanatory power for the target variables. If a model captures all the
forces that influence entry into a non-probability sample and/or the variability of the
study variable, the units in and out of the non-probability sample are then exchangeable
given the variables in the model (Mercer et al., 2017; i.e. conditionally exchangeable;
see Li, 2024). Being so is the crucial and usually unmet assumption for the validity of
inference from non-probability samples.

In most social surveys, it is reasonable to assume that the right model for the selec-
tion mechanism or the study variables could never be found due to the complexity of
phenomena such as opinions, behaviors, attitudes, etc. In addition, the issue of finding
the right model is complicated by the fact that the selection bias depends on the study
variable; thus, the model properly capturing the selection forces may be different for
different variables. Most surveys based on probability samples in practice use one set of
demographic variables to calibrate weights assigned to sampled units to known popu-
lation totals in order to, inter alia, reduce bias stemming from non-responses and other
non-random errors. The question is how useful such variables could be in mitigating
the effect of selection bias. Several researchers have noted that demographics and sim-
ple weighting are not sufficient to reduce the bias; see the review in Cornesse et al.
(2020), as well as studies by Lavrakas et al. (2022) and Mercer and Lau (2023). They
uncovered this by comparing probability and non-probability surveys with similar ob-
jectives with a benchmark. In this article, we wanted to check to what extent de-
mographics and some weighting procedures can mitigate the selection bias, but instead
of having a couple of real non-probability samples, we turned to a Monte Carlo simu-
lation to have a broader scope of possibilities. Still, our experiment leveraged natural
relationships between variables in a social survey, not artificially generated.

Using computer simulations on real-life data for generating non-probability sam-
ples is not obvious. When testing the performance of the proposed estimation methods
for non-random samples, artificially generated data are often used (e.g. Chen, Li and
Wu, 2020; Yang, Kim and Song, 2020; Kim and Morikawa, 2023). The use of real data
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(from random and non-random samples) is often limited to a one-off application
where, rather than assessing replicative properties, results are compared to known pop-
ulation values (e.g. Wang et al., 2015; Chen, Valliant and Elliott, 2019) or reliable prob-
ability survey estimates (e.g. Beaumont et al., 2024), or the estimates themselves and
some aspects of estimation procedures are evaluated (e.g. Chen, Li and Wu, 2020; Yang,
Kim and Song, 2020; Kim et al., 2021).

To assess the replicative properties of estimation from non-probability samples us-
ing real data, probability sampling is used, but with different selection probabilities, in
a way that mimics the possible non-probability mechanism. Valliant (2020) and
Buelens et al. (2018) used cut-off sampling (planned undercoverage), which deliber-
ately excluded certain elements from the frame. Also, Valliant (2020) and Lee & Val-
liant (2009) used stratified sampling with disproportional allocation. Marella (2023)
used Poisson sampling. Liu et al. (2023) used unequal probability random systematic
sampling without replacement.

Most authors in simulation studies (on artificial or real non-probability data) test
the ignorable mechanism. Testing a non-ignorable mechanism, such as where the prob-
ability of getting into a non-random sample depends on the target variable, is done by
Kim & Morikawa (2023) and Marella (2023).

Virtually all simulations on non-probability samples focus on estimating means
(including proportions) and totals. A notable exception is the study by Wisniowski et
al. (2020), where regression parameters were estimated.

The simulation in this study aimed to test the extent to which the bias caused by
non-ignorable selection mechanisms can be minimized using socio-demographic aux-
iliary variables when estimating parameters of household income distribution. Con-
trary to most studies, where only means are tested, the parameters estimated include
non-linear functions of the target variable. The estimation methods cover various tech-
niques, but only the variants where a single vector of weights can be derived have been
used. This was to mimic the production of estimates in most probability surveys. The
estimation methods also do not take into account the non-ignorability of the selection
process. In reality, it is usually not known whether the selection process is ignorable or
not. If the conditions are ignorable, one can expect unbiased estimates with manageable
precision. The interesting part is what happens when the process is non-ignorable, and
the performance of estimators depends on the natural relationship between income and
socio-demographic characteristics.

The scenario tested in the simulation is that the target variable is only observed in
anon-probability sample, and the estimation is strengthened by additional information
on auxiliary variables from an independent probability sample and/or the entire popu-



STATISTICS IN TRANSITION new series, September 2026 139

lation. The data from a large-scale probability survey is used for the experiment. Alt-
hough the experiment is based on one specific survey, it aims to introduce a methodo-
logical framework for such an assessment and identify certain regularities.

The rest of the article is structured as follows. The next section is devoted to the
primary approaches to estimation in non-probability sample surveys. Our method of
investigating estimation bias is then presented, starting with the real data description,
followed by methods of generating non-probability samples, and ending with the esti-
mation procedures. The results of the experiment are presented in Section 4, and some
intriguing outcomes are discussed in Section 5. The article ends with a conclusion sec-
tion.

2. Estimation from non-probability samples

We are interested in the finite population of elements indexed by U = {1, 2, ..., N}.
The elements may be observed on a study variable y and a vector of covariates x. The
population is considered constant, meaning that it is assumed that the surveying ele-
menti (i = 1,2, ..., N) would always yield the same values y; and x;. A survey aims to
estimate population parameters (functions of y) based on a sample of elements and
possibly some auxiliary information. The unknown part of this setup is which elements
are included in the sample. Following Meng (2018), we introduce the sample member-
ship indicator R; (R; = 1 if element i is in the sample, R; = 0 otherwise). The indicator
is the result of all forces that determine whether an individual enters the sample. These
include the selection mechanism (probabilistic or not), non-response, coverage errors,
and others. Most of them are not controlled by the researcher. In probability sampling
and pure conditions (without non-random errors), the distribution of R; is known; no-
tably, E(R;) = P(R; = 1) = mp; (first-order inclusion probabilities) are known for
each population element prior to sampling. These probabilities, along with second-or-
der inclusion probabilities, p;; = P(RiRj = 1), play a central role in the generaliza-
tion of the sample outcomes to the entire population (Sarndal, Swensson and Wretman,
1997). In practice, the pure conditions rarely occur, and the selection mechanism is
often a non-probability one.

Consider the non-probability selection mechanism leading to a sample syp. The
inclusion probabilities are not known; thus, the usual randomization approach for in-
ference about the population parameters cannot be applied. Nevertheless, the body of
statistical theory offers some possibilities of inference from non-probability samples.
Two primary approaches are quasi-randomization and superpopulation modelling
(Zhang, 2019; Valliant, 2020). Other solutions can be regarded as variations or combi-
nations of these two approaches. Every method requires some additional data sources
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aside from a non-probability one, some auxiliary variables besides the ones studied, and
explicit or implicit modelling.

To effectively use non-probability data for the production of estimates, a single vec-
tor of weights is desirable. The weights should be independent from any study variable
and constructed in such a manner that a linear combination of the values of the study
variable with the weights as coefficients yields an estimate of the total:

y= Z Wnp,i " Vi

iESNp (1)
where wyp ; is the weight for unit i in the non-probability sample. Using a single vector
of weights is the usual practice in probability surveys. It is convenient because the
weights could be used for different y variables and parameters. In this study, only esti-
mation methods that allow the construction of a single weight vector will be used.

The quasi-randomization approach (also: inverse probability weighting or propen-
sity score adjustment, PS) is conceptually equivalent to the method introduced earlier
to address nonresponse bias (see Valliant et al. 2013, pp. 321-338). In the nonresponse
case, the mechanism leading to nonresponse is treated as the second phase of sampling;
in this phase, unlike in the usual sampling design treated here as the first phase, the
inclusion probabilities are not known and must be modelled after the survey is con-
ducted based on information regarding both respondents and non-respondents. In the
non-probability sample case, the aim is to estimate the (pseudo)probabilities of being
included in syp. The estimation is performed after the sample is selected and is based
on covariates that are believed to affect the inclusion in the non-probability sample.
After the pseudo-inclusion probabilities are estimated, the inverses of the estimated in-
clusion probabilities can be used as weights in the production of estimates:

ws) _ 1

NP,i — Wp'i 2)
where fiyp ; is the estimated pseudo-inclusion probability for unit i in the syp. There
are other propensity-score-based methods (see, e.g. Rivers, 2006), but they are beyond
the scope of this article.

Superpopulation modelling (SM; model-based approach) is a prediction-based par-
adigm in which the values of variables of interest for unsampled units are predicted
using specified models, and population estimates are generated as functions of these
predictions (Valliant, Dorfman and Royall, 2000). This approach is predicated upon
the idea that a finite population is merely a sample from a superpopulation. This super-
population is defined by the model binding the variable of interest with specific covari-
ates. In other words, it is assumed that finite population elements are generated by the
model with certain fixed parameters and a random error. The model parameters are
estimated from the sample elements, and the estimator of the total is then constructed
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simply as a sum of y-values over the sample elements plus the sum of predictions over
the non-sampled elements (Elliott and Valliant, 2017). There are several variants of the
model-based approach, such as multilevel regression and poststratification method
(Gelman and Little, 1997), mass imputation (Kim et al., 2021), using penalized estima-
tion (Liu, Wang and Pan, 2025) or machine learning techniques (Ferri-Garcia, Castro-
Martin and Rueda, 2021).

The model-based estimators are not typically presented as a linear combination of
sample elements, but they could be written in this form for simple models such as the
linear model below:

Ev(yilx) = x{ B,

Vu ilx) = v (3)
where E); and V), are expectation and variance with respect to the superpopulation
model. Estimating parameter vector 8 from the non-probability sample using the or-
dinary least squares method allows the weights to be presented in the following form:

WIEISI"I,WL) = XT (XTX) _1xi (4)

where X is the vector of population totals for auxiliary variables (these totals could be
known or estimated from the probability reference sample), and X is a matrix of values
for auxiliary variables from the non-probability sample.

A combination of quasi-randomization and superpopulation approaches yields
a doubly robust estimation (DR). In this method, the PS weights are involved in making
predictions based on the model. The doubly robust estimation is robust in the sense
that it protects against the misspecification of either the inclusion or the superpopula-
tion model (Chen, Li and Wu, 2020; Yang, Kim and Song, 2020).

In the doubly robust estimation, adopting the same linear model (3) translates
into the following formula for the weights (see Valliant 2020, p. 243):

(OR) _ | (PS)

w NP, i

NP, i

where Xps = Yicsyp WISI;,S)i * x; is the vector of estimated population totals for x-varia-

[1 +(X- ?PS)T(XTWX)‘lxi] (5)

bles using the PS method and W = diag {Wlsz;s)l} The weights in (5) are the same as

the linear calibration weights, where the initial weights, rather than design weights, are
the weights (2) from the PS method (see Deville and Sarndal, 1992).

3. Methodology of the experiment

3.1. Data

The data for the experiment come from the European Union Statistics on Income
and Living Conditions (EU-SILC) survey. The aim of the survey is to obtain estimates
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of income, poverty, social exclusion, and other aspects of living conditions. The survey
is harmonized across 32 European countries, and its implementation is overseen by
Eurostat. In each country, the survey “must be based on a nationally representative
probability sample of the population residing in private households within the country”
(European Commission 2022, p. 59). The data used in the experiment are microdata
obtained from Statistics Poland pertaining to the 2022 edition conducted in Poland
(Eurostat, 2024). The sample in this survey was selected using a two-stage sampling
scheme, with enumeration census areas as primary and dwellings as secondary sam-
pling units (all the households in the selected dwellings are surveyed). Stratified sam-
pling with disproportional allocation was used at the first stage and simple random
sampling without replacement in the second stage. Stratifying variables were NUTS 2
regions, city size classes and share of richest dwellings in the primary sampling unit.
The last feature was calculated using information obtained from tax records (GUS,
2023).

The variables considered in the simulation concerned the household as a whole or
the person completing the questionnaire. As the main objectives of the EU-SILC survey
relate to incomes and income is also one of the variables in social surveys that might be
most heavily affected by non-probabilistic sample selection (in the same way as it is
affected by non-random errors, concerning measurement, coverage and non-response,
especially for the top income units; see e.g. Brzezinski, Satach and Wronski, 2020;
Carranza, Morgan and Nolan, 2023), the main parameters of interest in our experiment
are various parameters of income distribution. The main study variable is the equival-
ized annual disposable income (y;), which is not directly observed but is calculated as
follows:

_ TDH]
"~ EHS; (6)

Vi

where: TDH], is the total disposable household income for a household i, and EHS; is
the equivalized household size, calculated as a sum of weights: 1 for the first person
aged 14 and over, 0.5 for each additional person at this age, and 0.3 for each person aged
13 or less. For brevity, the equivalized annual disposable income will hereinafter be re-
ferred to as "equivalized income".

The value of y; is assigned to each person in the household i. The following param-
eters describe the population of persons, but the statistical unit in the dataset is a house-
hold. Therefore, the household data is considered as grouped data of persons, which is
reflected in the way the parameters are calculated (i.e. they are weighted by the number
of persons in a household). Additionally, for all the formulas that follow, except the
mean, it is assumed that the households are ordered in a non-decreasing way with
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respect to y. The parameters to be estimated and their population formulas are as fol-
lows:
e Mean (Mean of equivalized income for a person):
Yyvean = Z{V ;]yi i
i=1%i (7)
where: z; is the household size (total number of household members).

e  Median (Half of the persons in the population have equivalized income not higher
than the median):

Yuedian = miny y;| Z pir = 0.5
i'=1 (8)

21 1Zl

where: p;r =

e DPoverty (At-risk-of-poverty rate - the percentage of persons with an equivalized
income below the at-risk-of-poverty threshold set at 60% of the median):

Zl 1I(yl <0.6- YMedlan) Zj

Y;
Poverty — i\] L Z; (9)

where: I () is the indicator function, I(u) = 1 if u is true, and I (u) = 0 otherwise.

e Depth (Relative median at-risk-of-poverty gap - the difference between the median
equivalized income of persons below the at-risk-of-poverty threshold and this
threshold, expressed as a percentage of the at-risk-of-poverty threshold):

Y _ 0.6 * Ypreqian — ?Median
Depth 0.6 * Yysedian (10)
where Yieqian = min{yi | Z§'=1P'i’ =05 Ay, <0.6 " Yyedian } is the median

equivalized income of persons below the at-risk-of-poverty threshold, and p’; =
Zi’

i ¥i<0.6'Y predian Zi

e Inequality (Income quintile share ratio - the ratio of total income received by the
20% of the population with the highest income to that received by the 20% of the
population with the lowest income):

Ylnequality _ Zietopzo% TDHIi
Ziebottomzo% TDHli (11)
where i E top20% and i€ bottomZO% mean such households (i) for which
Y _121 = > 0.8 and Y}, _12 < 0.2, respectively (assuming units are sorted in

non-decreasing order with respect to y, not the TDHI).
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e Gini (Gini coefficient; For the household data, the Gini coefficient is calculated us-
ing the trapezoid rule, because the household data are treated here as grouped data
of individuals):

i-1

Z: /y Z-ry-r
Yoini =1 — E LY, l Yl ~ |
total =0 total (12)

— V'N _ _Zi _ —
where Yota1 = Xiz1 ZiYi> Pi = SN 2o =0,y =0.
=1

The sociodemographic variables utilized as auxiliaries concerned the household as
a whole or the person completing the questionnaire. These variables are as follows
(numbers in parentheses indicate the number of categories): region (7), degree of ur-
banization (3), tenure status (2), educational attainment level (5), self-defined current
economic status (3), household type (10), number of rooms available to household (6),
sex (2), marital status (4), age at the end of the income reference period (7). All auxiliary
variables are categorical (or categorized), which reflects the usual way these variables
are used for weight adjustment in probability sampling. To use these variables in the
models, dummy variables were created representing all but one variant from each orig-
inal variable. Only additive effects were considered in the models. This yielded a total
of 39 explanatory variables. The experiment examined two variants: using all variables
(39) or only selected ones, most correlated with income (first 5 variables; a total of
15 binary variables).

In the original sample from EU-SILC 2022, 19,757 households were surveyed.
19,655 household left after removing the units with missing values on auxiliary varia-
bles. Since it was a probability sample, each household in the dataset came with a weight
that reflected different inclusion probabilities and subsequent adjustments. These
weights were used to construct the probable population of 12,633,327 households by
copying each entry as many times as its weight, which was rounded to the nearest inte-
ger. This dataset was too big to run the simulations described below, so a simple random
sample with replacement was drawn of size N = 100,000. This sample served as the
target population in further analysis (the parameters of this population were practically
the same as the weighted statistics from the original EU-SILC sample). It was assumed
that this sample was representative of the general population of households in Poland
in terms of relationships between variables that were exploited in the experiment.

3.2. Sampling

When selecting a non-probability sample, there is no defined randomness involved,
as in probability sampling, but one could imagine the accidental nature of various ac-
tivities related to the selection of respondents (e.g. the respondent visiting a website
where an invitation to participate in the survey will be displayed). If it were possible to
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select a non-probability sample again, with the same relevant research conditions,
a different sample composition would be obtained. Therefore, when writing an algo-
rithmic selection of a non-probability sample for a computer simulation, a probabilistic
mechanism can be used. However, in such a mechanism, some kind of selection bias
should be incorporated. The experiment tested two non-ignorable mechanisms: The
first one was dependent directly on income (hereinafter “income-dependent”), and the
second one was dependent on having a computer and Internet access (hereinafter
“Internet-dependent”).
In the first mechanism, first-order inclusion probabilities for all members of the
target population were generated using the logistic function as follows:
2D 1
NPi ™ 1 4 e—(bo+byyi) (13)

o . 1
where by is an intercept chosen in such a manner that YV ; 7T1(\113i = nyp for a chosen

non-probability sample size nyp, and b, is the parameter affecting the strength of the
selection bias. Two values of b; have been tested, -1 and -0.2 (see Table 1). Both values
are negative, which means that households with higher income were assigned smaller
inclusion probabilities. Similar to Liu et al. (2023), the sampling scheme was based on
random systematic sampling (Tillé 2006, pp. 127-128), which allowed for a fixed sam-
ple size in a sampling without replacement with unequal probabilities. The population
was randomly sorted before each selection.

The second mechanism depends on owning a computer and having access to the
Internet. The sampling was done as planned undercoverage - the samples were drawn
only from the portion of the households that met both criteria. 79.6% of households
in the target population own a computer and have Internet access. From this part of the
population, the samples were drawn using simple random sampling without replace-
ment.

Following Meng (2018), we can measure the selection bias (or data defect) for the
estimation of the mean as Ey [p,zeyy], where Ejy, is the expected value over an R-mecha-
nism, and pg ,, is the correlation coefficient between the sample membership indicator
R and the study variable y, calculated as follows:

1 —
Covg(R,y) " MaRyi—fup Y

Dic(R) - D) fup(1 = fap) \/(% ?’:1 Yiz - 72) (14)

where Covg and Dy denote covariance and standard deviation with respect to the em-

PRy

pirical distribution of a variable (i.e. population parameters), and fyp = nyp/N, Y =
1/N ¥, y;. Since the sampling unit in our experiment was a household and the pa-
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rameters of interest pertaining to income are always weighted by the number of house-
hold members, the coefficient (14) should also be weighted. The formula is then as fol-
lows:

LipiRyi — R, Y,
VR =R [Elapir? ~ T2) s

where p; = z;/YN, z; is the weight of an element i, z; denotes the number of house-
hold members, R,, = ¥V, p;R;,and ¥, = XN, .Y = Yirean.

pRr}’w =

Three selection mechanisms and two non-probability sample sizes (nyp = 1000
or nyp = 2000) were tested, yielding six designs with different defectiveness. For each
design M = 1000 samples were generated, and for each sample the correlation coeffi-
cient (15) was calculated. Table 1 presents the means of (square) correlation coefficients
for each sampling design. Negative mean correlation coefficients in the first two
R-mechanisms were induced by negative coefficients b; in (13). The positive correla-
tion for the third mechanism arose naturally as the effect of households with a computer
and Internet access being more affluent. Each subsequent mechanism is by one order
of magnitude less defective in terms of mean p,ze’yw. What is important, the defective-
ness of a sampling mechanism increases with increasing sample size. For comparison,
if the R-mechanism were simple random sampling (SRS), the value of Ex [p,ze,yw] would
bel/(N — 1) = 0.00001 and Eg [pR,yw] = 0. The expected squared correlation in SRS
is thus about seven times smaller than in the least defective non-probability mechanism
introduced in the experiment.

Table 1. Estimated sampling design defects measured by the mean (square) correlation coefficients
between sample membership indicator R and equivalized income, by R-mechanism and
sample size

Selection mechanism Mean over M samples of
dependent on TN z
PRy, PRy,
Income (strongly), with b; = —1 1000 -0.05269 0.00278
2000 -0.07438 0.00554
Income (weakly), with b; = —0.2 1000 -0.01549 0.00025
2000 -0.02185 0.00049
Having a computer and internet access 1000 0.00741 0.00007
2000 0.01046 0.00012

Source: own calculations.

As Table 1 shows, both non-probability sampling mechanisms introduced in the
experiment led to data defects. In both cases, the mechanisms depended on variables
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that were not used at the estimation stage. Therefore, they were non-ignorable - the
assumption for propensity score modelling was not met. In such a situation, the effec-
tiveness of the estimation methods in reducing bias depends on how well the auxiliary
variables can explain the variation in the variable responsible for selection bias.

Probability reference samples, needed for auxiliary information at the estimation
stage, were drawn independently for each non-probability sample using stratified sam-
pling with proportional allocation. The strata were formed by cross-classifying Region
and Degree of urbanization, which resulted in 21 strata. The size of these samples was
np = 1000.

3.3. Estimation

It was assumed that the estimation methods tested in the experiment should have
similar practical properties to the estimation methods used in most probability sample
surveys. There were, therefore, two criteria for selecting the methods: no need to create
a separate model for various study variables and the possibility of creating a single
weight vector, thus allowing for the estimation of multiple parameters for distinct target
variables. An additional assumption was to use different estimation approaches dis-
cussed in Section 2. Therefore, three solutions were used in the experiment: the pro-
pensity-score adjustment method, the model-based method, and doubly robust estima-
tion. In each method, the essential part was the formula for weights.

Several propensity-score adjustment methods have been proposed in the literature
(see, e.g. Valliant and Dever, 2011; Wang, Valliant and Li, 2021; Kim and Kwon, 2024),
including methods based on machine learning techniques (Rueda et al., 2023; Ferri-
Garcia et al., 2024). In this experiment, the pseudo-inclusion probabilities were esti-
mated using the logistic regression model:

R exi'B
e = T4 onh 16)

where x; is the vector of values for auxiliary variables for unit i, and B is the vector of
estimated model parameters. The model parameters were estimated using the maxi-
mum pseudo-likelihood estimation method as proposed by Chen et al. (2020). In this
method, the estimates 8 maximise the pseudo-log-likelihood function:

1 ,
L@ = ) xB~ ) —log(1+enh)

iESyp i€sp ! (17)

where mp ; is the inclusion probability for element i in the reference sample. The max-

. . . . . 0 ;. 1
imum is obtained by solving the score equation %l (B) = Yiesyp Xi — ZiESpn_'
P

Typ,i * X; = 0 by means of the Newton-Raphson iterative procedure. The weights were
then calculated using formula (2).
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The weights for the model-based and the doubly robust methods were calculated
as described in Section 2, formulas (4) and (5), respectively. The linear model assumed
in the derivation of weights in those methods may not be the best choice when all aux-
iliary variables are of a categorical nature, as was the case in the experiment, but it allows
the single weight vector to be derived. This practical advantage makes these estimation
procedures resemble the production of estimates in probability surveys.

In the practice of sample surveys, the distribution of weights is also examined, and
possibly some trimming is performed. The use of categorical auxiliary variables and
additive models in our experiment should keep the weights in a reasonable range. Nev-
ertheless, the effect of trimming extreme weights was also examined. The trimming
procedure employed consists in setting negative or large weights to zero or to an upper
bound, respectively, and spreading the total weight trimmed away among the other
sample units. The upper bound was arbitrarily chosen as three times the median weight.

The estimators of parameters described in Section 3.1. were then constructed
straightforwardly by plugging the weights into the parameter formulas. The differences
in the formulas for estimators compared to formulas for parameters are as follows:

e Summation is done over households in a non-probability sample.
e The expanded values of household size, Z; = z; - wyp ;, and total disposable house-
hold income, TDHI; = TDHI, - Wyp,i> replaced the observed ones.

The conditions that were controlled in the experiment yielded 144 experimental
setups. They comprised 6 sampling procedures simulating non-probability sample
selection (3 selection mechanisms and 2 sample sizes) and 24 estimation procedures
(2 sets of auxiliary variables, 2 sources of auxiliary information, 3 methods of weights
construction, and 2 options for weight trimming). Despite using methods from differ-
ent approaches to estimation, all solutions were tested using the randomization para-
digm (i.e. assuming constant population values and averaging over possible samples).
The performance of each setup was assessed by the relative bias of estimates of a finite
population parameter @, using estimator 8, which was calculated as follows (for M =
1000 iterations):

leM 2

ilym 6.0
RB(9) === 100% (18)

4. Results

To assess the sampling bias induced by non-ignorable selection mechanisms, we
examined naive estimates of income distribution parameters (i.e. without applying any
weighting). Table 2 presents the relative biases of naive estimators. The bias was highest
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in the case of a selection mechanism strongly dependent on income. The weaker de-
pendence on income in most cases resulted in considerably lower bias. The lowest bias
was typically observed for the mechanism dependent on possession of a computer and
Internet access.

Table 2. Relative bias (%) of naive estimates of parameters of income distribution by non-probability
sampling mechanisms

Selection mechanism Relative bias (%) for estimation of parameters:
dependent on e mean | median | poverty | depth |inequality | Gini
Income (strongly) 1000 -27.8 -22.9 22.1 29.0 -1.0 -4.7
2000 -27.6 -22.6 21.8 27.7 -1.7 -4.8
Income (weakly) 1000 -8.0 -5.4 2.6 10.7 -4.8 -4.1
2000 -8.0 -5.4 3.1 10.9 -4.9 -4.1
Having a computer 1000 3.7 4.3 -3.9 3.9 6.7 -1.6
and internet access 2000 3.6 4.2 -4.4 3.4 6.2 -1.7

Source: own calculations.

Notably, estimations of different parameters uncovered different patterns of bias.
The sample mean and median behaved similarly. They had a strong negative bias for
mechanisms dependent on income because inclusion probabilities were negatively cor-
related with income, and there was a positive bias for the mechanism dependent on
having a computer and Internet access because this mechanism favored more affluent
households. The poverty estimator (i.e. sample at-risk-of-poverty rate) showed the op-
posite pattern to median and mean in terms of signs. In income-dependent mecha-
nisms, where poorer households appeared in the sample more frequently than in the
population, the poverty rate was overestimated, and in the other mechanism, due to the
opposite effect, the rate was underestimated. The depth estimator (i.e. sample relative
median at-risk-of-poverty gap) differed from the previous ones in that its bias was al-
ways positive and the greatest of all estimators for the mechanism related to income.
The inequality and Gini estimators appeared to be most resilient to the strong income-
dependent selection mechanism. The Gini parameter was always underestimated.

As for the sample size, one cannot observe any distinctive differences in estimation
bias between smaller and larger samples. This stands in contrast to the data defect in-
dexes presented in Table 1, which were always higher for a larger sample size. This re-
sults from the specific nature of pg 5, which is the correlation between binary variable
R and study variable y. The variance of a binary variable depends on its mean, and the
mean of R is the sampling fraction fyp = nyp/N. Changing the number of 1s in R
changes the correlation, even though the underlying mechanism stays the same. Thus,
the quantity Eg [p,%_y] should not be interpreted in separation from the sample size
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(additional information from a larger sample size is not reflected in Ey [p,%,y] but in
other components of the mean squared error; see Meng, 2018).

For each of the three selection mechanisms simulating non-probability sampling,
various estimation strategies were examined. The relative bias of these strategies for
each estimated parameter is presented in Figure 1. For each parameter and selection
mechanism, there are 48 circles in the same color representing complex estimation
methods (24 different estimation strategies for each of the two sample sizes) and, for
comparison, two triangles representing naive estimation, one for each tested sample
size. The points are mapped exactly on the Y-axis but are slightly jittered on the X-axis
to better visualize their position. The graphic aims to illustrate the general effect of us-
ing auxiliary information and different weighting procedures on bias. If the circles are
closer to the horizontal line, which represents unbiasedness (bias = 0%), than the trian-
gles, then using sociodemographic variables and various weighting procedures gener-
ally reduces the bias of naive estimation.

Selection
20% A mechanism
o
dependent on
® income (strongly)
A A ® income (weakly)
A A AA A A A @ having a computer

0% > & Internet access
o
Ak A A

Relative bias

A"%X Estimation method
O complex

A naive
-20%
AA

Mean Median Poverty Depth Inequality Gini
Parameter

Figure 1. Relative bias (%) of naive and complex estimates of parameters of income distribution by
non-probability sampling mechanisms

Source: own calculations.

The pattern of the reduction (or increase) of the relative bias again hinged on the
type of parameter estimated. For median and mean, there was always a visible improve-
ment, irrespective of the selection mechanism. The effect was satisfactory for the Inter-
net-dependent mechanism, sometimes reducing the bias almost to zero, but insufficient
for income-dependent mechanisms. For poverty and inequality estimators, the bias was
also reduced on average, but to a lesser extent. The strangest pattern was exhibited by
the depth estimates. The least biased naive estimation in the Internet-related mecha-
nism was slightly corrected by weighting; the same applied to the estimation in the
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weaker form of the income-dependent mechanism. However, in the stronger form of
the income-dependent mechanism, weighting always increased the already large bias of
naive estimates for the depth parameter. The adverse effect of weighting was also pre-
sent in the estimation of the Gini coefficient.

The 144 estimation strategies examined were the result of the combination of all
variants of six controlled factors. To assess the impact of a particular factor, the differ-
ences in the absolute value of relative bias between complex and corresponding naive
estimations were calculated and averaged separately over specific factors. The results of
these operations are presented in Table 3. Negative values mean improvement, and pos-
itive values mean deterioration in terms of estimation bias after the introduction of
weights.

Table 3. The average difference in the absolute value of relative bias (in percentage points) between
the complex and corresponding naive estimations of parameters of income distribution by
experimental conditions

. L. The average difference in relative bias between the complex and
Experimental condition . . R
naive estimation of parameters:
name value mean | median | poverty depth inequality Gini
Non-proba- | 1000 -3.26 -3.23 -1.01 0.58 -1.64 0.67
bility sample | 2000 -3.35 -3.32 -1.08 -0.16 -1.42 0.69
size
Number of small -3.04 -291 -0.63 0.27 -1.65 0.75
auxiliary var- | large -3.57 -3.63 -1.46 0.15 -1.41 0.61
iables
Source of popula- -3.30 -3.27 -1.06 0.10 -1.56 0.68
auxiliary in- | tion
formation reference -3.31 -3.27 -1.03 0.33 -1.50 0.68
sample
Estimation PS -3.16 -3.10 -0.89 0.04 -1.51 0.67
method SM -3.32 -3.36 -1.23 0.44 -1.48 0.74
DR -3.43 -3.36 -1.01 0.16 -1.59 0.63
Weight trim- | no -3.32 -3.29 -1.03 0.21 -1.57 0.69
ming yes -3.29 -3.25 -1.06 0.22 -1.48 0.67

Source: own calculations.

The type of estimated parameter differentiated the effect of changing a factor on
the reduction (or increase) of estimation bias compared to naive estimation. Increasing
the non-probability sample size typically resulted in a greater reduction in bias or
a smaller increase in it. The exceptions were for the estimation of inequality and Gini,
but the differences are small. The larger set of auxiliary variables usually had a positive
effect. The only exception was for the inequality estimation. The source of auxiliary
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information (population totals known exactly or estimated from a probability reference
sample) exhibited no significant effect on bias, except for the depth estimator.

The effect of the estimation method was noticeable but could be outweighed by
a larger set of auxiliary variables. Nevertheless, the largest bias reduction (or smallest
increase) was typically observed when the doubly robust (DR) estimation method was
used. It was either the best (in four cases) or the second-best (in two cases) solution for
estimation. In the case of depth estimation, the best was PS weighting, which increased
the bias the least, and in the case of poverty estimation, the best was SM weighting,
which decreased the bias the most.

Weight trimming had a very small and uneven effect on the bias. This is because
only a few weights fell outside the specified bounds. As expected, the distributions of
weights were moderately skewed. There were no negative weights for the PS method,
almost none for the DR method, and only a few for the SM method. The incidence of
extremely large weights was 0.5% on average.

Generally, the effects of various changes in complex estimation methods were
in line with the expectations (better performance for larger sample size, larger set of
auxiliary variables, and DR estimator) for the estimation of simple parameters, namely,
median and mean. For other, more complex parameters, the effects were not as con-
sistent.

5. Discussion

The use of socio-demographic variables for weighting sampled units in a non-ig-
norable selection mechanism mostly reduced the bias, at least to some extent, in our
experiment. However, in some cases, the bias increased after weighting, regardless of
the method used to construct the weights. The deterioration in estimator performance
following the introduction of weights was particularly pronounced for the depth esti-
mator under the strong income-dependent mechanism, and for the Gini estimator un-
der the Internet-dependent and strong income-dependent mechanisms.

In the depth case, the cause of this behavior may lie in the fact that the measure is
a ratio of two related quantities. Changes in both the numerator and the denominator
influence its value, and even if both components move in the correct direction, the dif-
ference in relative change may cause the whole measure to shift in the other direction.
In the strong income-dependent mechanism, the naive median was heavily underesti-
mated because the selection probabilities were negatively correlated with income.
Weighting corrected this bias only partially, so the weighted median remained far be-
low the true population median. The median equivalized income of persons below
60% of the overall median was therefore estimated using an unduly small fraction of
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poor households. As a result, the median income of poor households was adjusted up-
ward disproportionally less than the overall median. This increased the gap between
medians (the numerator) more than the overall median (the denominator). In the
selection mechanism weakly dependent on income, these rates of adjustment were fa-
vorable because the naive median was much less underestimated, and the weighting
increased it relatively less as well.

In the Gini case, the unfavorable effects of weighting may stem from the grouped
nature of the household data and from certain relationships between variables. Regard-
ing the former, in the EU-SILC survey, we had information on household income ra-
ther than individual income, which implies that household composition affected the
value of the Gini coefficient. The same individuals grouped into larger households
would always yield a smaller Gini coefficient (the trapezoid rule used for grouped data
inflates the area under the Lorenz curve, and this inflation increases as the number of
groups/trapezes decreases). As for the latter, there was a nonlinear relationship in the
population between the number of household members and the equivalized income:
starting from one-person households, income increased, peaked for three-person
households, and then declined. The overall linear correlation coefficient was very close
to zero. However, this relationship differed between sampled and non-sampled units.
In the selection mechanism strongly dependent on income, the sample correlation be-
tween household size and equivalized income was always positive and not negligible
(0.11 on average). Under the Internet-dependent mechanism, the sample correlation
was always negative, because in the frame population (households having a computer
and Internet access), this correlation was negative (-0.13), while in the remainder of the
population it was positive (0.21).

The interplay of these two factors was likely responsible for the downward bias of
the weighted Gini estimator. In samples drawn under the income-dependent mecha-
nisms, the weights were positively correlated with income (hence the upward correc-
tion of mean and median estimators), but also wealthier households tended to be
slightly larger in these samples. Larger weights assigned to wealthier households in-
creased the estimated income dispersion, but they also increased the contribution of
larger households, thereby reducing the granularity of the weighted data. This house-
hold-composition effect slightly outweighed the benefits of increased dispersion, deep-
ening the downward bias of the weighted Gini estimator. In samples from the Internet-
dependent mechanism, on the other hand, the weights were negatively correlated with
income (leading to reductions in the weighted mean, variance, and, more often than
not, the coefficient of variation), and wealthier households tended to be smaller.
Although smaller households in these samples ultimately received larger weights on
average, the reduction in variability appeared to dominate, causing the estimator to de-
crease further on average.
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6. Conclusions

Inference about finite population parameters from non-probability samples is
a challenging task. The researcher must account for the possible dependencies between
the selection mechanism and the variables studied, which cause selection bias. Not hav-
ing the comfort of controlling the probabilities of population elements being included
in the sample compels us to rely on modelling. The models should explain the selection
mechanism or the studied variables, or both. The keys to the successful usage of these
models, aside from knowledge about the studied phenomenon, are the reliable sources
of auxiliary information about the population and a set of explanatory variables, meas-
ured in both the non-probability sample and the additional source that captures the
variability of at least one modelled element. Demographics and social variables are
commonly used as auxiliary variables because they are relatively easy to obtain and re-
liable.

As the conducted experiment showed, the usage of these variables for data
weighting reduces the bias for income distribution parameters, but the effect is only
certain for simple parameters such as median and mean. For more complex ones, the
weighting may well induce additional bias. One of the reasons this happened in the
simulation was that the weighting tended to change sample composition in terms of
household size, which affected the Gini estimator. Even for simple parameters, the bias
was reduced to near zero only for the Internet-related selection mechanism. For mech-
anisms depending directly on income, the reduction was far from satisfactory. Gener-
ally, the bias of estimates of the mean and median predictably reacted to changes in
estimation strategy, showing better performance with a larger sample size, a larger set
of auxiliary variables, and the use of the doubly robust estimator. However, for other,
more complex parameters, the effects were less consistent.

The results of the experiment provide valuable insight into how the bias of different
non-probability selection mechanisms and for different parameters is affected by vari-
ous estimation practices. The experiment was carried out on a large representative sam-
ple of a real population. The computer simulation tested realistic scenarios in which
sampled observations were not exchangeable, and the estimation of many parameters
was done using a single vector of weights. Nevertheless, the experiment has limitations
that should be mentioned. The study examined the effect of the sample selection and
the estimation methods, but did not account for the change in the mode of the survey
- non-probability sample surveys are often carried out online, while data from the EU-
SILC 2022 survey was collected face to face or by phone. Furthermore, the EU-SILC
data were treated as real observations, but in practice, a significant proportion of in-
come values were imputed.
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