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Modeling exchange rate volatility using EM algorithm with
hybrid GARCH models

Ali Salman Habeeb1

Abstract

The most important basic tools for modeling and analyzing econometric models are linear
and nonlinear time series analyses, with the aim of formulating an accurate probabilistic
model that expresses the behavior of the phenomenon over a specific time period. In this
study, we construct a three-step hybrid probability model that includes model identification,
model estimation, and diagnosis checking using the Box-Jenkins approach. We explored
the performance of two important tools for estimating unknown parameters of the proposed
model. The first is Maximum Likelihood (ML), which has a wide reputation in the statis-
tical literature, and is provided in Eviews10 software. Furthermore, we compared it with
the second proposed numerical method, namely Expectation-Maximization (EM algorithm),
which requires creating a special MATLAB code to implement its performance. Moreover,
we compared two methods using information criteria (AIC, BIC, HQ). In order to show the
effectiveness of the hybrid ARCH-GARCH models, we used them to measure the volatility
of the weekly exchange rate of the Central Bank of Iraq’s sales of the US dollar against the
Iraqi dinar from the first week of 2021 to the last week of 2023. We concluded that the
appropriate model is the hybrid MA(1)−GARCH(1,1) model, which is represented by the
Moving Average MA(1) of the average equation and the GARCH(1,1) model of the condi-
tional variance equation.

Key words: time series analysis, exchange rate volatility, maximum likelihood, expectation-
maximization(EM algorithm), generalized autoregressive conditional heteroscedasticity.

1. Introduction

The analysis of financial time series is one of the important topics in the field of financial
econometrics because of its reflection the various developments of quantitative economics.
Therefore, it has attracted the interest of many researchers in this field because it focuses
on the evaluation of assets and their volatility, as well as the series of stock returns over
longer periods of time that cannot be directly observed. Thus, the importance of statistical
methods appears in analyzing real phenomena related to time, including time series analy-
sis as a random uncertain process subject to the laws of probability and uncertainty, which
requires us to reveal the mathematical structure of both types (linear and nonlinear) inherent
in the data through statistical analysis or modeling and identifying the appropriate model.
That phenomenon is defined through diagnosis and estimation, and then it is used in the
issue of predicting the future values of the phenomenon under research. In this paper, we
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considered one of the most difficult topics facing decision-makers in the field of financial
policy making in Iraq, which is identifying the best econometric models to modeling the
phenomenon of financial fluctuations over a relatively long period of time extending from
the first week of January 2021 to the last week of January 2023, with 156 weekly obser-
vations (five trading days a week). In addition, what are the appropriate monetary policies
in the event of random financial shocks in the Iraqi stock market? One of the first non-
linear models that dealt with the issue of volatility was the autoregressive model with the
condition of heterogeneity of variance (ARCH), presented by researcher Engle (1982) in an
article that studied the autoregressive model of the first order and the unconditional mean
to be zero. Draper and Joha (1982) the presented research based on the nonlinearity test for
residual series, while Bollerslev (1986) developed the ARCH model to become GARCH,
and Cochrane (1988) investigated a measure of the continuity of volatility in Gross National
Product (GNP) based on variation and its differences in the long run and studied a group
of models, perhaps the most important of which is the random walk model. Nelson (1991)
used the GARCH models to model the relationship between conditional variance and asset
risk. These models have at least some major defects when pricing assets, perhaps the most
important of which is that random shocks do not continue in GARCH models due to station-
arity measurement standards. Hall and Yao (2003) showed that asset aggregation and risk
calculations rely heavily on volatility models and provided a comparison of forecast per-
formance using a group of ARCH models and working on daily exchange rate data against
the dollar and the importance of specific and correct distribution of asset returns and not fo-
cusing only on daily volatility. Awartani and Corradi (2005) studied the relative predictive
ability of different types of GARCH models, with a focus on asymmetric models. Pairwise
comparisons were made with different models compared with the GARCH(1,1) model; the
same finding applies to different longer forecast horizons, although the predictive superi-
ority of asymmetric models is not as striking as in the one-step-ahead comparison. So and
Yu (2006) investigated the efficacy of seven distinct GARCH model specifications, incorpo-
rating various market indicators and foreign exchange rate to evaluate Value at Risk (VaR)
and according to the RiskMetrics framework across multiple error distribution levels, they
demonstrated that these models exhibit asymmetric error distributions. Furthermore, their
analysis confirmed that daily exchange rate data are characterized by heavy-tailed distribu-
tions and long-memory properties. Ghahramani and Thavaneswaran (2008) confirmed that
financial returns are often designed as a time series, especially the GARCH model, and the
error distribution is often determined from parametric distributions, which was not justified.
They confirmed in the research a specific method for diagnosing the identity of GARCH
models for a number of data sets. On the other hand, Fan and Xiu (2014) ) proposed that the
non-Gaussian maximum likelihood estimator be used frequently in GARCH models; with
heavy-tailed distributions, the estimator is biased and inconsistent in the case of the paramet-
ric likelihood family. They provided an unknown scale parameter to the identification for
consistency, and they proposed a three-step quasi-maximum likelihood procedure, particu-
larly when likelihood functions have heavy tails. Kononovicius and Ruseckas (2015) used
the normal distribution in modeling volatility even if the return distribution is asymmetric
and has excessive kurtosis. Klein and Walther (2016) assumed a log-normal distribution
of oil price returns in order to compare different types of ARCH models in terms of accu-
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racy of forecasting volatility. Ewing and Malik (2017) found that there is a problem with
the issue of asymmetry and excessive kurtosis in oil revenues, which are slightly low when
the model calculates the structural breaks. Cerqueti et al. (2020) proposed the applica-
tion of non-Gaussian GARCH models of volatility in a new and comprehensive study about
the cryptocurrency market, evaluating the forecasting performance for three of the most
important cryptocurrencies (Bitcoin, Ethereum, and Litecoin) in terms of market capitaliza-
tion, the results demonstrated the effectiveness of the prediction performance. Massadikov
(2021) used the VAR-GARCH model to determine the interaction between oil prices and
stock markets in terms of return and volatility in the financial markets of some developing
countries. It was demonstrated through the use of this model that it is important in discov-
ering and interpreting the reflection of risks for some economies of oil-producing countries.
Habeeb et al. (2021) discussed the method of estimating smoother splines for the Addi-
tive Autoregressive Model, as it is one of the most important numerical methods used in
curve fitting of the regression function. Tashpulatov (2022) in his paper presents volatility
modeling for wholesale electricity market prices in England and Wales over a determined
period by the AR-ARCH model with four flexible distributions that account for asymmetry,
heavy tails, excess kurtosis, and a peak higher than in normal distribution, observed in the
data or model residuals; it applied generalized deviation, and that distribution is suitable
to study this case. Chifurita and Chinhamn (2022) dealt with the daily returns of financial
market variables, which often have empirical distributions that are heavy or semi heavy
tailed, and they also proved that the estimation value-at-risk depends highly on the distribu-
tional characteristics of the stock returns. The aim of the study is to investigate the relative
performance of the error distributions of the GARCH model, such as the generalized hy-
perbolic skew Student-t and Pearson type− IV distributions, as this study recommends that
the ARMA(1,1)EGARCH(1,1) model be used in the estimation of the VaR for the daily
returns from the FTSE/JSE growth index (J280). Ampadu et al. (2024) presented a study to
exhibit volatility clusters and effects on the importance of error distribution to improve the
performance of the GARCH model through simulation experiments of five different types
of error distributions. The study showed that the Skewed Generalized Error Distribution
(SGED) is the most efficient and consistent for modeling daily return volatility through the
use of different criteria. Antony and Prabakarant (2024) considered the spatial autoregres-
sive model, which is applied to state-wise COV ID19 confirmed rates. This article aims to
build a stochastic model that describes the financial volatilities of the Iraqi dinar exchange
rate against the weekly US dollar in Iraq for the period (2021-2023) in the Iraqi stock mar-
ket using the GARCH(1,1) model, and in the presence of skewed distributions for the error
term, particularly those exhibiting heavy tails, deploying a robust mathematical model is
essential for phenomenon study. In this paper, we provide the theoretical background by
describing the theoretical basis of the weak stationarity of the model and building a theoret-
ical analysis of the ARCH model, paying particular attention to the organization and some
important tests in this context. Then we studied the GARCH(1,1) model and discussed
the estimation process. Finally, we reach some brief conclusions, including estimating the
proposed model.
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2. Methodology

Most financial studies deal with a series of asset returns instead of price returns, but
in this research, we will deal with price returns (Bala, 2013). If we assume that pt repre-
sents the simple price for one period of time (selling price at closing) over a time period
(such as a day, a week, or a month), and pt1 represents the simple price for a previous
period of time, then the return is (rt =

pt
pt−1

). So, the returns can be represented through
a logarithmic transformation of the ratio of the return values for the current period rela-
tive to the last period. In this paper, we consider the mathematical formula as follows:
yt = log( xt

xt−1
) = log(xt)− log(xt−1),

where yt : represents the weekly returns of the exchange rate, xt is the exchange rate of
the current period, and xt−1 is the exchange rate of the previous period. Volatility represents
the standard deviation of returns (symbolized by σt )). It measures the price behavior of
returns and is sometimes considered to be the accompanying risk.

The mathematical formula adopted to calculate it is: σ2
t =

√
1

n−1 ∑
n
t=1(yt −µ)2), where:

µ represents the arithmetic mean, and n represents the number of observations in the sam-
ple. When representing volatility in returns by the GARCH model, there are two distinc-
tive characteristics of these models, the conditional mean and the conditional variance.
E(yt |yt−1, . . . ,yt−p) = µt and,Var(yt |yt−1, . . . ,yt−p) = E(y2

t |y2
t−1, . . .) = σ2

t .

2.1. Definition for Model and Stationary of the Series

In some articles for studying and analyzing the time series, the series {yt}n
t=1 must be

stationary, and it has two types, The first is Strict stationarity, which assumes that the time
series is {yt , t ∈ Z }, where Z is the set of integers; we say that it is strictly stationary
in the distribution function for the time period (t) and has the same distribution for the
subsequent time period (t + k), and this type is called strongly stationary and can be ex-
pressed when the following condition holds: F(yt1 , . . . ,ytn) = F(yt1+k, . . . ,ytn+k). The joint
probability distribution for the variables is the same as for the variables (yt1+k, . . . ,ytn+k).
The second type is weak stationarity if we have the following: i)E(yt) = µ, ii)E(y2

t ) <

∞; iii)γy(s, t) = γy(s+ k, t + k) =Cov(yt ,yt+k).∀t ∈ Z , where k is integer numbers, this
means γ(k),∀k = 0,1,2, . . . . In addition, if k = 0, then the covariance of the time series is
the variance (i.e.γ(0) = σ2

t ). The autocorrelation function measures the linear dependence
between yt and y(t+k). Likewise, the autocorrelation function is given according to the fol-

lowing mathematical formula: ρk =
Cov(yt ,yt+k)

Var(yt )
= γ(k)

γ(0) , where k is an integer, this means
ρk ,∀k = 0,1,2, . . . , and it is called the autocorrelation function. In addition, if k = 0 then
ρ0 = 1. Also, the autocorrelation function is independent of the time series measurements.
The most important test that has wide application among researchers is the Augmented
Dickey-Fuller Approach (ADF), which is one of the unit root tests in the search for the sta-
tionarity of time series, and the expanded form of this test works to estimate the first-order
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autoregressive model:

∆yt = φyt−1 +
p−1

∑
j=1

α
∗
j ∆yt− j + εt ,

withlinearTrend ∆yt = δ +φyt−1 +
p−1

∑
j=1

α
∗
j ∆yt− j + εt ;

(1)

where φ = −α(1), α∗
j = −(α j+1, . . . ,αp); ∆yt = yt − yt−1. Therefore, we test the

significance of the above model coefficient, which in turn means testing the significance
of the unit root (φ) through the following hypothesis: H0 : φ = 0 V s. H1 : φ < 1.
This condition is verified for the ARCH(p) model when the following is true: i)E(y2

t <

∞, ii)∑
p
i=1 αi < 1. The roots lie outside the unit circle. When we are interested in the

ARCH(1) model, the condition for weak stationary is (α1 < 1). As for the GARCH(p,q)
model, weak stationary is achieved by verifying the following (Andersen et al. 2009)
i)Ey2

t < ∞, ii)∑
p
i=1 αi +∑

p
i=1 β j < 1. The roots lie outside the unit circle. When we are

interested in the GARCH(1,1) model (Jafari et al. 2007), the condition for weak stationary
is (α1 + β1 < 1). The basic idea is to find a model that can sense the effects of unpre-
dictable volatility that are the main cause of changes (in more detail, e.g. Alberg et al.
2008; Angabini and Wasiuzzaman 2011 and Engle 2001). And uncertainty here indicates
the inability of the model to predict the future that will affect the phenomenon’s behav-
ior, and that addressing this idea requires a stochastic model that can sense changes over
time. And yt is a random variable that has a conditional mean and conditional variance
defined on the set of information Ft−1 (generated from the σ−field) defined through the
random process {yt ; t ∈ Z } and it has weak stationarity. The general form of the model is
of the order ARCH(p) for positive integer (p ≥ 1), the random process has E(yt |Ft−1) =

0 and E(y2
t |Ft−1) = σ2

t (see more details in, e.g. Draper and John (1982); and So and
Yu (2006)).

yt = µ + et =⇒ et = εt

√
σ2

t ; (2)

where εt is the random error series, which is independent and identically distributed with
zero mean and specified variance (σ2

t ), and is denoted by the process {εt ; t ∈ Z }, and yt

return series. It can be shown that the conditional distribution of yt |Ft−1 ∼ N(0,σ2
t ), where

σ2
t is the conditional variance of a time series for different time periods.

Var(yt |yt−1, . . . ,yt−p) = E(y2
t |yt−1, . . .)−E2(yt |yt−1, . . .) = σ

2
t

σ
2
t = α0 +α1e2

t−1 + · · ·+αpe2
t−p = α0 +

p

∑
i=1

αie2
t−i;

(3)

where α0 > 0 ,αi ≥ 0;∀i = 1,2, . . . , p.
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2.2. Generalized Autoregressive Conditional Heteroskedicity GARCH(p,q) Model

According to the conditional variance relationship in (3) the current variance is also de-
pendent upon the lag variables of the conditional variance series. σ2

t−1, . . . ,σ
2
t−q. In addition,

the squares of the time lags for the process {yt ; t ∈ Z }T
t=1 become a general model called

GARCH(p,q), where (p ≥ 0,q ≥ 1). (see, Bollerslev (1986); Kononovicius and Ruseckas
(2015) and Lundbergh and Teräsvirta (2002)).

yt = µ + et =⇒ et = εt

√
σ2

t .

and, σ
2
t = α0 +α1e2

t−1 + · · ·+αpe2
t−p +β1σ

2
t−1 + · · ·+βpσ

2
t−q,

σ
2
t = α0 +

p

∑
i=1

αie2
t−i +

q

∑
j=1

β jσ
2
t− j.

(4)

where α0 > 0 ,αi ≥ 0; β j ≥ 0 ∀i, j = 1,2, . . . , p,q ; respectively. The model parame-
ters to be estimated, and we can write the relationship in (4), (Andersen et al. (2009) and
Ding (2021)) as follows:

yt = µ + et =⇒ et = εt

√
σ2

t and, σ
2
t = α0 +

p

∑
i=1

αie2
t−i +

q

∑
j=1

β jσ
2
t− j. (5)

3. Testing the model

In the literature of time series analysis, volatility represents the standard deviation of
currency sales returns in dollars (Mapa 2004). It measures the price behavior of the currency
and is sometimes expressed as the current exchange rate. In order to verify that the model
is free of any problems that negatively affect the accuracy of the model (see, e.g. Bangura
et al. (2021) and Draper and Joha (1982)), a set of tests can be used in this regard Lagrange
Multiplier test is one of the most important tests used to detect that the model contains
the problem of heteroscedasticity, Draper and Joha (1982). To test the existence of the
heteroskedasticity problem, the coefficient of determination is calculated, which depends
on the regression of the squares of the residuals for the current period with respect to the
squares of the residuals for the previous period, and its statistic for this test is

ARCH − test = T ×R2 ∼ χ
2
(p); (6)

where is the number of model parameters, T is the size of the sample, and R is the coefficient
of determination. We calculate the test statistic; it follows a chi-square distribution with
degrees of freedom (p). The process ε2

t = α0+α1ε2
t−1+ · · ·+αpε2

t−p. As for the hypothesis
that we are testing, H0 : α1 = · · ·= αk = 0 V s. H1 : αk ̸= 0, ∀k = 1, . . . ,K.
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4. Theoretical distributions of the model residuals

Let yt denote a real-valued discrete-time stochastic process, and let Ft denote the σ −
algebra generated by the history time series. The process {yt ; t ∈ Z } is represented for
time series, then yt follows a GARCH(p,q) model, and this model can also be written in (5)
as follows:

yt = µ + et , (Mean Equation)

and, et = εtσt =⇒ σ
2
t = α0 +

p

∑
i=1

αie2
t−i +

q

∑
j=1

β jσ
2
t− j; (Variance Equation)

(7)

where α0 > 0, αi ≥ 0, β j ≥ 0, ∀ i = 1,2, . . . , p & j = 1,2, . . . ,q. The model in (7)

will be stationary if the following condition is met
[
∑

p
i=1 αi +∑

q
j=1 β j < 1

]
.

Here if the process is white noise (i.e. εt ∼ N(0,1)), we have the following:

E(yt |Ft−1) = E(σtεt) = E(E(σtεt |Ft−1)) = E(σtE(εt |Ft−1)) = E(σtE(εt)) = 0,

Var(yt |Ft−1) = E(y2
t |Ft−1)−E2(yt |Ft−1) = E(σ2

t ε
2
t |Ft−1) = E(σ2

t E(ε2
t )) = σ

2
t .

Then, yt ∼ D(0,σ2
t ), Cov(ytys) = 0 for t ̸= s ⇒∑

q
i=1 αi +∑

p
j=1 β j < 1. Furthermore,

E(σ2
t |Ft−1) = E(α0|Ft−1)+

q

∑
i=1

αiE(y2
t−i|Ft−i)+

p

∑
j=1

β jE(σ2
t− j|Ft− j),

σ
2
t = α0 +

q

∑
i=1

αiσ
2
t−i +

p

∑
j=1

β jσ
2
t− j =

α0

1−∑
q
i=1 αi −∑

p
j=1 β j

.

(8)

This implies E[yt |Ft−1] = 0 and E[y2
t |Ft−1] = σ2

t =⇒ yt |Ft−1 ∼ D(0,σ2
t ).

For the GARCH(p,q) model, which is defined in (9), assuming that εt is the disturbance
term, it has three different types of distributions called heavy-tailed distributions (see more
details in, e.g. Hall and Yao (2003), Preminger et al., (2017), and Chen and Liu (2013)),
which can be given according to the following cases:

Case I The Gaussian distribution: If εt is a random variable with probability density func-

tion as follows: f (εt ;σ2
t ) =

1√
2πσ2

t
e
− 1

2
ε2
t

σ2
t where εt ∈ R,µ = 0;σt ∈ R+ is the scale pa-

rameter, denoted by εt ∼ N(0,σ2
t ) .

Case II The Student’s t distribution: If εt is a random variable, the probability density
function of εt , is defined as (see, e.g. Adubisi et al., (2022) and Awalludin et al., (2018)):

f (εt ;σ2
t ,v) =

Γ( v+1
2 )

Γ( v
2 )σt

√
π(v−2)

[
1+ (εt )

2

(v−2)

]−( v+1
2 )

where εt ∈R,µ = 0;σt ∈R+ is the scale

parameter, and 2 < v < ∞ is the positive integer number (degrees of freedom) and Γ(.) is
the Euler gamma function.
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Case III The Generalized Error Distribution (GED): If εt is a random variable, and it has
probability density function as follows: f (εt ;σt ,v) = v

λσt 2(1+1/v)Γ(1/v)
.exp

(
− 1

2

∣∣ εt
λ

∣∣v). where

εt ∈ R,µ = 0,σt ∈ R+ λ = 1

2
1
v
.
[

Γ(1/v)
Γ(3/v)

] 1
2
, and v ∈ N is the shape parameter.

Therefore, it is necessary to know the type of distribution of the error term, which varies
according to the distributions, as the variance is not constant in this type of model, which
has heavy tails, and by plotting the probability density function for financial volatility data,
we can identify these important distributions when analyzing time series . We have shown

Figure 1. Probability density function for: (a) Plot of the Gaussian distribution with dif-
ferent shape parameters; (b) Plot of the Student’s t-distribution with different degrees of
freedom; (c) Plot of the GED with different skewed values

in (1) the three cases of the different distributions: the Gaussian distribution for different
shape parameters, the Student’s t-distribution with different degrees of freedom, and the
generalized error distribution with heavy tails.

5. Estimation of the Model

One of the methods commonly used in the literature to estimate model parameters is
the maximum likelihood method because it has good and desirable theoretical properties
when interested in estimating the parameters of this type of the (ARCH or GARCH) model
(in more detail, e.g. Huang et al., (2008) and Rzgar and Kale (2007)), which represents
financial volatility, and we can express it by the standard deviation (variance) of the random
error term (see more details in, e.g. Augustyniak (2014) and Bera and Higgins (1993)).
Therefore, it is necessary to know the type of distribution of the error term, which varies
according to the distributions, as the variance is not constant in this type of model, which
has heavy tails, and by plotting the probability density function for financial volatility data
we can identify these important distributions, in particularly when analyzing time series.
We assume that the random error term has a normal distribution, and then the error term is
white noise at a mean of zero and a specified variance, and this case is considered optimal
(PzCruz et al., (2003)). However, this assumption may be inaccurate and thus affect the
accuracy of choosing the appropriate model for the analysis. Therefore, the distribution of
the residuals must be tested for the appropriate distribution (Gao et al., (2012)).
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5.1. Maximum Likelihood Method

The maximum likelihood method is considered one of the more common traditional
approaches used in the statistical literature for estimating model parameters because it has
good theoretical properties and gives the best fit for the candidate model. We are interested
in estimating the unknown parameters of the ARCH and GARCH models (see, e.g. Huang
et al., (2008) and Ruzgar and Kale (2007)). This model represents financial volatility, which
is expressed by the standard deviation (variance) of the random error term (in more detail,
e.g. Augustyniak (2014); Bera and Higgins (1993) and Horv and Kokoszka (2003)). Fur-
thermore, we used this method as a basic tool to deal with the GARCH(p,q) model. We
assume that the residuals of the model have the probability distributions mentioned in sec-
tion 4.

Let {et , t = 1,2, · · · ,T} be a sequence of random residual variables from a distribution
that has a probability density function f (et ,θ), where θ is the vector of parameters of the
model. The f (θ |et) represents the conditional function of the GARCH(p,q) model, and
it has an associated probability distribution function. Therefore, the likelihood function
is formally defined as: ℓ(θ |et) = ∑

T
t=1 f (θ |et). In other words, the likelihood function

is often replaced by its natural logarithm, and we have the log-likelihood function given
by L(θ) = ln∑

T
t=1 (ℓ(θ |et)). Therefore, this approach can be applied to the three cases

mentioned in Section 4; we obtain the following:

Case I The log likelihood function of the GARCH(p,q) model if the residual has the
Gaussian distribution:

L(θ) =
−T
2

ln
(
2π

)
− 1

2

T

∑
t=1

(
ln
(
σ

2
t
)
+
( ε2

t

σ2
t

))
. (9)

Case II The log likelihood function of the GARCH(p,q) model if the residual has the
Student’s t distribution:

L(θ) = T
(

lnΓ

(
v+1

2

)
− lnΓ

( v
2

)
− 1

2
ln
(
π(v−2)

))
− 1

2

T

∑
t=1

(
ln
(
σ

2
t
)
+
(
1+ v

)
ln
(
1+

ε2
t

v−2
))

.

(10)

Case III The log likelihood function of the GARCH(p,q) model if the residual has the
Generalized Error Distribution (GED):

L(θ) =
T

∑
t=1

(
ln
( v

λ

)
− 1

2

∣∣ εt

λ

∣∣v −(
1+ v−1)ln(2)− lnΓ

(
1
v

)
− 1

2
ln
(
σ

2
t
))

(11)

where λ = 2
−1
v Γ

( 1
v

) 1
2 Γ

( 3
v

)−1
2 , and T is sample size.
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Then the maximum likelihood estimator (MLE) for the parameters is found determining
the value that maximize L(θ |et), which is:

θ̂MLE = arg max︸ ︷︷ ︸
θ∈Θ

(
L(θ)

)
. (12)

5.2. Expectation-Maximization Method

The EM algorithm is a general method as an iterative approach used to solve maximum
likelihood estimation problems with the presence of incomplete data. Let y denote the
incomplete data (observed), and the probability density fY (y;φ) indexed by the parameter
vector φ ∈ Ω ⊆ R2 and. Let ε denote the complete data (see, e.g. Feder and Weinstein
(1988) and Zhang et al., (2021)).

fε(εt ;φ) = fε|Y=y(εt ;φ) · fY (y;φ) (13)

where fε(εt ;φ) is the probability density associated with ε , and fε|Y=y(εt ;φ) is the condi-
tional probability density of ε given Y = y. Taking the logarithm for both sides of (15), we
obtain: log fY (y;φ) = log fε(εt ;φ)− log fε|Y=y(εt ;φ), The conditional expectation given
Y = y at a parameter value φ

E {log fY (y;φ)}= E {log fε(εt ;φ)|Y = y;φ}−E
{

log fεt |Y=y(εt ;φ |Y = y;φ)
}

(14)

The algorithm starts with an arbitrary initial value φ (0), and φ ( j) denotes the current
estimate of φ after j iterations of the algorithm. The iteration cycle of the EM algorithm
can be described. Therefore, we can express this algorithm through two steps, namely the
E-step and the M-step, which are described below for the GARCH model fitting. Hence,
the Φ function of the algorithm (Popovici and Dumitrescu 2007) will be as follows:
E-step: In the first step, we Assume that Φ

(
φ |φ (m)

)
is the function for unknown parame-

ters, and the vector Φ =
(
µ,θ ,α0,α1,β1

)
denotes the parameters of the model:

Φ

(
φ |φ (m)

)
= E

εt |Y=y,φ (m) [logΠ
n
t=1 fε(εt ;φ)] = E

ε|Y,φ (m)

[
n

∑
t=1

log fε(εt ;φ

]

=
n

∑
t=1

E
ε|Y,φ (m) [log fε(εt ;φ)]

(15)

M-step: The second step of the EM algorithm is that for maximizing the expectation. We
perform the following: we use (m+1) cycle iteration for from φ (m+1), which is maximiza-
tion for

φ
(m+1) = arg max︸ ︷︷ ︸

φ∈Φ

(
Φ(φ |φ (m))

)
. (16)



STATISTICS IN TRANSITION new series, September 2026 11

6. Application

To provide an overview of the dataset, and the purpose of getting a general idea for
it. We present Table 1 which contains the descriptive statistics summary of the weekly
exchange rate volatility of the Central Bank of Iraq’s official sales of the US dollar against
the Iraqi dinar. The observation period extends from the first week of 2021 to the last week
of 2023. Accordingly, the indicators of the phenomenon under study are as follows.

Table 1. Summary of the descriptive statistics for weekly returns

Des. Stat. Mean Std.Dev. Min Max Median Ske. Kur. JB

Exchange Rate 1493 46.38 1408 1720 1480 1.915 7.367 219.36

It is noted from Table 1 that the average exchange rate is (1493) dinars per dollar in the
currency auction and that the lowest price at which the dollar was sold against the dinar was
the 121st week of May 2023, when it reached (1408) dinars per dollar. The highest selling
price was in the 108th week of January 2023, when it reached 1720 dinars per dollar. The
value of the median is 1480 dinars per dollar, and this indicates the rate of sale during the
period studied, without being affected by outliers or extreme values. It is known that the
value of the median is a robust indicator of the trend of outliers and extreme values, and
the median is considered an appropriate average for measuring volatility in the exchange
rate. The standard deviation was 46.38, and this indicates that the data has a high dispersion
during the measured period. We also note that the skewness coefficient is far from zero, and
it is positive. This indicates that the data has a distribution skewed to the right, in addition to
the kurtosis coefficient, whose peak is much higher than 3. This indicates that it has a high
peak that is higher than the peak of the normal distribution (2 a), which represents the time
series that displays the behavior of the phenomenon of weekly volatilities of the exchange
rate of the Iraqi dinar against the dollar during the time period (from the first week of 2021
until the last week of 2023) according to the sales tables published on the Central Bank of
Iraq website. From Table 1, it can be noted that the value shown by the Jarque-Bera statis-
tic tests the normal distribution of series data, which proved that the data does not follow
a normal distribution. In addition, (2 b) is graphically observed on the (q−q) plot; it shows
strong deviation from normal distribution.

Figure 2. (a) The plot of the weekly returns; (b) The normal Q-Q of the weekly returns
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Table 2. The stationary tests

Tests Exchange Rate series First Difference for series

t-Statistic Prob. Test Critical
Values t-Statistic Prob. Test Critical

Values
I. Augmented

Dickey-
Fuller
(ADF))

None 0.611 0.847 -2.58 -14.545 <0.01 -2.58
Constant -3.216 0.021 -3.47 -14.531 <0.01 -3.47

Constant +
Linear
Trend

-4.112 0.008 -4.018 -14.482 <0.01 -4.018

II. Phillips-
Perron

(PP)

None 0.912 0.903 -2.579 -15.487 <0.01 -2.58
Constant -3.216 0.021 -3.47 -15.588 <0.01 -3.47

Constant +
Linear
Trend

-3.991 0.011 -4.018 -15.569 <0.01 -4.019

6.1. The Box-Jenkins method for Analyzing and modeling

The time series of returns is nonstationary on average. In addition, there is severe volatil-
ity after 2023, as noted in (2.a). These are considered financial shocks (and the reason for
this may be due to the entry of dollar sales into the international monitoring platform for
currency sales or resulting from severe geopolitical changes that coincided with that period).
And, this can be seen through the probability value of (p-value=0.9404); it is greater than
the level of significance (α = 0.01), which was calculated by the MATLAB code program.
In addition, it is possible to test the stability of the time series by using the Augmented
Dickey-Fuller (ADF) test, as in Table 2, which shows the results of this test, which were
calculated using the EViews10 program. The hypothesis test were evaluated under three
cases determined : an intercept, an intercept with a linear trend, and the absence of both.
The calculated results of these tests are presented in Table 2 below.

6.2. Augmented Dickey-Fuller Test

In the case of the two tests (Augmented Dickey-Fuller (ADF) and Phillips-Perron (PP)),
we see that the calculated value of t-statistics is less than the value of t-theoretical of this
test except for the constant with linear trend in ADF , which is not less than the value of
t-theoretical, and in this case, we see that this value is very critical, but the PP test supports
the decision-maker, and hence the series is not stable in the level and stable in the first
difference. Table 2 shows for the (ADFandPP) tests that the probability values using the
program (EViews10) were (P − values = 0.8473,0.021, and 0.008 ≃ 0.01 for each one
from: none, constant, and constant with linear trend, respectively), which is greater than
the level of significance (α = 0.01), and therefore the null hypothesis cannot be rejected in
(6), and the series has a unit root; it is nonstationary, and the correction is through finding
the first difference of the series data. In addition, the graphical representation between the
original series data and the logarithmic transformation of the data can be compared in order
to find out whether nonlinear transformations as shown in (3) can be used for the purpose
of treating instability in the behavior of the phenomenon.
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In order to prove this, we conduct the Augmented Dickey-Fuller (ADF) and Phillips-
Perron (PP) tests for the exchange rate series and the first difference for the series according
to what was found in the literature. We note from Table 2 for the Augmented Dickey-Fuller
and Phillips-Perron tests that the probability value was (P-value = 0.0000), which is less
than the level of significance (α = 0.01) for the first difference, and therefore, the null hy-
pothesis cannot be accepted in (6) and that the series does not have a unit root. The time
series is stable on average, and therefore the first difference series can be adopted in the
analysis and model building. And to investigate the stationarity of the series and avoid the
unit root problem in the exchange rate data, the Phillipa-Perron test was utilized. Addition-
ally, this test was employed to corroborate the findings through the assessment of structural
breaks within the series.

Figure 3. The plot of the logarithm of the weekly returns and the plot of the normal Q-Q of
the logarithm of the weekly returns

6.3. Identification of the model

We used the sample ACF and PACF plots to suggest an appropriate parsimonious sub-
class order for the model, based on the data employed. Hence, we use the sample ACF
and PACF plots in (5); it has an exponential decay pattern for PACF, and it cuts off after
lag(1) for ACF. Therefore, the proposed appropriate model can be the MA(1) model. So,
we believe that the model has been identified (see more detail in, Montgomery (2008), pp.
258, Table 5.2).

6.4. Analyzing and Modeling Using the ARCH/GARCH Method

For the purpose of analysis in this method, we display the logarithmic transformation
function of the return series. In order to observe the analysis of the return series data through
the modeling of the GARCH model, (5) shows us the conditional variances and residual
analysis of the weekly returns for the GARCH(1,1) model after taking the first difference in
(4). Furthermore, the volatility of the conditional variances shown in (5) resulted from the
use of the maximum likelihood method, which was calculated using (Eviews10) software.
This method gives a good fit for the weekly returns series.



14 A. S. Habeeb: Modeling exchange rate volatility using...

Figure 4. The Autocorrelation Function (ACF) and the Partial Autocorrelation Function
(PACF) for the weekly returns

Figure 5. The plot of conditional variances and standardized residuals with ML
(BFGS/Marquardt steps) for the weekly returns series

In (5), we observe close-to-zero weekly returns with uniformly smaller conditional vari-
ances than that of the exchange rate returns with the GARCH(1,1) model. Furthermore, the
sample coverage is less dispersed in the exchange rate returns.

7. Results Analysis

By the identification stage of the MA(1) model, which represents the average equation,
as explained in Section (6.3), using the formulas of the autocorrelation function and partial
autocorrelation, and noting the GARCH (1,1) model, which represents the conditional vari-
ance equation in (5), we have a proposed hybrid model, which is the MA(1)−GARCH(1,1)
model.
Step 1: Table 3 shows the estimation of the parameters of the proposed hybrid model at
three types of distributions for the random error term. Therefore, we can arrive at the clos-
est stationary model that represents the series data, depending on the model that achieves the
stationarity condition with one of the heavy-tailed distributions for the random error term.
The results in Table 4 show us the effects of testing the presence of the problem of hetero-
geneity variance using the ARCH test by using the Lagrange factor if the random error term
has one of the heavy-tailed distributions in addition to the JB test of the chi-square distribu-
tion of the residuals. In addition, three types of information criteria are used to determine
the best model to represent the weekly exchange rate returns for the period under study.
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Table 3. ML-ARCH (BFGS/Marquardt steps) method with three different distributions

Mod. Var. Gaussian Dist. Generalized Dist. t-Student Dist.
Coe f Std.E Prob Coe f Std.E Prob Coe f Std.E Prob

Mean µ -0.002 0.0001 0.140 3.9E-13 2.4E-18 1.000 -5.7E9 4.7E-7 0.99
Eq. θ -0.473 0.0711 <0.01 -0.0003 6.6E-5 <0.01 0.125 0.0424 0.003
Var. α0 9.7E-7 3.3E-7 0.004 3.0E-8 2.7E-8 0.267 2.9E-14 3.3E-14 0.373
Eq. α1 1.408 0.202 <0.01 0.428 0.153 0.005 1.866 0.625 0.003

β1 0.400 0.042 <0.01 0.500 0.071 <0.01 0.067 0.007 <0.01
Good AIC 6.811 11.959 8.089

o f BIC 6.713 11.842 7.972
f it HQ 6.772 11.912 8.042

Table 4. Heteroskedasticity Test: ARCH with three different distributions

ARCH Gaussian Dist. Generalized Dist. t-Student Dist.
test Stat. Prob. Stat. Prob. Stat. Prob.

F.test 0.4506 0.5031 0.5002 0.4805 0.065 0.799
Obs.∗R2 0.4552 0.499 0.505 0.477 0.065 0.798

Var. Coe f Std.Er Prob Coe f Std.Er Prob Coe f Std.Er Prob
C 1.059 0.244 <0.01 7.253 2.209 0.001 7233010 4045871 0.076

Resid2(−1) -0.054 0.081 0.503 -0.057 0.081 0.481 -0.021 0.081 0.799

Step 2: We also note in Table 3 that the lowest values of the information criteria are
obtained when the random error term has a distribution (Gaussian or t-distribution), but
that the model does not have clear stationarity based on the values of the parameter es-
timates (α + β = 1.408+ 0.400 = 1.808 > 1) with Gaussian distribution and (α + β =

1.866+0.067 = 1.933 > 1) with t-student distribution. However, we see that the condition
is met with the generalized distribution for the random error term (α +β = 0.428+0.500 =

0.928 < 1). Therefore, we believe that it is the most appropriate distribution to use for the
random error term for the proposed hybrid MA(1)−GARCH(1,1) model despite the fact
that the information criteria values for the remaining models are lower than for the remain-
ing distributions.
Step 3: As for Table 4, it can be noted that the three distributions of the error term have
proven the existence of a problem of heterogeneity of variance in both tests (F-test). We
find that the probability value (Prob.=0.5031, 0.4805, and 0.7999) of the test is greater than
the level of significance (α = 0.05) or the chi-square test (Prob.=0.499, 0.477, and 0.798),
while the probability value of the test is greater than the level of significance, and this in-
dicates that the model suffers from a problem of heterogeneity of variance, so the GARCH
model is the best in the presence of this problem, based on the maximum likelihood method
for the outputs of the (EViews10) software.

We found that the estimation method using the EM algorithm had good performance
with the three distributions of the random error term. Table 5 shows two methods used for
estimation of the model coefficients with different distributions of the error term. Therefore,
it is possible to base the information criteria values (AIC, BIC, HQ) on the proposed hybrid
model in the diagnosing stage that best satisfies the volatility in the Iraqi dinar exchange rate
for the period under study. Therefore, we believe that the EM algorithm (case II) is the best
method to represent the data and can be relied upon to obtain the best fit for the estimated
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Table 5. Comparison of two methods (maximum likelihood and EM algorithm)for estimat-
ing three cases of GARCH model

Methods GARCH Distributions Log- AIC BIC HQ
models Error Likelihood

ML
Case I Gaussian dist. 532.8797 6.81140 6.7132 6.7715
Case II Generalized 932.8786 11.9597 11.8419 11.9119

Error Dist.
Case III Student’s t dist. 632.9494 8.0897 7.9719 8.0418
Case I Gaussian dist. 703.0622 14.1613 14.3137 14.2232

EM Case II Generalized 442.1336 8.9427 9.0952 9.0047

algorithm Error Dist.
Case III Student’s t dist. 442.132 8.9426 9.0951 9.0046

model. Thus, (6) shows that this is the best curve fitting for the model with a mean square
error (MSE = 113.1881). The following is the estimation equation for the proposed model
with the EM-algorithm method; (7) shows the variance equation accuracy for the EM algo-
rithm (case II) method for the hybrid MA(1)−GARCH(1,1) model. Therefore, it is clear
that the best fit of the model is obtained when the error distribution is the Generalized Error
distribution using the EM algorithm with the best values of the criteria (AIC = 8.941673,
BIC = 9.095166, and HQ = 9.004609). From (7), which shows the accuracy of the fit of the
EM algorithm method, the estimation equation for the proposed model can be described as
follows:

Mean Equation: yt = 0.05+0.90et−1 + et ,
Variance Equation: σ2

t = 0.2121+0.0567e2
t−1 +0.6377σ2

t−1

Figure 6. The plot for model fit of the EM algorithm method with the mean equation is:
et = 0.05+0.90et−1

In (6), the term (0.90et−1); in the MA(1) model represents the current value as in-
fluenced by the previous period’s error et−1. As it is well known, the MA(1) process is
stationary and invertible if the moving average coefficient satisfies (|θ |< 1). And this is
the condition that is being verified as follows: (θ = 0.90 < 1). Therefore, as in (5), we note
that (7) of the MA(1)−GARCH(1,1) model has shown us the best fit for the weekly returns
series.
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Figure 7. The plot of conditional variances and standardized residuals with the EM algo-
rithm method

7.1. Discussion

We explored the performance of two tools for estimating unknown parameters for the
AM(1)−GARCH(1,1) model of weekly returns. Furthermore, we have taken into account
three cases of random error distribution in the estimation of the model. Although the infor-
mation criteria for model fitting have proven that the Gaussian distribution is the best and
has the lowest value for the criteria, it failed to provide the condition of stability. Therefore,
we choose the appropriate distribution in light of the availability of the condition of stabil-
ity for the series, as discussed in the theoretical aspect of Section (2.2). In Table (3) we
compare the values of the information criteria coefficients (AIC, BIC, HQ) for maximum
likelihood and the EM algorithm. By the results in Table (3), we found that the model that
has an error term that follows the Generalized Error Distribution (GED) is the closest and
best curve fitting for the proposed hybrid model to the mean equation and variance equation.
By comparing Table 3 and Table 5, in addition to Figure (5).

8. Conclusion

The rigorous analysis of the weekly exchange rate volatility throughout the observation
period demonstrates that the hybrid model exhibits the best curve fitting. Specifically, the
implementation of the EM algorithm proved most effective for parameter estimation, as it
robustly accounts for the heavy-tailed distributions inherent in exchange rate return series.
Given these results, and supported by available literature, these methodologies may possess
comparable predictive power when applied to energy returns.
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